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Measurement incompatibility
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Quantum entanglement




State+Measurement
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State+Measurement
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Bell NL <= Entanglement + Measurement incompatibility



Bell Nonlocality



The Correlation/Anticorrelation Game
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The Correlation/Anticorrelation Game
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Winning Conditions
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Best Strategy

Can Alice and Bob always win?



Best Strategy

Best (classical) strategy wins with probability %



Quantum Strategy
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Bell nonlocality
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Quantum measurement



Quantum measurement
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Quantum measurement
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Quantum measurement: POVM

p(alp, A) = tr(pA,)

A={A}, A, >0 Y A =1
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Quantum measurement: Naimark dilation

POVM <= global unitary + measurement
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Quantum measurement

p(alp, A) = tr(pA,;), pa = A, (if projective)
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Quantum measurement

p(alo, A) = tr(pA), s = ﬁi’f
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Measurement compatibility
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Measurement compatibility

When the measurements commute:
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Measurement compatibility

When the measurements commute:

[Aa, Bb] = AaBb — BbAa =0
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Measurement compatibility

Commutation = measurement compatibility



Measurement compatibility

Joint measurability



Joint Measurability

{A,} and {By} are JM if there exists a measurement {M_p} s. t.:

YoMy = Bb
Zb ab—



Joint Measurability
{A,} and {By} are JM if there exists a measurement {M_p} s. t.:

YaMap = Bp
Zb Mab = Aa
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Pauli Measurements
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Noise Pauli Measurements
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Noise Pauli Measurements
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Noise Pauli Measurements
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Hollow Triangle
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Hollow Triangle
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Hollow Triangle

T. Heinosaari, D. Reitzner, P. Stano: Foundations of Physics (2008)



Bell NL and no JM

Bell NL



Bell NL and no JM

Bell NL
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Bell NL and JM

Bell NL
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two dichotomic ~ *+ No JM
measurements

M. Wolf, D. Perez-Garcia, C. Fernandez, PRL (2009)



Bell NL and JM

{Aux}2 41 not IM = 3pap and {By, } such that:
p(ab|xy) = tr(pAB Aa\x & Bb\y) is Bell NL
Bell NL
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two dichotomic ~ ** No JM
measurements v

M. Wolf, D. Perez-Garcia, C. Fernandez, PRL (2009)



Bell nonlocality

» Are all incompatible measurements useful for Bell NL?



Bell nonlocality

» Are all incompatible measurements useful for Bell NL?

» All incompatible measurements useful for EPR steering!
Joint measurability, EPR steering, and Bell nonlocality
MT. Quintino, T. Vértesi, N. Brunner, PRL (2015)

One-to-one mapping between steering and joint measurability problems
R. Uola, C. Budroni, O. Giihne, JP. Pellonpida, PRL (2015)
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Bell nonlocality

v

Are all incompatible measurements useful for Bell NL?

All incompatible measurements useful for EPR steering!

Joint measurability, EPR steering, and Bell nonlocality
MT. Quintino, T. Vértesi, N. Brunner, PRL (2015)

One-to-one mapping between steering and joint measurability problems
R. Uola, C. Budroni, O. Giihne, JP. Pellonpida, PRL (2015)
How to prove or disprove such a thing?

Local Hidden Variable models (LHV)



Quantum Scenarios
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Local hidden variable model
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Local hidden variable model

/
Wy = nlg g™ |+ (1)

For 1 < 1/2, there exists a Local Hidden Variable model

R. Werner, PRA (1989)



Local hidden variable model

(A)

Measurements Measurements



Local hidden variable model
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Bell nonlocality

p(ablxy) = tr(pjg Aajx @ By)y)
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Bell nonlocality

tr(phg Aslx ® Baly) = tr(pag AL, © By),)
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Local hidden variable model

LHV model for the class:
/
Wy := 111" )¢’ + (1= 17)5 ® po

[¢%) := sin(6)[00) + cos(6)[11),  pp := tra(l¢’)(¢’|

in a range where there are noisy incompatible measurements



Local hidden variable model

/
W0 :=n|¢?)(¢? + (1 — 77)5 ® Po

=—> LHV model

J. Bowles, F. Hirsch, M.T. Quintino, N. Brunner, PRL (2016)



Local hidden variable model

/
W0 :=n|¢?)(¢? + (1 — 77)5 ® Po
2n—1

————— = LHV model
@-—mn?

cos?(6) >

For 7 >1/2, {A,x} = not JM
But for 6 = 7r/4 the model returns y = 1/2...



Local hidden variable model

For the maximally entangled state, we have Grothendieck!



Local hidden variable model

'gowma! of Soviet Mathematics,
vol. 6, number U, pp. S5%-5%.

! Fefuwany, 1987
QUANTUM ANALOGUES OF THE BELL INEQUALITIES. THE CASE OF
TWO SPATIALLY SEPARATED DOMAINS
; '
B. ,S' Tsirel'son UbC 519.2
significantly simpler manner in terms of vectors in a Euclidean space. Then it becomes clear

that the constant K. is nothing else but Grothendieck's well known constant Ke , invest-
gated by mathematicians from 1956 up to now!
Regarding the problem of the Grothendieck constant, we refer the reader to [11]. It is

proved there that

¢ < T ~
}\C§ gfﬂﬁ‘ﬁ» 1.752



Local hidden variable model

/
Wy = nlg g™ |+ (1)

LHV for 7 < ﬁ@) and Kg(3) <2

B. Tsirelson, J. Soviet Math. (1987)
Better local hidden variable models for two-qubit Werner states and an upper bound on the
Grothendieck constant K (3) F Hirsch, MT Quintino, T Vértesi, M Navascués, N Brunner



Bell NL and JM

LHV Model+Grothendieck+LHV extention based on PPT:
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M.T. Quintino, J. Bowles, F. Hirsch, N. Brunner, PRA (2016)



Bell NL and JM

Bell NL
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Bell NL and JM

» “Hidden" projective measurement assumption. . .
®

All p > All
Measurements Measurements
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» “Hidden" projective measurement assumption. . .
®

All = p > All
Measurements Measurements
(B)

All
M states All

Measurements

» Creating LHV models requires creativity. . .
and we are lacking it now



Bell NL and JM

» “Hidden" projective measurement assumption. . .
®

All = p > All
Measurements Measurements
(B)

All
M states All

Measurements

» Creating LHV models requires creativity. . .
and we are lacking it now

» How about using the computer to find LHV models for us?



Algorithmic constructing LHV models

M.T. Quintino, F. Hirsch, T. Vertesi, M. Pusey, N. Brunner, PRL (2016)
D. Cavalcanti, L. Guerini, R. Rabelo, P. Skrzypczyk, PRL (2016)

J Bavaresco, MT Quintino, L Guerini, TO Maciel, D Cavalcanti, MT Cunha, PRA, 2017
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LHV models for POVMs
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Wy == 119"}’ + (1= 1)5 ® po
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F. Hirsch, M.T. Quintino, N. Brunner, PRA (2018)



Using similar methods:

Three planar measurements:
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E. Bene, T. Vertesi, NJP (2018)



Bell NL and JM
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Bell NL and JM

» {M,} is not JM, but usless for Bell NL.
» {M,,} is not JM, but usless for bipartite Bell NL.

» Imagine an N-partite Bell scenario where All parties perform
the same measurement
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Multipartite Bell NL and JM
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All incompatible measurements on qubits lead to multiparticle Bell nonlocality
M. Plavala, O. Giihne, M.T. Quintino arXiv (2024)



Multipartite Bell NL and JM

If d =2 and {M,, } is not JM, there exists a number of parties N
and a state p such that

p(al - aN|x1 .. .XN) = tr(p M31|X1 RX...&® M3N|XN)

is Bell NL
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All incompatible measurements on qubits lead to multiparticle Bell nonlocality
M. Plavala, O. Giihne, M.T. Quintino arXiv (2024)



Bell NL and JM

» Not genuine multipartite Bell NL
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Bell NL and JM
» Not genuine multipartite Bell NL
p(abc|xyz) Zp )pa(alxA)ppc(belyzA)
» But, Bell NL
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Bell NL and JM

» Not genuine multipartite Bell NL

Zp

p(abc|xyz)

» But, Bell NL
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Anonymous quantum nonlocality
YC Liang, FJ Curchod, J Bowles, N Gisin
PRL 2024



Applications

New operational quantifier:

Definition 4. Let M = {M,, } be a set of POVMs act-
ing in Cq. Its noisy k-partite Bell joint measurability
npe' (M) € [0,1] is defined as

7P (M) : = max 7,

such that : Vp € D(C?k) (8)
Telp(M", @@ M), )] is Bell local.



Applications

New operational quantifier:

Corollary 6. Ifn > 5
qubit state p € D(CFY
entangled and violates a Bell inequality.

aN €N, and a N
state Dflg"v(/)) is
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» View Bell locality as separability in Generalised Probabilistic
Theories (GPT)
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» Generalise a new result on entanglement breaking channels
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Proof methods

» View Bell locality as separability in Generalised Probabilistic
Theories (GPT)

» View quantum measurements as maps transforming states into
probabilities

» Generalise a new result on entanglement breaking channels
and entanglement annihilating channels.
When do composed maps become entanglement breaking?

M. Christandl, A. Miiller-Hermes, and M. M. Wolf

Annales Henri Poincaré 20, 2295 (2019)

» Recognise that, measurements lead to Bell local correlations of
qubit states iff they're generalsing annihilating channels.
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Open questions

» Direct/intuitive LHV model for incompatible measurements?
» Simple criteria for measurement Bell NL?
» JM and multipartite Bell NL for d > 2 7

» How does measurement locality relate to other areas of
quantum info?
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Thank you!

Bell NL
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ot N '

Ma2|zz
{Ma|m} is not JM =>M - p

NlzN

M,

3lzs

is not Bell local



