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1. Warming up

Linearity, matrices, and positive semidefinite
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Linearity is at the core of quantum theory

Linearity
a linear map is a function between vector spaces
f:H—H

a function that respects

flaz + By) = af(x) + Bf(y)

for every x,y € H and o, 8 € C
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Linearity is at the core of quantum theory

X € L(CY

X is a square d X d matrix

Xll o de

Xar - Xaa



Linearity is at the core of quantum theory

A map
A L(CY — £(Cc?)

is linear when



Linearity is at the core of quantum theory

A map
A L(CY — £(Cc?)

is linear when
AlaX + YY) = aA(X) + SA(Y)

for every X, Y € £L(C?%) and a, 3 € C



Linearity is at the core of quantum theory

A map
A L(CY — £(Cc?)

is linear when
AlaX + YY) = aA(X) + SA(Y)

for every X, Y € £L(C?%) and a, 3 € C

Quantum evolution

p— Ap)



Linearity is at the core of quantum theory

A map
A L(CY — £(Cc?)

is linear when
AlaX + YY) = aA(X) + SA(Y)
for every X, Y € £L(C?%) and a, 3 € C

Quantum evolution Born rule
p — A(p) p(i | p, {M;};) = tr(M;p)
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X = X'

X >0
=V = {eigi(X)ZO Vi
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PSD means non-negative in every direction

PSD = Positive SemiDefinite
X =X

X >0
=0 = {<w|X|w>zo v |) € C?

X=0 < { X=xt
eig;(X) >0 Vi
Example:
A:(l _1)>0 A=A
-1 1)~

A has eigenvalues 0 and 2



Positive and strictly positive

X= 0 = ([YX[) =0 V) eC

positive semidefinite (PSD), also called positive



Positive and strictly positive

X= 0 = ([YX[) =0 V) eC

positive semidefinite (PSD), also called positive

X =0 — (Y| X)) >0 V0 #|[p) eC?

positive definite (PD), also called strictly positive
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Positivity is everywhere in quantum theory

States Measurements
p >0, tr(p) =1 M; = 0, > M;=1
Channels
A: L(CY — L£(CT)

A € CPTP (Completely Positive and Trace Preserving)
CP <= pp =0 TP <= trow(ps) = 1

pr € L(C?) @ L(C?) is the Choi operator of A



2. What is an SDP?

Linear objective function, affine constraints, and positive
semidefiniteness
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An SDP has three ingredients

Linear objective function
+ affine constraints

+ positive-semidefinite constraint



Notation

C? a d-dimensional complex vector space

L(C% linear operators acting on C?
d by d complex matrices
Yy

X = X' X is Hermitian (or, X is self-adjoint)
A L(CY — £(C?)
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Notation

C? a d-dimensional complex vector space

L(C% linear operators acting on C?
d by d complex matrices
Yy

X = X' X is Hermitian (or, X is self-adjoint)
A L(CY — £(C?)

A is Hermiticity-preserving when X = X1 = A(X) = A(X)T

10



Semidefinite Programming

Given:

Aec(Ccy  Becrch
A £(Ch — £(Cc?)

where A = AT, B = BT, and A is a Hermiticity-preserving linear map
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Semidefinite Programming

Given:

Aec(Cc? Becrch
A £(CY — £(Cc?)
where A = AT, B = Bt and A is a Hermiticity-preserving linear map
maximise  tr(Ap)

subject to A(p) =B
p =0
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Semidefinite Programming

Given: /
AeL(Ch  BeLc?

A £(CY — £(C?)
where A = AT, B = Bt and A is a Hermiticity-preserving linear map
maximise  tr(Ap)

subject to A(p) =B
p=0

= supfir(Ap) | Ap) = B = 0}

11
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Great! We know what an SDP is!

1. Why is SDP important and useful?

2. Examples: using SDP in quantum theory

Before getting there, how about a little digression?
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Programming
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Programming

Programming predates computers

program = plan

First known use of programming

1896

Merriam-Webster Dictionary: “program” | “programming”
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https://www.merriam-webster.com/dictionary/program
https://www.merriam-webster.com/dictionary/programming

In optimisation, programming means planning

Plan the best action under constraints

George B. Dantzig

“Programming in a Linear Structure”
Econometrica 17 (1949), pp. 73-74

14



The two uses developed independently

Computer programming
was not named after linear programming
nor vice versa

15


https://patents.google.com/patent/US2244241A/en
https://archive.computerhistory.org/resources/text/Knuth_Don_X4100/PDF_index/KnuthDigitalArchive-Index.html
https://doi.org/10.1145/2846088
https://craftofcoding.wordpress.com/2022/01/06/the-origins-of-the-word-program-in-computing/

The two uses developed independently

Computer programming
was not named after linear programming
nor vice versa

1937 1942 1948

’ Mauchly's
Bryce's IBM patent 3(;
“programing means” memorandum

“program device”

Dantzig's report
linear programming

Both extend the older meaning: an organised plan
The ENIAC project established the computing usage

Sources: Bryce, US 2,244,241 (filed 1937); Mauchly (1942)
Haigh—Priestley (2016); The Craft of Coding (2022)

15
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SDP has two closely related meanings

Semidefinite programming

the class of optimisation problems

Semidefinite program

one particular optimisation problem

The intended meaning is usually clear from context

16



3. Convex optimisation
and the feasible set

Convex sets, convex cones, and geometrical
interpretation



The feasible set

Given: A€ L£(CY, BeL(Ch
A: L(C — £(C?)

maximise tr(Ap)
subject to A(p) =B
p=0
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The feasible set

Given: A€ L£(CY, BeL(Ch
A: L(C — £(C?)

maximise tr(Ap)
subject to A(p) =B
p=0

F={peLC)|Alp)=B, pr0)

SDP: Maximise tr(Ap) over F

17



The feasible set

F={peL(C)|Ap) =B, p=0}

What can we say about the feasible set?

18



Geometrical interpretation

A set C is convex when

X, Yel, pel0,l]] = pX+(1-pYecl
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Geometrical interpretation

A set C is convex when

X,Yec, pelol]

— pX+(1-pY el

convex

SIS

not convex

w (I &

19



PSD matrices form a convex set

Pa={peL(C)|p=0}
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PSD matrices form a convex set

Pa={peL(C)|p=0}

P1; P2 S Pd? p € [07 1]
= pp1+ (1 —p)p2 € Py
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PSD matrices form a convex cone

Pa={p e L(C")|p=0}

pEPy t>20 = tpePy

P

21



PSD matrices form a convex cone
Pa

Pa={p e L(C")|p=0}

pEPy t>20 = tpePy tr(p):1

Quantum states

Da={p€Piltr(p) =1} =Psn{p]tr(p) =1}

21



Every SDP feasible set is an affine slice
Ka
Kq= {,0 | p = O} PSD cone
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Every SDP feasible set is an affine slice
Ka
Kq= {,0 | p = O} PSD cone

Ap = {,0 | A(p) = B} affine subspace
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Every SDP feasible set is an affine slice
Ka

lCd:{,o|piO} PSD cone .i

Ap = {p | A(p) = B} affine subspace &
( A(p) = B

F=K;NAg feasible set 0
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Every SDP feasible set is an affine slice

Ka
lCd:{p|piO} PSD cone -
i
Ap = {p | A(p) = B} affine subspace &
</ Mp) =B
F=K;NAg feasible set 0

Problem: Does there exist p such that
Ap)=B, p=0
No objective function, but still an SDP (feasibility problem)

22



One value, possibly many maximisers

The optimal value is one number

= tr(A
o == maxtr(Ap)

increasing tr(Ap)
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One value, possibly many maximisers

The optimal value is one number

= tr(A
o == maxtr(Ap)

The set of maximisers may contain many
points

O* = {/)GC | tr(Ap) :a}

increasing tr(A
€ ( p) The highlighted edge is O*

One optimal value, possibly many optimal points

The optimum is attainable at an extreme point

Every local maximum is global — no spurious local optima

23



4. State discrimination

SDP in quantum theory



Can Bob identify the state Alice sent?

Alice

prepare
Pi

24
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Can Bob identify the state Alice sent?

Alice
ie{l,..., N} prepare
—p

pi € L(CY)

Bob

measure
{Mj}j'vﬂ

Pr(j | §) = tr(pi M)

Bob knows the ensemble £ = {p;, p;}}*,, but does not know i

Bob's task is to guess ¢

he wins if j =4

24



The probability of success

Given: {p;,p:}Y,
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The probability of success

Given: {p;,p:}Y,

N N
psucc({Mj}é\fzﬁ - Z:lpz Z:ltr(pzMJ) 5@']’
i= j=

N
= >_pitr(piM;)
1=1
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The probability of success

Given: {p;,p:}Y,

N N
psucc({Mj}é\fzﬁ - Z:lpz Z:ltr(pzMJ) 5@']’
i= j=

N
= >_pitr(piM;)

=1

. N
= i tr(pi M
Pluce {ﬁ?§1;p r(piM;)

25



The state-discrimination problem

Given: {p;,p:}Y,

26



The state-discrimination problem

Given: {p;,p:}Y,

N
maximise Y _ p; tr(p; M;)
i=1
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The state-discrimination problem

Given: {p;, p;i}¥,
N
maximise Y _ p; tr(p; M;)
i=1
N
subject to Y M; =1
i=1

M;=0 Vie{l,...,N}

26



Example: orthogonal states

pr=10)0  p2=1){1
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Example: orthogonal states
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Example: orthogonal states

1 1
Psuce = itr(PlMl) + itr(pQMQ) =1

Perfect discrimination  p} . =1

27



Example: non-orthogonal states

1
Uniform prior  p; =ps = 5

28



Example: non-orthogonal states

pr=10)0  p2=|+)(+]
L 10)

Y
"/

Bloch circle in the z—z plane

28



Example: non-orthogonal states

1
Uniform prior  p; =ps = 5

0) + 1)
V2

+) =

1
O]+ = 5 ot orthogonal
Perfect discrimination is impossible

28



Example: non-orthogonal states

1

p=p=g5 = 0){0] pa = [4)(+]

Computational-basis measurement
My =10)(0] Mo =[1)(1

28



Example: non-orthogonal states

states measurement effects
z
P1 M1
P2
> I
/2

28



Example: non-orthogonal states

m=p=y  p=l00 =0
Computational-basis measurement
My =[0){0] M,y = [1)(1]
1 1/1 3 3
Dsuce = 5(1) + 2<2> =1 = Pluce = 1
Can we do better?

28



How about an unbiased measurement?
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How about an unbiased measurement?

states z

|m1> 7r/4>\ H_ |my) == cos( ) |0) — Sln< ) 1) = 10) —:_|_>
: 1)+
k ‘m2 |me) = Sln( ) |0) + cos( ) 1) = o

measurement

Q

+)

&

29



How about an unbiased measurement?

]V[] = \m1)<m1| Mg = \m2)<m2| ]\/[1 + ]\/[2 =1

29



How about an unbiased measurement?

]\/fl = |m1)<m1| ]\/[2 = |m2)<m2| Afl + AJQ =1

1 1
psuCC({jwlv Ms}) = 9 |<0|m1>’2 + B |<+|m2>’2

8

~0.8536 = Pl >

2<7r> 242 2+
— COS = 4

B 4

29



How about an unbiased measurement?

Afl = |m1)<m1| ]\/12 = |m2)<m2| Afl + AJQ =1

1 1
Pouce({ M1, Ma}) = 2 1OIma) P + 2 [+ {ma)

8

3
~ 0.8536 =— A —
psucc — 4 4

2<7r> 242 242
= COS = 4

Can we do better?

29



How about an unbiased measurement?

Afl = |m1)<m1| ]\/12 = |m2)<m2| Afl + AJQ =1

1 1
Pouce({ M1, Ma}) = 2 1OIma) P + 2 [+ {ma)

3
=71 71

8

~0.8536 = Pl >

2<7r> 242 242
= COS = 4

Can we do better? How about using SDP?

29



State discrimination as SDP

State discrimination

Given: {p;, p;}¥,

* — . . /'/ .
Pice = T Z i tr(pi M)

subject to > M; =1

M; =0 Vi
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State discrimination as SDP

State discrimination

Given: {p;,pi}¥,

p:ucc = ma{,{ sz tr(pzjuz)
{Mi}iz, i

subject to > M; =1

M; =0 Vi

Standard form
Given: A, B, A

a = max tr(Ap)

subject to A(p) =B

p=0
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State discrimination as SDP

State discrimination

Given: {p;, p;}¥,

* — . . /'/ .
Pice = T Z i tr(pi M)

subject to > M; =1

M; =0 Vi

Standard form
Given: A, B, A

a = max tr(Ap)

subject to A(p) =B

p=0

How to phrase state discrimination as SDP?

30



State discrimination as SDP

M € L(CH @ £(CM)

Work in the direct-sum matrix algebra

N o N
M = ;Mi®\z>(z\E:@Mi
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State discrimination as SDP
M € L(CY @ £(CM)
Work in the direct-sum matrix algebra

N o N
M = ;Mi®\z>(z\E:@Mi

M*>0 <— M >0 Vi

31



State discrimination as SDP

Write {p;, p;}i in a single big matrix

N o N
P = leipi ® ) (i|p = @1]%‘,01'

32



State discrimination as SDP

N - N
P = leipz' ® [i) (il = Galpipi

N o N
M= 35 M; @ liYil s = @ M

33



State discrimination as SDP

N - N
P = leipz' ® [i) (il = @119%

N o N
M = ;Mi®|z><z|E:@Mi

N
Hence, tr(PM) =Y pitr(p;M;)
i=1

33



State discrimination as SDP

trp : L(CY) ® L(CY) — L£(CY)
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State discrimination as SDP

trp : L(CY) ® L(CY) — L£(CY)

tI‘E(X & YE) = XtI‘(Y)

34



State discrimination as SDP

(1) = (S 38 1)1
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State discrimination as SDP
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State discrimination as SDP

N
trp(M) = trg Zle ® |Z><Z|E>

I
L=
S
-+
=
=
=
o

I
M= I
=

35



State discrimination as SDP

Given: P, trg, 1

Piuee = max  tr(PM)

subject to  trp(M) =1
M =0
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State discrimination as SDP

State discrimination
Given: P, trg, 1

Divee = max tr(PM)

subject to  trg(M) =1
M =0

Standard form
Given: A, A, B

@ = max tr(Ap)

subject to A(p) =B
p=0

State discrimination is an SDP

36



State discrimination as SDP

State discrimination
Given: P, trg, 1

Standard form
Given: A, A, B

a=max tr(Ap)

Psuee = Il'l\é%X tI‘(PZ\[) o

subject to  trg(M) =1
M =0

E subject to A(p) =B
: p=0

State discrimination is an SDP

This technique is general.
The standard form covers any finite set of affine and PSD constraints

36



Linear objective functions

Riesz representation theorem

(:H—F = {z)=a,x) F e {R,C}

Every linear function on a Hilbert space is an inner product with a constant vector
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Linear objective functions

Riesz representation theorem

t:H—F = [{z)=(a,x) F e {R,C}
Every linear function on a Hilbert space is an inner product with a constant vector

Matrices: Hilbert—Schmidt inner product

(A, B)ps := tr(A'B)
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Linear objective functions

Riesz representation theorem

(:H—F = /{(z)=/a,x) F e {R,C}
Every linear function on a Hilbert space is an inner product with a constant vector

Matrices: Hilbert—Schmidt inner product
(A, B)ps := tr(A'B)
A=A p=pt = Up) = (A p)us = tr(4p) €R

tr(Ap) represents every real linear objective on Hermitian primal variables

37



OK, state discrimination is an SDP,
but why does that help me?

38



5. Duality theory

Rigorous upper bounds



A feasible measurement gives a lower bound

PRIMAL - achievable

For every feasible POVM {A7;} Y,
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A feasible measurement gives a lower bound

PRIMAL - achievable

For every feasible POVM {A7;} Y,

N
psucc({Mi}) = 'Z1pi tr(piMi) < p:ucc
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A feasible measurement gives a lower bound
PRIMAL - achievable
For every feasible POVM {A7;} Y,

N
psucc({Mi}) = Z:lpi tr(piMi) < p:ucc

Feasible points correspond to attainable strategies

39



Achievability is only half of an optimality proof

*

Psucc ( { M; }) < Paee S

—_——— ——
achievable universal upper bound?

How to obtain upper bounds?

40



Achievability is only half of an optimality proof

*

Psucc ( { M; }) < Paee S

—_——— ——
achievable universal upper bound?

Duality theory!

40



Start again from the primal SDP

PRIMAL - achievable

Given: A= Af € £(C%), B= B! € £(C")
A : L(CY) — L(C?) Hermiticity-preserving
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Start again from the primal SDP

PRIMAL - achievable
Given: A= Af € £(C%), B= B! € £(C")

A : L(CY) — L(C?) Hermiticity-preserving

a=sup tr(Ap)
P

subject to A(p) =B
p=0

41



Each primal constraint gets a dual variable

PRIMAL - achievable
a=sup tr(Ap)
P

subject to A(p) = B

p =0
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Each primal constraint gets a dual variable

PRIMAL - achievable
a=sup tr(Ap)
P

subject to A(p) = B — Yy =Y1

p =0
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Each primal constraint gets a dual variable

PRIMAL - achievable
a=sup tr(Ap)
P

subject to A(p) = B — Yy =Y1
p=0 —
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Each primal constraint gets a dual variable

PRIMAL - achievable
a=sup tr(Ap)
P

subject to A(p) = B — Yy =Y1

p=0 — o=0
Y € L(CY), 0 € L(C?

42



Put everything into the Lagrangian

PRIMAL
L(p,Y,0) := tr(Ap)
a=sup tr(Ap)
P

subject to A(p) = B
pz=0

objective

43



Put everything into the Lagrangian

PRIMAL
L(p,Y, o) := tr(Ap) objective
‘T Sl;p tr(4e) E + tr {Y (B - A(p))} equality constraint
subject to A(p) = B I
pz=0
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Put everything into the Lagrangian

PRIMAL
L(p,Y, o) := tr(Ap) objective
“= Sl;p tr(4p) E + tr {Y (B — A(p))} equality constraint
subject to A(p) = B :
p=0 : + tI'(O’p) positivity constraint
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Put everything into the Lagrangian

PRIMAL
L(p,Y, o) := tr(Ap) objective
“= Sl;p tr(4p) E + tr {Y (B — A(p))} equality constraint
subject to A(p) = B :
p=0 : + tI'(O’p) positivity constraint

peF, o0 = tr(dp) <L(p,Y,0)

43



Put everything into the Lagrangian

PRIMAL
L(p,Y, o) := tr(Ap) objective
“= Sl;p tr(4p) E + tr {Y (B — A([)))} equality constraint
subject to A(p) = B :
p=0 : + tI'(O’p) positivity constraint

peF, o0 = tr(dp) <L(p,Y,0)

— a=suptr(Ap) <sup L(p,Y,0)
peF peF

43



How about re-organising the Lagrangian?

The adjoint map AT is defined by

tr[Y A(p)] = tr {AT (Y)p]

44



How about re-organising the Lagrangian?

The adjoint map AT is defined by

tr[Y A(p)] = tr {AT (Y)p]

L(p,Y,o) = tr(BY) + tr(Ap) — tr[AT(Y)p} + tr(op)
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How about re-organising the Lagrangian?
The adjoint map AT is defined by

tr[Y A(p)] = tr {AT (Y)p]

L(p,Y,o) = tr(BY) + tr(Ap) — tr[AT(Y)p} + tr(op)

= tr(BY) + tr[(A — AT(Y) + )]

44



The dual problem

L(p,Y,0) = tr(BY) + tr[(A — AT(Y) + o))
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The dual problem

L(p,Y,0) = tr(BY) + tr[ (4 — AT(Y) + o)p]

For L to be independent of p, set
A-ANY)+0=0
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The dual problem

L(p,Y,0) = tr(BY) + tr[ (4 — AT(Y) + o)p]

For L to be independent of p, set
A-ANY)+0=0

For stronger arguments justifying this constraint, see the extra slides
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The dual problem

L(p,Y,0) = tr(BY) + tr|(A — AT(Y) + o)p]

best upper bound: minimise L = tr(BY)

subjectto A—AT(Y)4+0=0
o>=0
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The dual problem

DUAL - upper bound

B = int

subject to

tr(BY')
A-ANY)+0=0
o=0

Y =Yt
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The slack variable o is redundant

A-ANY)+0=0 = o=A(Y)-A
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The slack variable o is redundant

A-ANY)+0=0 = o=A(Y)-A

o0 <= AlY)=A
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The slack variable o is redundant

DUAL — upper bound

minimise  tr(BY’) inimi
bi A—AN(Y 0 mme )
tt - =
subject to Y)+o <~ subject to AT(Y) = A
o=0
Y =yt

y =Yt
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The best upper bound is the dual SDP

PRIMAL - achievable

a=sup tr(A4p)
)

subject to A(p) =B
p=0

DUAL — upper bound

47



The best upper bound is the dual SDP

PRIMAL — achievable DUAL — upper bound

B = iI}}f tr(BY)
subject to  AT(Y) = A
Y =YT

a=sup tr(A4p)
)

subject to A(p) =B
p=0
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The best upper bound is the dual SDP

PRIMAL — achievable DUAL — upper bound

B = iI}}f tr(BY)
subject to  AT(Y) = A
Y =YT

a=sup tr(A4p)
)

subject to A(p) =B
p=0

a < (weak duality)
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Summary



Lecture 1 in brief

Quantum theory: linearity and positivity
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Lecture 1 in brief

Quantum theory: linearity and positivity
SDP: linear objective + affine and PSD constraints

State discrimination is an SDP

Primal feasible points Dual feasible points
attainable strategies rigorous upper bounds

see you in lecture 2! OJ
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Extra slides

Stronger arguments to derive the dual problem



A small recap

PRIMAL - achievable

a 1= sup
P

tr(Ap)

subjectto A(p)=B, p=0

DUAL — upper bound

B = igf tr(BY)

subject to AT(Y) =A, v=vt
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A small recap

PRIMAL - achievable : DUAL - upper bound
a:=sup tr(Ap) X B = igf tr(BY)
P
subject to A(p) =B, p=0 subject to AT(Y) = A, v =T
Lagrangian

L(p,Y, o) :=tr(Ap) + tr{Y(B — A(p))] + tr(op)
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A small recap

PRIMAL - achievable : DUAL — upper bound
a:=sup tr(Ap) X B = igf tr(BY)
P
subject to A(p) =B, p=0 subject to AT(Y) = A, v =T
Lagrangian

L(p,Y, o) :=tr(Ap) + tr{Y(B — A(p))] + tr(op)

L(p,Y,o)=tr(BY)+ tr[(A —AT(Y) + O'),O}
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Now maximise over every Hermitian H

L(H,Y,0) = tr(BY) + tr[(A— AY(Y) + o) H]
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Now maximise over every Hermitian H

L(H,Y,0) = tr(BY) + tr[(A— AY(Y) + o) H]

g(Y,0) = sup L(H,Y,0)
H=Ht

H ranges over all Hermitian matrices and need not be PSD
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Now maximise over every Hermitian H

L(H,Y,0) = tr(BY) + tr[(A— AY(Y) + o) H]

g(Y,0) = sup L(H,Y,0)
H=Ht

H ranges over all Hermitian matrices and need not be PSD

peF, o0 = tr(4p) < L(p,Y,0)<gY, o)

Only the primal-feasible p must be PSD; the supremum may range over the larger
Hermitian space

50



What do we want from the Lagrangian?

L(H,Y,0) =tr(BY) + tr[(A — AT(Y) + o) H]
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What do we want from the Lagrangian?

L(H,Y,0) =tr(BY) + tr[(A — AT(Y) + o) H]

If p is primal feasible and o > 0, the Lagrangian is an upper bound
tr(Ap) < L(p,Y,0) < g(Y,0)
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What do we want from the Lagrangian?

L(H,Y,0) =tr(BY) + tr[(A — AT(Y) + o) H]

If p is primal feasible and o > 0, the Lagrangian is an upper bound
tr(4p) < L(p,Y,0) < g(Y,0)

We want the best upper bound: minimise the worst-case Lagrangian
9(Y,0)

51



A finite bound cannot depend on H

C:=A-NY)+o, C=C1
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A finite bound cannot depend on H

C=A-ANY)+0, C=("
If C'# 0, choose H = tC' with t > 0

This is allowed because H need only be Hermitian, not PSD

tr(CH) = ttr(C*) — 400
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A finite bound cannot depend on H

C=A-ANY)+0, C=("
If C'# 0, choose H = tC' with t > 0

This is allowed because H need only be Hermitian, not PSD

tr(CH) = ttr(C*) — 400

g(Y,0) < 400 requires A — AT(Y) +0 =0

Another argument: the dual problem cannot depend on primal variables

52
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