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» Pure states are transformed by unitary (linear) operators
[) = U 1), where UTU =1

» Density matrices are transformed by CPTP (linear) maps
p+— C(p), where C is CPTP

» The rest is forbidden. ..
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» It would be useful to clone quantum states
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» But..."A single quantum cannot be cloned”
W. K. Wootters, W. H. Zurek, Nature (1982)
» Can we bypass the no-go theorem?

» How well can be approximate state cloning?
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The universal NOT and state transpositon

> It would be useful negate qubits!?: |¢) — U |¢) = [)

» Universal NOT (V. Buzek, M. Hillery, R. Werner, PRA (1999))
[ )yo| =1 — [¥)e| = ovp oy

» Transposition is not CP, reflections are not rotations
» How well can we approximate state transposition?
» We come back to this before Result 1.

1Spin flips and quantum information for anti-parallel spins
N. Gisin, S. Popescu, PRL (1999)

Kunika Agarwal: Complementarity Revisited: How Preparation Shapes Incompatibility
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Optimal quantum cloning
» Optimal aproxiations:

C [NV ) ~ )| 2N

» How to quantify the performance?

v

Let's focus on universal and symmetric

v

Average fidelity:
max [ dw F(C(0YwI), [)el )

CeCPTP

» Worst-case fidelity:

max min - F(C(u)w (), [0)l*C)

CecPTP llI¥)]I=1

» The black cow factor: maxn such that

trgr (C(1N Y )) = nlwl + (1~ m)
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Optimal quantum cloning

» All figure of merit are equivalent
» Covariance 1: for all unitary U € SU(d),

5<U®Np UT®N> — EWN+M) G ) e,
» Covariance 2: for all permutations o € Sy and 7 € Sy,
G(VUPVJ) = V. C(p) V.
» Optimal N — (N + M) cloning: Buzek, Hillery (1996); Gisin,

Massar (1997); BruB, Ekert and Macchiavello (1998), Werner (1998);
Keyl, Werner (1999).

ay y
Clpn) = (ﬁ) Prin (PN ® ﬂ®“> Pryar+-..
S

Py is the projector onto the symmetric subspace and

d? = tr(Pj\c’;) = (d+%_1).
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Optimal quantum cloning

> If
5 o dg PS ]1®M PS
(PN) = dN+M N+M (PN ® ) N+M T
S

then
N
> Average fidelity: N+M
S

» Black cow factor: n = MLM%
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» Result 1: For every d, N, M € N,
= ON Toum) _ A3
_max [ aw F(CQuI™), (o) = i

where dY = (“*1 1) is the dimension of the symmetric

subspace of N qudits.
» For M =1,
o n r) N+l
Jmax [ aw F(CQuwI™), (i = §

3V. Buzek, M. Hillery, R. Werner, PRA (1999)
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Theorem
< mi ~ ®N TOK
Jmax minf(C (Jewl™) s Joxel”")

where dg = dim(SymN((Cd)) = (N:lL—dl_l)'

N
N+EK
dg

(1)



Optimal (pure) state transposition

Theorem
s mine(€ (WH0lY), o™ ) = )
CeCPTP |¥) dg "

where dg = dim(SymN(Cd)) = (N:lr—dl_l)‘

When the domain of C' is restricted to the symmetric subspace, the
solution of Eq. (1) is unique, and given by an estimation strategy,
in particular, by Tcp : £ (sym” (C?)) — £(C%)®K

TOK

Teo(p) = [ awtelplunul®] 1o )
:déﬁK Ty 1979 (T 015)]. @



Optimal (pure) state transposition

» The white cow factor:
trgr (C(l)w®Y)) = nlw)wl” + (1 - )

foerl,n*:NLer

N (N+d+1)
N+d (N+1)

Black cow factor: n =

ISH
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Optimal (pure) state transposition

vy

Q: How to do it?
A: Estimate |1), output [)1)|"

For instance:

- dN

T(p) = dN+M dy tr (p [9)*Y) (lo)wl") =

Q: How to prove optimality?

Present an ansatz for the dual problem (and use some basic
rep theory)

About Werner's optimality proof:

“In any case, the difficulty of the optimality proofs should not
hide the simplicity of the result”

Quantum cloning V. Scarani, S. Iblisdir, N. Gisin, A. Acin, RMP (2005)



Proof method

Lemma
1—[(N+K)
Fx(d,N,M) = Tr| J—2
BN = e r( dg+K>

st. J>0, Tro(J) =1,

The dual SDP is

min  Tr(X)
XeL£(Cd)eN
[V+HEO
Sym
s.t. X ® IdK Z W

S
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Cloning Vs Transposition
> Q: Which task is harder?
» Optimal cloning is not attained by estimation.
» Complementary channel, clones and anticlones,

» 1 — 2 clone is complementary to 1 — 1 transposition
V. Buzek and M. Hillery, PRA (1999),
F. Buscemi, G. M. D’Ariano, P. Perinotti, M. F. Sacchi (PLA, 2003)

|o7: % o

—~ _~ o’

Cclone ? = Vv ?
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Cloning Vs Transposition

» Result 2: Forany d, N,M € N,
optimal (pure) N — (N + M) clone is a complementary
channel of optimal (pure) N — M transposition.

|o7: T

@]

C'clone ’ = \%4 )

Q
o

» Cloning and transposition are attained by the same machine!



Cloning Vs Transposition

|init)— -
—|¢)— | Ul L ) ENHE
NYK
N Usch 1T} a —
N lelell
— o —
‘ﬁ> Uérch [~ ‘E>®K
o=
K ..
|init)— —

Inspired by:

Classification and implementation of unitary-equivariant and permutation-invariant quantum channels
Laura Mancdinska, Elias Theil

arXiv:2510.08154
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Cloning Vs Transposition

» Q: The complementary channel is not unique, right?
» A: Indeed, there is an isometric freedom

» This freedom decides the basis of the transposition, and the
“reference frame”
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What is a degradable channel?

> Let C be a channel and E its complementary channel.
> Cis degradable if there exists a channel D such that

E=DoC.

» The receiver can simulate the environment’s output.
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Why is cloning degradable?

» Optimal transposition is attained by estimation: it is
measure-and-prepare.

» Hence, the optimal transposition channel is
entanglement-breaking.

» It is also complementary to optimal cloning (Result 2).
» Therefore, the optimal cloning channel is degradable.
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Degradable channels

» Corollary: The optimal N — N + M cloning channel CN'Clone is
degradable, with

f((j]llfﬁM) _ T((j]l\;-i-M—)M) o 6clone-

» Its quantum and private classical capacities are

~ . dN+M
Q(Cclone) = Cp(cclone> = logy (Z]\/[) )
S

» In contrast, Q(f@p) = CP(TCP) =0.
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Transposition on density matrices

» Random density matrices: Hilbert-Schmidt measure, Bures
measure, ...

> F(p,0):= tr( \/ﬁa\/ﬁ)Q, not linear
» How about covariance and white noise visibility?

n*(d,N):= max n
CeCPTP

5(p®N> =np’ +(1— 77)%, Vp
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» Result 3: For any d, N € N,

A ifN<d—1
* d+1 ! - ’

n*(d,N):= max n
CeCPTP

5(p®N) =np" + (1 - n)%,
N

> For pure states (Result 1): n(d, N) = 575 = n"(d, N), why?
> For N >1, span( \@/})(@/}]@N) # span<p®N

Vp



Transposition on density matrices

» Result 3: For any d, N € N,

P ifN<d—1
* d+1 ! = ’

n*(d,N):= max 7
CeCPTP

~ 1
C(p®N) =np' +(1=n)=,
> For pure states (Result 1): 7 (d, N) = L

» For N > 1, span( \@/})(@/}]@N) # span( )
» For d = 2, we always have p = v [)X¢| + (

> n*(d,N), why?

—)

N[ =
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Transposition on density matrices

» Q: How did you prove result 37

» A: Solve a minimal eigenvalue problem:
Implementing positive maps with multiple copies of an input state
Q. Dong, M.T. Quintino, A. Soeda, and M. Murao, PRA (2019)

» The minimal eigenvalue of Ty := (Zf\;l Fy® ]12—.) can be
calculated (Jucys—Murphy elements)



Applications?

The universal NOT with many copies is useful to correct the
unitary storage-and-retrieval:

Quantum Physics
[Submitted on 23 Oct 2025 (v1), last revised 16 Nov 2025 (this version, v2)]

Higher-order quantum computing with known input states

Vanessa Brzi¢, Satoshi Yoshida, Mio Murao, Marco Tulio Quintino

storing phase retrieval
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Conclusions

» Optimal pure state cloning and optimal pure state
transposition are complementary channels

» Optimal pure state transposition is necessarily attainable via
estimation

» More results for mixed states? (Broadcasting,
superbroadcasting, covariant transposition, etc)

» How about non-universal scenarios and probabilistic scenarios?

» Deeper relationship between channels and complementary
channels?

> Applications?
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