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▶ Revisit the bipartite case:

Invertible Map between Bell Nonlocal and Contextuality Scenarios (Wright,

Farkas, PRL 131, 220202, 2023)
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Motivation



Bipartite Bell nonlocality

a b

x y

S

p(ab|xy) = tr
(
ρABAa|x ⊗Bb|y

)
p(ab|xy) ̸=

∑
λ

π(λ)pA(a|x, λ)pB(b|y, λ)
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Prepare-and-measure scenario (temporal correlations)

a b

x y

S

ρa|x

p(ab|xy) = tr
(
ρa|xBb|y

)



Prepare-and-measure scenario (temporal correlations)

a b

x y

S

ρa|x

p(ab|xy) = tr
(
ρa|xBb|y

)



Spatial vs temporal correlations

Spatial correlations

can always be obtained via

temporal correlations



Spatial vs temporal correlations

ρAB, {Aa|x}, {Bb|y} {ρa|x}, {Bb|y}

spatial strategy temporal assemblage

ρa|x := trA
[
(Aa|x ⊗ 1B)ρAB

]

tr
(
ρa|xBb|y

)
= tr

[
ρAB

(
Aa|x ⊗Bb|y

)]
Every spatial behaviour is therefore a temporal behaviour.



Spatial vs temporal correlations

ρAB, {Aa|x}, {Bb|y} {ρa|x}, {Bb|y}

spatial strategy temporal assemblage

ρa|x := trA
[
(Aa|x ⊗ 1B)ρAB

]
tr
(
ρa|xBb|y

)
= tr

[
ρAB

(
Aa|x ⊗Bb|y

)]
Every spatial behaviour is therefore a temporal behaviour.



Spatial vs temporal correlations 2

temporal correlations

cannot be obtained via

spatial correlations



Spatial vs temporal correlations 2

In a temporal scenario, Alice can simply

send her input x to Bob.

This produces a signalling behaviour,

which is impossible in a non-signalling
spatial scenario.
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Spatial vs temporal correlations 2

Alice
ρa|x = δa,0 |x⟩⟨x|

Bob
Bb|y = |b⟩⟨b|

state carrying x

Spatial∑
a

ρa|x = ρB

independent of x

This example∑
a

ρa|x = |x⟩⟨x|
depends on x

̸=

p(a, b|x, y) = δa,0δb,x =⇒ b = x

Alice can signal to Bob; no spatial Bell strategy can.



The bipartite question

When does a temporal behaviour admit a spatial realisation?

Temporal
p(ab|xy)

= tr
(
ρa|xBb|y

)

Spatial
p(ab|xy)

= tr
[
ρAB

(
Aa|x ⊗Bb|y

)]

For which state assemblages {ρa|x} is this possible
for every measurement performed by Bob?
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Proof method



Non-signalling assemblages

Alice Bob

x

a

ρa|x

After Alice’s outcome a is forgotten,
Bob’s state contains no information about x.

∑
a

ρa|x = ρ ∀x

The same marginal state for every setting.
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The SGHJW theorem

Schrödinger–Gisin–Hughston–Jozsa–Wootters–∞

Non-signalling assemblage∑
a

ρa|x = ρB ∀x

Spatial realisation

There exist a pure state |ψ⟩AB

and POVMs {Aa|x}a such that
ρa|x = TrA

[(
Aa|x ⊗ 1B

)
|ψ⟩⟨ψ|AB

]
.

⇐⇒

Purification Alice’s POVMs

|ψ⟩AB =
∑
i

√
λi |i⟩A |i⟩B Aa|x = ρ

−1/2
B ρTa|xρ

−1/2
B

(the inverse is taken on the support of ρB)
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SGHJW in circuit notation

∑
a

ρa|x = ρB ∀x ⇐⇒ ∃ |ψ⟩AB , {Aa|x}a

State assemblage

ρa|x

x a

ρa|x

=

Purification + local measurement

ψAB

A

ρa|x

Aa|x

x a
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A realisation for every state assemblage

No non-signalling assumption is required.

State assemblage

ρa|x

x a

ρa|x

=

x-dependent state + fixed measurement

ψAB|x

x
A

ρa|x
B

Ma

a

ρa|x = TrA
[
(Ma ⊗ 1B)ψAB|x

]
for every assemblage {ρa|x}a,x.
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Three state-assemblage circuits

State assemblage

ρa|x

x a

ρa|x

Every assemblage

ψAB|x

x
A

ρa|x
B

Ma

a

Non-signalling assemblage

ψAB

A

ρa|x
B

Aa|x

x a



Notation and diagrammatic conventions

Bell: top to bottom

a b

x y

S

QPL: bottom to top

Quantum circuits

ρa|x

x a
ρa|x

Mathematical composition

f ◦ g

Zjawin et al., Activation of post-quantumness in bipar-
tite generalised EPR scenarios, PRA 110, 042212 (2024)

https://doi.org/10.1103/PhysRevA.110.042212
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Notation and diagrammatic conventions

First U , then V

U V
|ψ⟩

=

Combined gate

V U
|ψ⟩

time

V (U |ψ⟩) = (V U) |ψ⟩
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A small digression

Circuits from right to left?

Figure from Richard Kueng’s quantum-computing book.
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Now, back to our
problem



NS temporal scenarios and spatial scenarios (bipartite case)

ρa|x
x a

Nb|y
y b

Temporal realisation

= ψ

MA
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x a
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Purification
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Spatial realisation
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The classical bipartite question

When does a
quantum temporal correlation

admit a classical spatial
realisation (Bell-local)?

⇓

We delay the
classical input!
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Unsteerable state assemblages

ρa|x =
∑
λ

p(λ) p(a|x, λ) ρλ

State assemblage

ρa|x

x a

ρa|x

=

Hidden-state realisation

ψAB

A

ρa|x
B

Mλ

p(a|x, λ)
x

λ

a

Wiseman, Jones, and Doherty, Steering, Entanglement,
Nonlocality, and the EPR Paradox, PRL 98, 140402 (2007).

https://doi.org/10.1103/PhysRevLett.98.140402
https://doi.org/10.1103/PhysRevLett.98.140402
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Four state-assemblage circuits

State assemblage

ρa|x

x a

ρa|x

Every assemblage

ψAB|x

x
A

ρa|x
B

Ma

a

Non-signalling assemblage

ψAB

A

ρa|x
B

Aa|x
x a

Hidden-state realisation

ψAB

A

ρa|x
B

Mλ
p(a|x, λ)

x

λ

a



Unsteerable temporal correlations are Bell-local

ρa|x
x a Nb|y

y b

Temporal realisation

= ψAB

A Mλ
p(a|x, λ)

x

λ

a

B Nb|y
y b

Hidden-state realisation

= λAB

p(a|x, λ)

p(b|y, λ)

x a

y b

A

B

Classical spatial realisation

Fine, Hidden Variables, Joint Probability, and the Bell
Inequalities, PRL 48, 291 (1982).

https://doi.org/10.1103/PhysRevLett.48.291
https://doi.org/10.1103/PhysRevLett.48.291
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Tripartite Bell nonlocality

The bipartite construction works!

Does it extend to three parties?

Wright,S Farkas, Invertible Map between Bell Nonlocal and
Contextuality Scenarios, PRL (2023).

https://doi.org/10.1103/PhysRevLett.131.220202
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Tripartite Bell nonlocality

ρABC

A

Aa|x

x a

B
Bb|y

y b

C
Cc|z

z c

p(abc|xyz) = tr
[
ρABC

(
Aa|x ⊗Bb|y ⊗ Cc|z

)]



Tripartite Bell nonlocality NOW

Bipartite

NS assemblage
⇓

quantum realisation
SGHJW ✓

Tripartite

NS assemblage
⇏

quantum realisation
post-quantum steering

“Lastly, one might attempt to generalise our map to multipartite Bell scenarios.”
“Whether this map also preserves quantumness remains unknown, with the existence

of post-quantum steering [17] posing an obstacle to generalising our argument.”
Wright, Farkas (2023)

A. B. Sainz et al., Postquantum steering, Phys. Rev. Lett. 115, 190403 (2015).
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Tripartite Bell nonlocality

Prepare–transform–and–measure

Alice
prepare

x

a

Bob
transform

ρa|x

y

b

Charlie
measure

B̃b|y(ρa|x)

z

c

p(abc|xyz) = tr
(
B̃b|y(ρa|x)Cc|z

)
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Quantum instrument

For every setting y, the family {B̃b|y}b is a quantum
instrument when

Instrument element is CP
B̃b|y ∈ CP

It adds to a CPTP map∑
b

B̃b|y =: B̃y ∈ CPTP

B̃b|y

y b

σ
I

B̃b|y(σ)
O
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Stinespring dilation

Every quantum instrument admits an isometric realisation.

B̃b|y

y b

σ
I

B̃b|y(σ)
O

=
Vy

y

σ
I

E

B̃b|y(σ)
O

Mb
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Stinespring dilation

Every quantum instrument admits an isometric realisation.
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σ
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NS quantum instrument

A set of instruments {B̃b|y}b,y is no-signalling when

∑
b

B̃b|y = B̃ ∀ y
Definition

Changing y does not change the unconditional channel.
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NS quantum instrument

Theorem
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Common dilation
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B̃b|y(σ) = TrA
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Bb|y ⊗ 1O

)
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]
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∃ Ṽ , {Bb|y}b such that

B̃b|y(σ) = TrA

[(
Bb|y ⊗ 1O

)
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NS instruments

Theorem
If the instrument assemblage is no-signalling, then

Instrument assemblage
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NS instruments

Theorem
If the instrument assemblage is no-signalling, then

Instrument assemblage

B̃b|y

y b

σ
I

B̃b|y(σ)
O

=

Common dilation

Ṽ
σ

I

A

B̃b|y(σ)
O

Bb|y

y b

The dilation Ṽ is independent of the setting y.
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Ṽ

Bb|y
y b

Cc|z
z c

Spatial realisation



From temporal components to a spatial realisation

ρa|xx a

NS state
assemblage

B̃b|y
y b

NS
instrument

Cc|z
z c

Measurement

=

State
decomposition

Instrument
dilation

ψAB

Aa|x
x a

Ṽ
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Two NS constraints recover spatial correlations

Prepare–transform–and–measure correlation

p(a, b, c|x, y, z) = Tr
[
Cc|z B̃b|y

(
ρa|x

)]
NS preparation∑
a

ρa|x = ρ ∀x

NS transformation∑
b

B̃b|y = B̃ ∀ y

⇓
Tripartite spatial realisation

p(a, b, c|x, y, z) = Tr
[(
Aa|x ⊗Bb|y ⊗ Cc|z

)
ψABC

]
QNS

PTM = Q(3)
spatial

Baroni et al., arXiv:2601.05158 (2026)
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The classical case: unsteerable instruments

Unsteerable instrument assemblages

An instrument assemblage {B̃b|y}b,y is un-
steerable when it admits the decomposition

B̃b|y =
∑
λ

p(λ) p(b|y, λ) C̃λ

where p(λ) is a probability distribution, p(b|y, λ)
a response function, and each C̃λ a channel.

Piani, JOSA B 32, A1 (2015); Uola et al., PRA 97, 032301
(2018); Baroni et al., arXiv:2601.05158 (2026)



The classical case: unsteerable instruments

Unsteerable ⇐⇒ B̃b|y =
∑
λ

p(λ) p(b|y, λ) C̃λ

Original instrument

B̃b|y

y b

I O
=

Classical realisation

p(b|y, λ)

C̃λ

y

bλ

I O

The setting y changes only the classical response;
λ selects the channel independently of y.

Piani, JOSA B 32, A1 (2015); Uola et al., PRA 97, 032301
(2018); Baroni et al., arXiv:2601.05158 (2026)



Unsteerable instruments lead to classical behaviours

Prepare–transform–and–measure behaviour

p(a, b, c|x, y, z) = Tr
[
Cc|z B̃b|y

(
ρa|x

)]
Unsteerable preparation

ρa|x =
∑
µ

p(µ) p(a|x, µ) ρµ

Unsteerable instrument

B̃b|y =
∑
λ

p(λ) p(b|y, λ) C̃λ

⇓
Classical spatial realisation

p(a, b, c|x, y, z) =
∑
µ,λ

p(µ)p(λ) p(a|x, µ) p(b|y, λ) p(c|z, µ, λ)

p(c|z, µ, λ) := Tr
[
Cc|z C̃λ(ρµ)

]

Baroni et al., arXiv:2601.05158 (2026)
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Process matrices and indefinite causal order

A process matrix does not presuppose A ≺ B or B ≺ A.

W

Ãa|x

B̃b|y

AI AO

x a

BI BO

y b

Generalised Born rule
p(a, b|x, y) = Tr

[
W

(
Aa|x ⊗Bb|y

)]
Aa|x, Bb|y are Choi operators of Ãa|x, B̃b|y ;

Oreshkov, Costa, Brukner, Nat. Commun. 3, 1092 (2012).



Non-signalling local operations become spatial
∑
a

Ãa|x = Ã ∀x and
∑
b

B̃b|y = B̃ ∀y

Local operations

W

Ãa|x

B̃b|y

x a

y b

=

Fixed cores + delayed POVMs

W

Ṽ A

Ṽ B

MA
a|x

MB
b|y

AA

AB

x a

y b

Spatial realisation p(a, b|x, y) = Tr
[
ρAAAB

(
MA

a|x ⊗MB
b|y

)]

Baroni et al., arXiv:2601.05158 (2026)
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Quantum superchannels

A superchannel transforms a channel into another
channel.

˜̃S
C̃

P I1 O1 F

C̃I1→O1 7−→ ˜̃S(C̃)P→F

channels 7−→ channels

The open slot accepts an arbitrary channel C̃; the surrounding
higher-order map ˜̃S has no classical setting or outcome wires.

Chiribella, D’Ariano, Perinotti, Phys. Rev. Lett. 101, 060401
(2008).



Circuit realisation of a superchannel

Every superchannel is an encoder–memory–decoder
circuit.

˜̃S
C̃

P I O F = Ẽ D̃

C̃

P

aux

I O

F

encoder decoder

˜̃S(C̃) = D̃ ◦
(
C̃ ⊗ idaux

)
◦ Ẽ Ẽ :

P → I ⊗ aux, D̃ : O ⊗ aux → F

Chiribella, D’Ariano, Perinotti, Phys. Rev. A 80, 022339 (2009).



Quantum superinstruments

A superinstrument is a superchannel followed by a
measurement.

˜̃S
C̃

P I O F

Ma|x

A

x

a

superinstrument element ˜̃Sa|x

˜̃Sa|x(C̃) = TrA

[(
Ma|x ⊗ 1F

) ˜̃S(C̃)]∑
a

Ma|x = 1A =⇒
∑
a

˜̃Sa|x = ˜̃S
Chiribella, D’Ariano, Perinotti, Phys. Rev. A 80, 022339 (2009).



NS quantum superinstrument

A superinstrument assemblage {˜̃Sa|x}a,x is no-signalling
when

∑
a

˜̃Sa|x = ˜̃S ∀x

Definition

Changing x does not change the unconditional superchannel.

Each ˜̃Sa|x probabilistically transforms an inserted channel C̃.

Chiribella, D’Ariano, Perinotti, Phys. Rev. A 80, 022339 (2009).
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NS quantum superinstrument

Theorem
{˜̃Sa|x}a,x is no-signalling iff it admits a common dilation.

No-signalling∑
a

˜̃Sa|x = ˜̃S
∀x

⇐⇒
Common dilation

∃ ˜̃S, {Aa|x}a such that˜̃Sa|x(C̃) = TrA

[
(Aa|x ⊗ 1) ˜̃S(C̃)]

Chiribella, Toigo, Umanità, OSID 20, 1350003 (2013);
Baroni et al., arXiv:2601.05158 (2026)



NS quantum superinstrument

Theorem
{˜̃Sa|x}a,x is no-signalling iff it admits a common dilation.

NS superinstrument˜̃Sa|x

C̃
P I O F

x a

=

Common dilation˜̃S
C̃

P I O F

Aa|xA
x a

˜̃S is independent of x

Chiribella, Toigo, Umanità, OSID 20, 1350003 (2013);
Baroni et al., arXiv:2601.05158 (2026)



Arbitrary NS compositions are spatial

Theorem
Composition of k no-signalling quantum assemblages produces a

k-partite Spatial (Bell) quantum correlation.
Two NS superinstruments in a multi-round network

W

˜̃Aa|xx a

˜̃Bb|y
y b

Baroni et al., arXiv:2601.05158 (2026)



Arbitrary NS compositions are spatial

Theorem
Composition of k no-signalling quantum assemblages produces a

k-partite Spatial (Bell) quantum correlation.
Common dilations and delayed POVMs

W

˜̃AA AA MA
a|x

x a

˜̃SB AB MB
b|y

y b

Baroni et al., arXiv:2601.05158 (2026)



Arbitrary NS compositions are spatial

Theorem
Composition of k no-signalling quantum assemblages produces a

k-partite Spatial (Bell) quantum correlation.
The network and fixed cores form a shared state;

only the delayed POVMs depend on x and y.

ρAB

MA
a|x MB

b|y
x a y b

Spatial realisation

p(a, b|x, y) = Tr
[
ρAB

(
MA

a|x ⊗MB
b|y

)]

Baroni et al., arXiv:2601.05158 (2026)



Unsteerable compositions are Bell-local

Theorem

k unsteerable
quantum assemblages

=⇒ k-partite spatial
Bell-local correlation

Classical factorisation

p(a|x) =
∑
λ

p(λ)

k∏
i=1

p(ai|xi, λi)

a = (a1, . . . , ak), x = (x1, . . . , xk), λ = (λ1, . . . , λk)

The quantum composition induces only shared randomness p(λ);
each setting xi is processed locally.

Baroni et al., arXiv:2601.05158 (2026)
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Scenarios covered by our methods



SGHJW beyond states

One simultaneous-purification theorem for every quantum process type

1
x a

(i)

= 2
x

a

(ii)

⊋ 3

ax

(iii)

⊋ 4

ax

(a) 1 2 3 4 (b) 1 2 3 4 (c) 1 2 3 4

(a) states (b) instruments (c) superinstruments
(i) arbitrary assemblage (ii) non-signalling (iii) unsteerable

For any quantum object O—state, channel, instrument, comb,
process matrix, or higher-order map—∑

a

Oa|x = O ∀x ⇐⇒ Oa|x = TrA
[
(Aa|x ⊗ 1) ΩAO

]
,

where ΩAO is a single pure dilation of the same
process type and only the POVM depends on x.
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Non-signalling in OPTs and GPTs

1
x a

(i)

= 2
x

a

(ii)

⊋ 3

ax

(iii)

⊋ 4

ax

(a) 1 2 3 4 (b) 1 2 3 4 (c) 1 2 3 4

(a) states (b) instruments (c) superinstruments

(i) arbitrary assemblage (ii) non-signalling (iii) unsteerable

∑
a

Oa|x = O ∀x



Outlook

What we showed
✓ SGHJW extends from
states to instruments, combs,
and arbitrary quantum objects.
✓ NS is exactly what makes
temporal correlations spatial.
✓ Generalises the bipartite
result of Wright, Farkas, Phys.
Rev. Lett. 131, 220202 (2023)
to multipartite scenarios.
✓ Simple and practical.

Next?
▷ A robust theorem for
approximately non-signalling
assemblages.
▷ Quantify how much
signalling is needed to leave
the spatial quantum set—and
where it must occur.
▷ Infinite-dimensional case?
▷ Composable purification in
GPTs and OPTs.

Consequence: leaving the spatial quantum
set requires internal signalling somewhere.

Baroni et al., arXiv:2601.05158 (2026)
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Thank you!

One simultaneous-purification theorem for every quantum process type

Local non-signalling =⇒ spatial correlations
Local unsteerability =⇒ classical spatial correlations

Baroni et al., arXiv:2601.05158 (2026)


