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a < (weak duality)
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State discrimination is our running SDP

An ensemble {p;, p;}}¥, is given; the measurement is the variable
PRIMAL - achievable

N
p:ucc = Sup Z Pi tr(p2M7)
{M;} =1

7

N
subject to M, =1

=1
M; =0 for every i

Linear objective + affine normalisation + PSD constraints = SDP

4



6. Duality theory 2.0

From upper bounds to strong duality
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The dual problem for state discrimination

PRIMAL - achievable

N
p:ucc = max sz tr(szz>

{]\/fz} =1
subject to M; =0 Vi +— 0,720
N
S M =1 — Y=Y
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Write the Lagrangian and factorise M,

PRIMAL - achievable DUAL - upper bound

minimise  tr(Y")
subject to p;p;i —Y +0;, =0 Vi
o, =0 Vi

p;ucc = {mj\iﬁ Zpi tr(]wipi)
1

subject to M; > 0, Z M; =1
i

LMY, {o) = Epitr(Mip) + 0 [y (11 -y M,i)] - o)

= tr(Y) + Z tr[M; (pipi — Y + ;)]
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Eliminate slack variables

Since o; > 0,

o;=Y —pipi =0 <= pp; Y Vi

o; is a redundant slack variable

PRIMAL - achievable E DUAL — upper bound
! 8= m;n tr(Y)

p;ucc = ﬁ?ﬁ Zpi tr(]wipi)
1

subject to pip; XY Wi
subject to  M; > 0, Z M; =1
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State discrimination problem from Lecture 1

1
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State discrimination problem from Lecture 1

1

p1:p2:§7

p1 = 10){0], p2 = |+){+]|
|mq) = cos( ) [0) — sm( ) 1), |ma) = sln( ) |0) —|—cos( ) 1), M; = |m;){m;]
1 1
psucc({]\lla AIQ}) = itr(plj\jl) + 5 I'(pg]\/fz)

= cos? (W>
8

2442
4

This proves achievability; optimality still needs an upper bound
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A dual operator reaches the same value

DUAL - upper bound oo L < 1 )
. o= prFp2t
<y tr(Y) 4 \/§
Lo)o) < v
subject to .
S Y
2
1 2 242
tr(Y) == (1414 —=] =
r(Y™) 4< + +\/§> 1
v 1 M, >0, Y* L M, >0
2Pt = 2\/' ’ o2 = 2\/_ !

Y™* is dual feasible, hence tr(Y ™) is an upper bound.
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Matching bounds prove optimality

2+V2 o 2442
1 = psuCC({Mla M2}) < p:ucc < tr(Y ) = A
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Strong duality

For an SDP, the primal and dual sometimes have the same
optimal value. That is, a = .

When this happens, we say that strong duality holds.

Strong duality holds for many (perhaps most) of the
problems we care about.

But when does strong duality hold?
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Slater's theorem

Slater conditions

If the primal is bounded above and strictly feasible, that is,

then

a < 400 and dp > 0 such that A(p) = B,

oa=p

. That is, we have strong duality.
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Slater's theorem

Slater conditions

If the primal is bounded above and strictly feasible, that is,

a < 400 and dp > 0 such that A(p) = B,

then |ae = | That is, we have strong duality.

Two-sided Slater conditions

I
=S

If the primal and dual are strictly feasible, then |«




State discrimination satisfies Slater conditions

PRIMAL - achievable : DUAL — upper bound
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State discrimination satisfies Slater conditions

PRIMAL - achievable : DUAL — upper bound
1 N | _ |
Mi:N>-O7 ZMZ:]I ! Y = A1, )\>m2.asz
1=1

Y—pipi>0 W)
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State discrimination satisfies Slater conditions

PRIMAL - achievable : DUAL — upper bound
1 N | _ |
Mi:N>07 SMy=1 | Y = A1, )\>miaxpZ
1=1

Y —pipi =0 W)

Strong duality holds, and both optima are attained
* o — . . L) = 1
Pluce 1= gfg})@i ;pz tr(piM;) = | min_ tr(Y')
. M=1
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/. Analytical applications

A useful certificate from the identity



A universal dimension bound

Theorem

For any ensemble {p;, p;}; on a d-dimensional Hilbert space,
p:ucc < dmlaxpz
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A universal dimension bound

Theorem

For any ensemble {p;, p;}; on a d-dimensional Hilbert space,
p:ucc < dmlaxpz

Proof. Every density operator satisfies 0 < p; < 1.
Hence,

pipi 2 pil = (maxpi)]l =Y

Thus Y = (maxipi)]l is dual feasible and tr(Y') = dmax; p; is an
upper bound. O

14



Uniform priors reduce the bound to d/N

Suppose

Di = Z:].,,N

1
N
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Uniform priors reduce the bound to d/N

Suppose .
Pi = N 1= 17 . 7N
The universal certificate becomes
1

Y = for every 1
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N
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Uniform priors reduce the bound to d/N

Suppose .
Pi = N 1= 17 . 7N
The universal certificate becomes
]1 .
Y:NE';; for every i

For uniform priors, pk,.. < tr(Y)

_ 4
-

15



The most discriminable states

Theorem
Let {]v;)}, be pure states in C%. If

1 N 1
NE\%MW =7

d

then, for uniform priors, pl .. = N
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The most discriminable states

Proof. Set ]\47 = ]C\l[ ‘w» <w2‘ Then ]\47 ~ 0 and
S My = 45 [4;) (i| =1, so {M;} is a POVM.

| .

3 () (il )

1=1

psucc({Mi}) —

S
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The most discriminable states

Proof. Set ]\47 = ]Cé ‘w@> <¢Z‘ Then M7 ~ 0 and
S My = 45 [4;) (i| =1, so {M;} is a POVM.

e (M) = 205 3= (1)l 1) )
d
- N

The dual feasible point Y = & gives tr(Y) =

==
[]
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The trine states

Let w = /3 and, for i = 1,2, 3,

0) +w' 1)

pi = Vi) (Uil
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The trine states

Let w = /3 and, for i = 1,2, 3,

0+ WD) -
i) = v |1i) (]
e
3275
2 1 2
]\/[z = 5P Y = Py ;ucc =5
3" 30 P 3

P2

P3 Bloch disc

P1
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Pauli eigenstates form an

For a € {x,y,z} and s € {+1,—1}, let

1
Pas = 5(]1 + s0,)

optimal octahedron

—X
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Pauli eigenstates form an optimal octahedron

For a € {x,y,z} and s € {+1,—1}, let

1
Pas = = (1 + so,) +z

7 2 +y
| y /
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Pauli eigenstates form an optimal octahedron

For a € {x,y,z} and s € {+1,—1}, let

+z

/‘ +y
1
Ly oy . .
ac{z,y,z} se{+1,—1} ’J

)

1 1 1 —z
*
A/[ILS = 5Pa,s; Y = = Peuce = 5 Bloch sphere

3 6

1
Pas = 5(]1 + s0,)

N | =

18



8. Numerical solvers

From an exact model to approximate candidates



Numerical solvers

» There are efficient computational algorithms to solve

SDPs.
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Numerical solvers

» There are efficient computational algorithms to solve

SDPs.

» For a well-posed SDP of manageable size, a solver can
usually return approximate primal and dual
candidates—or diagnose a problem.

19
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matrix data 4+  an accuracy request ¢
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Efficient means controlled scaling

An SDP algorithm receives

matrix data 4  an accuracy request ¢

and returns approximate primal and dual candidates, objective
values, and diagnostics.

Under standard regularity and finite-precision assumptions,
theoretical algorithms have polynomial scaling in the encoded input
size and log(1/¢)

20



The time complexity for solving an SDP

Given: A= Afc £(CY, B=B'ecL(C?
A : L(C?) — L(C?) Hermiticity-preserving

maximise  tr(Ap)
subject to  A(p) = B, pr=0
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The time complexity for solving an SDP
Given: A=Al e £(C%, B=B'cL(C)
A : L(C?) — L(C?) Hermiticity-preserving

maximise  tr(Ap)
subject to  A(p) = B, pr=0

Roughly speaking,

the time needed to solve this problem to precision £ grows
polynomially in d, d’, and log(1/e).

21



Examples?



The primal SDP is one short function

using LinearAlgebra
using JuMP
import Clarabel

function state_discrimination(rho, p)
N, d = length(rho), size(rho[1], 1)
model = Model(Clarabel.Optimizer)
M = [@variable(model, [1:d, 1:d] in HermitianPSDCone()) for i in 1:NJ]
@constraint (model, sum(M) == I)
Qobjective(
model,
Max,
sum(p[i] * real(tr(rhol[i] * M[i])) for i in 1:N),
)
optimize! (model)
return objective_value(model), value. (M)
end

23



The

dual is just as direct

function state_discrimination_dual(rho, p)

end

N, d = length(rho), size(rho[1], 1)
model = Model(Clarabel.Optimizer)
@variable(model, Y[1:d, 1:d] in HermitianPSDCone())
@constraint(
model,
[i = 1:N],
Hermitian(Y - p[i] * rho[i]) in HermitianPSDCone(),
)
Q@objective(model, Min, real(tr(Y)))
optimize! (model)
return objective_value(model), value.(Y)

24



Discriminating |0) from |+) in a few lines

include("state_discrimination.j1")

ketO = [1; 0]
ket_plus = [1; 1] / sqrt(2)

rho_1 = ketO * ketO’

rho_2 = ket_plus * ket_plus’
p.i=1/2

p2=1/2

rho = [rho_1, rho_2]
p=[p_1, p_2]

p_primal, M = state_discrimination(rho, p)
p_dual, Y = state_discrimination_dual(rho, p)

exact = (2 + sqrt(2)) / 4

println("rho = ", rho)
println("p =", p)
println("primal = ", p_primal)
println("dual =", p_dual)
println("expected = ", exact)



Live demonstration!



The numerical outcome

NUMERICAL

primal 0.8535533694
dual 0.8535533898
expected 0.8535533906

EXACT

2++/2
1

1 1
Y* = — + 4—)
4 (ﬂl P V2

My = |mq)(my], My = |mg)(ms|

* _
p succ

27



Discriminating the six Pauli eigenstates

include("state_discrimination.jl")

sigma_x = [0 1; 1 0]
sigma_y = [0 -im; im 0]
sigma_z = [1 0; 0 -1]

rho = [Matrix((I + s * sigma) / 2)
for sigma in (sigma_x, sigma_y, sigma_z) for s in (1, -1)]
p = £fil1(1 / 6, 6)

p_primal, M = state_discrimination(rho, p)
p_dual, Y = state_discrimination_dual(rho, p)

exact =1/ 3

println("rho = ", rho)
println("p =", p)
println("primal = ", p_primal)
println("dual =", p_dual)
println("expected = ", exact)

28



The numerical outcome

NUMERICAL

primal 0.3333333325
dual 0.3333333330
expected 0.3333333333

The optimal POVM is not unique.

EXACT
1 1
M, = S Pa,ss Y=-1
’ 3 6
. 1
psucc - 3

One exact optimal pair, independent of
the solver output

29



Solving SDPs with computers
Language

Julia

Open source; fast.

MATLAB

Proprietary; fast.

Python
Open source; broad ecosystem; model

construction can add overhead.
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Solving SDPs with computers

Open source; broad ecosystem; model

Language . Modelling layer
Julia . JuMP
Open source; fast. : Open source.
MATLAB E CVX/YALMIP
Proprietary; fast. : Open source.

construction can add overhead.

Solvers
Clarabel SCS MOSEK
Open source; modern. Open source; fast; modest Proprietary; free for academics;
accuracy. fast and robust.

30



Quantum information libraries
Quantum-information libraries can simplify common tasks:

» Partial traces, partial transposition, and other convenient
functions

31


https://dev-ket.github.io/Ket.jl/
https://qetlab.com/
https://toqito.readthedocs.io/en/latest/

Quantum information libraries
Quantum-information libraries can simplify common tasks:

» Partial traces, partial transposition, and other convenient
functions

» Functions for tasks such as state discrimination are already
implemented efficiently

31


https://dev-ket.github.io/Ket.jl/
https://qetlab.com/
https://toqito.readthedocs.io/en/latest/

Quantum information libraries
Quantum-information libraries can simplify common tasks:

» Partial traces, partial transposition, and other convenient
functions

» Functions for tasks such as state discrimination are already
implemented efficiently

» Entanglement tests and other standard tools

31


https://dev-ket.github.io/Ket.jl/
https://qetlab.com/
https://toqito.readthedocs.io/en/latest/

Quantum information libraries
Quantum-information libraries can simplify common tasks:

» Partial traces, partial transposition, and other convenient
functions

» Functions for tasks such as state discrimination are already
implemented efficiently

» Entanglement tests and other standard tools

Julia MATLAB Python
Ket.jl QETLAB 'toqito)

This is not an exhaustive list—only a few libraries | have used and liked.
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Floating-point arithmetic?

Floating-point arithmetic is powerful and
reliable.
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Floating-point arithmetic?

Floating-point arithmetic is powerful and
reliable.

But this is not a mathematical proof!
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9. Computer-assisted
proofs

From numerical structure to rigorous bounds



Do you trust your computer?

Sometimes yes, sometimes no.
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Do you trust your computer?

Sometimes yes, sometimes no.

Floating-point numbers are convenient.
But do you trust them?
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What is a floating-point number?

As in scientific notation, a normal binary floating-point
number has the form

(——1)83X (1.b162.. .bk)g X é{i

——
sign significand

exponent
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What is a floating-point number?

As in scientific notation, a normal binary floating-point
number has the form

(——1)SIX (1.b162.. .bk)g X é{i

——
sign significand

exponent

Only finitely many values can be stored exactly.

Most inputs are rounded to a nearby representable number.

34



Distinct numbers can share one Float64
EXACT

x = 9007199254 740 992, y = 9007199 254 740 993

T #y
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Distinct numbers can share one Float64

EXACT

x = 9007199 254740 992, y = 9007199 254 740 993, T F#y

NUMERICAL

Float64(x) = Float64(y) = 9007 199 254 740 992

A finite floating-point format cannot represent every real number distinctly

Live demonstration time!
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Floating-point addition is not associative

In exact real arithmetic, addition is associative:

(a+b)+c=a+(b+c)

36



Floating-point addition is not associative
In exact real arithmetic, addition is associative:
(a+b)+c=a+(b+c)
For instance, if a = 10'%, b = —10'6, and ¢ = 1, then

(a+b)+c=a+(b+c)=1

36



Floating-point addition is not associative

In exact real arithmetic, addition is associative:
(a+b)+c=a+(b+c)
For instance, if a = 10'%, b = —10'6, and ¢ = 1, then
(a+b)+c=a+(b+c)=1
But for Float64:
(a+b)+c=1.0
but
a+ (b+c)=0.0

36



Floating-point addition is not associative

In exact real arithmetic, addition is associative:
(a+b)+c=a+(b+c)
For instance, if a = 10'%, b = —10'6, and ¢ = 1, then
(a+b)+c=a+(b+c)=1
But for Float64:
(a+b)+c=1.0
but
a+ (b+c)=0.0

Live demonstration time!
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The solver returns primal and dual candidates

B _1 (1 0 _1 11
pl_p2_27 P1 = 0 0}’ 102—2 1 1

Primal solver output Dual solver output

il = 0.8535533694 Diun = 0.8535533898

p prima
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The solver returns primal and dual candidates

B _1 (1 0 _1 11
pl_p2_27 P1 = 0 0}’ 102—2 1 1

Primal solver output Dual solver output
Pprimal = 0-8535533694 PRI — (.8535533898

—0.353555  0.146449

A 0.853551  —0.353555
L - 0.124996 0.301781

youm (0.551772 0.124996)

mum (0.146449 0‘353555)
DR

0.353555  0.853551 The variables are part of the

numerical output too.

37



The solver returns primal and dual candidates

B _1 (1 0 _1 11
pl_p2_27 P1 = 0 0}’ 102—2 1 1

Primal solver output Dual solver output
Pprimal = 0-8535533694 PRI — (.8535533898

—0.353555  0.146449

A 0.853551  —0.353555
L - 0.124996 0.301781

youm (0.551772 0.124996)

mum <0.146449 0‘353555)
DR

0.353555  0.853551 The variables are part of the

numerical output too.
Can these decimal candidates lead to an exact proof?
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A recipe for a dual certificate

For the dual:
1. Round or reconstruct an exact Hermitian candidate:

yhum 7 _ ?T
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A recipe for a dual certificate

For the dual:
1. Round or reconstruct an exact Hermitian candidate:

ynum ? _ )N/T

2. Obtain a rigorous bound on every dual slack and choose an
exact € > 0 such that

)\min(? - ple) Z —e Vi

Then N
yert .=y 4+ ¢1 = pipi V.

3. Evaluate tr(Y ") exactly: this is a rigorous upper bound.

38



An exact analytical proof from numerics

» Reconstruct an exact matrix from the decimal pattern:!

chact,_} 3+\/§ ]-
T8 1 1+V2)

1Of course, this is not always possible. But sometimes, yes! It is worth doing a few checks.
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An exact analytical proof from numerics

» Reconstruct an exact matrix from the decimal pattern:!

chact . 1 (3 + \/5 ]- )

s\ 1  1+v2
» Verify both inequalities by exact rank-one factorisations:
1 1 1 1
chact = — m me| > 0’ chact _ = — m m+l > 0.
5P 2\/§| 2)(mal| = 52 2\/§| 1) (mal =
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An exact analytical proof from numerics

» Reconstruct an exact matrix from the decimal pattern:!

chact . 1 (3 + \/5 ]- )

s\ 1  1+v2
» Verify both inequalities by exact rank-one factorisations:
1 1 1 1
chact = — m me| > 0’ chact _ = — m m+l > 0.
5P 2\/§| 2)(mal| = 52 2\/§| 1) (mal =

» Evaluate the dual objective exactly:

B+v2)+(1+v2) 2++2
5 .

p:ucc S pzpper =tr (YexaCt> = = 4

1Of course, this is not always possible. But sometimes, yes! It is worth doing a few checks.
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A recipe for a primal certificate

For the primal:

1. Round or reconstruct exact Hermitian matrices:
MM™ ~s M; = M1,
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A recipe for a primal certificate

For the primal:
1. Round or reconstruct exact Hermitian matrices:
MP™™ ~s M; = M1
2. Repair the normalisation constraint exactly. For example, set

RZH—ZHJ, ﬂ1:]\71+£, Zﬂ7:]l
7 %

3. Obtain an exact 6 > 0 for which you can prove )\min(ﬂi) > —¢ for every i.
Choose an exact ) € [0, 1] satisfying n > No/(1+ N§), and set

1
M i= (1= m)M, 5 =0 Vi

40



A recipe for a primal certificate

For the primal:
1. Round or reconstruct exact Hermitian matrices:
MM™ ~s M; = M1,
2. Repair the normalisation constraint exactly. For example, set

RZH—ZHJ, ﬂl:]\71+£, Z]TZ:]I
7 %

3. Obtain an exact 6 > 0 for which you can prove )\min(ﬁi) > —¢ for every i.
Choose an exact ) € [0, 1] satisfying n > No/(1+ N§), and set
) — 1
M = (1 —n)M; + My =0 Vi
4. Evaluate the primal objective exactly to obtain a rigorous lower bound:
Zpl tr(pl]\[zcelt> < p;ucc'
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Certify the primal candidate

> Reconstruct exact matrices from the decimal pattern:?

1

]V[oxact =
! 4

(

24+v2 V2
V2 2-2

1
, ]\/]cxact p—

2Again, not always possible. But sometimes it works!

2-v2 V2
V2 242

) |
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Certify the primal candidate
> Reconstruct exact matrices from the decimal pattern:?

]V[mmd = l 2+ \/5 7\/5 ]\/]cxact . l 2 — \/§ \/i
1 '_4 _\/5 2_\/5 5 2 .—4 \/i 2+\/§ )

» \Verify the constraints exactly:
MY = |mg)(my| =0 (i=1,2),

1
MpPeet 4 Mgt = 2 (3 Z) -

2Again, not always possible. But sometimes it works!
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Certify the primal candidate

> Reconstruct exact matrices from the decimal pattern:?

1 2+ \/5 *\/i ]\/]cxact — 1 2- \/§ \/§
1\ =2 2-v2)° 2T a\ V2 24v2)

» \Verify the constraints exactly:
MY = |mg)(my| =0 (i=1,2),

1
]\’/[{:xact + ]\’fgxa(:t _ (4 O) _ ]l

rexact ,__
Mxact =

—4\0 4
» Evaluate the primal objective:
* 1 exac 1 exac
Plower ‘= §tr(p1]\[l ‘ t) + 5 tr(p2]\12 ‘,t)

242
= 4 = pupper?
24+4/2
pTOWGI‘ S p;ucc S pzpper :> p;U.CC = 4 *

2Again, not always possible. But sometimes it works!
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10. Outlook

What the certificate viewpoint unlocks



Lecture 2 in brief

» The dual problem can provide good (and tight) upper
bounds.
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Lecture 2 in brief

» The dual problem can provide good (and tight) upper
bounds.

» Slater conditions ensure strong duality.
» There are efficient numerical methods.

» Numerical solutions can sometimes be turned into
computer-assisted proofs.
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The SDP structure may be hidden

» State discrimination is clearly an SDP. For some problems,
this is not at all obvious.
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The SDP structure may be hidden

» State discrimination is clearly an SDP. For some problems,
this is not at all obvious.

» Sometimes we must “massage” the formulation to recognise
its SDP structure.

» If all else fails, SDP hierarchies may still provide systematic
upper and/or lower bounds.

» This should make more sense during Jessica's talk. &
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SDP in quantum information

v

v

entanglement and steering
measurement compatibility

Bell nonlocality and
correlations in networks

quantum marginal problem

vvyyy

channel discrimination
quantum channel capacities
quantum metrology

higher-order computing,
indefinite causality

\4
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Want more?

» Paul Skrzypczyk and Daniel Cavalcanti, Semidefinite
Programming in Quantum Information Science;
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Want more?
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Programming in Quantum Information Science;

» Stephen Boyd and Lieven Vandenberghe, Convex Optimization;
» slides and lecture notes on mtcq.github.io.
» Feel free to just come and talk to me.
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Want more?

» Paul Skrzypczyk and Daniel Cavalcanti, Semidefinite
Programming in Quantum Information Science;

» Stephen Boyd and Lieven Vandenberghe, Convex Optimization;
» slides and lecture notes on mtcq.github.io.
» Feel free to just come and talk to me.

Thank you!
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