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Measurement incompatibility
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Quantum entanglement




State+Measurement
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State+Measurement

p(ilp. {M;};) = tr(oM;),  [{il)|’




EPR steering




Bell nonlocality




Relationship between all that
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Bell Nonlocality



The Correlation/Anticorrelation Game
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The Correlation/Anticorrelation Game
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The Correlation/Anticorrelation Game
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Winning Conditions

DA



Best Strategy

Can Alice and Bob always win?



Best Strategy

Best (classical) strategy wins with probability %



Quantum Strategy
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Quantum Strategy
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Bell nonlocality
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Bell nonlocality




Quantum measurement



Quantum measurement
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Quantum measurement
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Quantum measurement

p(alp, A) = tr(pA,)

A={A}, A, >0 Y A =1
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Quantum measurement

p(alp, A) = tr(pA,;), pa = A, (if projective)
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Quantum measurement
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Measurement compatibility
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Measurement compatibility

Incompatible measurements are in the core of quantum theory
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Measurement compatibility

When the measurements commute:
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Measurement compatibility

When the measurements commute:

[Aa, Bb] = AaBb — BbAa =0
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Measurement compatibility

Commutation = measurement compatibility



Measurement compatibility

Joint measurability



Bell NL and no JM

Bell NL



Bell NL and no JM

Bell NL
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Bell NL

Correlator:

(ABy) = p(a = b|xy) — p(a # blxy)



Winning Conditions

DA



Bell NL

Correlator:

<CH5H> = <AlBl> + <A182> + <A2Bl> — <A282>



Bell NL

The CHSH inequality:

local

<CH5H> = <A181> + <A182> + <A251> — <A282> < 2



Bell NL

Quantum Observable:
Ax = Agx — Apix
BX . - Bp\x

= DPglx

glx

<AXBy>Q :tr(PAX ® B)/)
=tr(pAg)x © Bgly) +tr(pAx @ Bpjy)
— tr(0Agx © Bpjy) — tr(pAg)x © By, )



Bell NL

Quantum Observable:
Ax 1= Aglx — Apix
Bxi= Bgjx = Bpix
Ay and B, are matrices with eigenvalues +1

<AXBy>Q = tr(pAx ® By)



Bell NL

The CHSH operator:

CHSH =A1®B1 +A1®B+A B —A® B



Bell NL

The CHSH operator:

CHSH = A1®B1+A1®B,+A®B; —A® B>

Maximal quantum score is given by the largest eigenvalue of CHSH



Tsirelson Bound

Letters in Mathematical Physics (1980)

QUANTUM GENERALIZATIONS CF BELL'S INEQUALITY

B.S. CIREL'SON
Leningrad, U.S.S.R.

ABSTRACT. Even though quantum correlations violate Bell’s inequality, they satisfy weaker
inequalities of a similar type. Some particular inequalities of this kind are proved here. The m
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Tsirelson Bound
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Tsirelson Bound 2.0

SYMPOSIUM ON THE FOUNDATIONS OF MODERN PHYSICS, pp. 441-460
edited by P. Lahti & P. Mittelstaedt
© 1985 by World Scientific Publishing Co.

QUANTUM AND QUASI-CLASSICAL ANALOGS OF BELL INEQUALITIES*

L.A.Khalfin, B.S.Tsirelson

Steklov Mathematical Institute, Leningrad D-11, USSR
Both (1) and (2) can be treated as a consequences
of the following inequalitya:
(AR +A B +A B -AoB, ) < b1 [ A, A1 (B,B],  (3)
holding under the same assumptions as (2). From (3) it
follows immediately

A8y *AlBa+AzBa'Asz“ gﬁ"chh ([ '“[BMB?-“ G
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Tsirelson Bound

ICHSH]| = \/4/ + [[[Aw Al| [[[B1, Ba|



Bell NL and JM

Bell NL
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Bell NL and JM

Beyond projective measurements?
Beyond CHSH?



Quantum measurement

Naimark dilation:
POVM <= global unitary + measurement
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Joint Measurability

{A,} and {By} are JM if there exists a measurement {M_p} s. t.:

YoMy = Bb
Zb ab—



Joint Measurability
{A,} and {By} are JM if there exists a measurement {M_p} s. t.:

YaMap = Bp
Zb Mab = Aa

MabZO, EMab:I



Pauli Measurements

oz :{10)(0] [} ox = {[H){+] [=)(=1}



Noise Pauli Measurements

oz {1000+ (@=mg5  wal+ @ -



Noise Pauli Measurements
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Noise Pauli Measurements
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Hollow Triangle
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Hollow Triangle
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Hollow Triangle

T. Heinosaari, D. Reitzner, P. Stano: Foundations of Physics (2008)



Bell NL and JM

Bell NL



Bell NL and JM

Bell NL
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measurements

M. Wolf, D. Perez-Garcia, C. Fernandez, PRL (2009)



Bell NL and JM

{Aux}2 41 not IM = 3pap and {By, } such that:
p(ab|xy) = tr(pAB Aa\x & Bb\y) is Bell NL
Bell NL

v. ¢

two dichotomic ~ ** No JM
measurements v

M. Wolf, D. Perez-Garcia, C. Fernandez, PRL (2009)



EPR Steering

Another manifestation of quantum non-locality



Bell nonlocality
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Bell nonlocality and EPR Steering
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Bell NL, JM, and EPR STE

Bell NL EPR STE
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Bell NL, JM, and EPR STE

Bell NL EPR STE
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Bell NL, JM, and EPR STE

Bell NL EPR STE
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Bell NL, JM, and EPR STE

Bell NL EPR STE
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H. M. Wiseman, S. J. Jones, A. C. Doherty, PRL (2007)

A. Acin, N. Gisin, and .B Toner, PRA (2006)

B. S. Tsirelson, J. Soviet Math. (1987)

M.T. Quintino, T. Vertesi, N. Brunner, D. Cavalcanti, R. Augusiak, M. Demianowicz, A. Acin, N.
Brunner PRA (2015)



Bell NL, JM, and EPR STE

Bell NL EPR STE
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M.T. Quintino, T. Vertesi, N. Brunner PRL (2014)
R. Uola, T. Moroder, and O. Giihne PRL (2014)



Bell NL, JM, and EPR STE

{A,}x} not IM
paB is pure and entangled
{By|y} is informationally complete:

p(ab|xy) = tr(pag As|x @ Bp|,) is EPR Steerable

Bell NL EPR STE
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M.T. Quintino, T. Vertesi, N. Brunner PRL (2014)
R. Uola, T. Moroder, and O. Giihne PRL (2014)



Bell NL, JM, and EPR STE

OK... EPR steering is nice, but, what about Bell?



Bell nonlocality

Local hidden variable model



Quantum Scenarios

......



Local hidden variable model

/
Wy = lp ) [+ (1),

. |00) +11)
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Local hidden variable model

/
Wy = nlg g™ |+ (1)

For 1 < 1/2, there exists a Local Hidden Variable model

R. Werner, PRA (1989)



Local hidden variable model

(A)

Measurements Measurements



Local hidden variable model

(A)

All e— —_— All
Measurements Measurements

(B)
All

+——gtates — > All
Measurements



Bell nonlocality

p(ablxy) = tr(pjg Aajx @ By)y)

7 /
Pag = 1pas + (1 —1)— @ ps

pB = tra(pas)



Bell nonlocality

tr(phg Aslx ® Baly) = tr(pag AL, © By),)

/
AZ|X = 17Aa|x + (1 - 77)3 tr(Aa|x)



Local hidden variable model

LHV model for the class:
/
Wy := 111" )¢’ + (1= 17)5 ® po

[¢%) := sin(6)[00) + cos(6)[11),  pp := tra(l¢’)(¢’|

in a range where there are noisy incompatible measurements



Local hidden variable model

/
W0 :=n|¢?)(¢? + (1 — 77)5 ® Po

=—> LHV model

J. Bowles, F. Hirsch, M.T. Quintino, N. Brunner, PRL (2016)



Local hidden variable model

/
W0 :=n|¢?)(¢? + (1 — 77)5 ® Po
2n—1

————— = LHV model
@-—mn?

cos?(6) >

For 7> 1/2, {A,x} is no JM.
But for 6 = 7r/4 the model returns y = 1/2...



Local hidden variable model

For the maximally entangled state, we have Grothendieck!



Local hidden variable model

'gowma! of Soviet Mathematics,
vol. 6, number U, pp. S5%-5%.

! Fefuwany, 1987
QUANTUM ANALOGUES OF THE BELL INEQUALITIES. THE CASE OF
TWO SPATIALLY SEPARATED DOMAINS
; '
B. ,S' Tsirel'son UbC 519.2
significantly simpler manner in terms of vectors in a Euclidean space. Then it becomes clear

that the constant K. is nothing else but Grothendieck's well known constant Ke , invest-
gated by mathematicians from 1956 up to now!
Regarding the problem of the Grothendieck constant, we refer the reader to [11]. It is

proved there that

¢ < T ~
}\C§ gfﬂﬁ‘ﬁ» 1.752



Local hidden variable model

/
Wy = nlg g™ |+ (1)

LHV for 57 < ﬁ@) and Kg(3) <2

A. Acin, N. Gisin, B. Toner, PRA (2006)
B. Tsirelson, J. Soviet Math. (1987)
J. L. Krivine, Adv. Math. (1979)



Local hidden variable model

This Grothendieck approach only work for projective
measurements...



Bell NL and JM

LHV Model+Grothendieck+LHV extention based on PPT:
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M.T. Quintino, J. Bowles, F. Hirsch, N. Brunner, PRA (2016)



Bell NL, JM, and EPR STE

Bell NL EPR STE
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Bell NL, JM, and EPR STE

Nice, but. ..
Bob can do POVMs. ..



Bell NL, JM, and EPR STE

Nice, but. ..
Bob can do POVMs. ..

Normally, constructing LHV models is requires a lot of creativity



Local hidden variable model

How about using the computer to find LHV models
for us?

M.T. Quintino, F. Hirsch, T. Vertesi, M. Pusey, N. Brunner, PRL (2016)
D. Cavalcanti, L. Guerini, R. Rabelo, P. Skrzypczyk, PRL (2016)



Bell NL and JM

Challenge accepted:
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F. Hirsch, M.T. Quintino, N. Brunner, PRA (2018)



Bell NL and JM

Three planar measurements:
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E. Bene, T. Vertesi, NJP (2018)



Bell NL, JM, and EPR STE

BeII NL EPR STE



Open questions

» Direct/intuitive LHV model for incompatible measurements?
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» Natural manners to “activate’ measurement NL?



Open questions

» Direct/intuitive LHV model for incompatible measurements?
» Simple criteria for measurement Bell NL?
» Natural manners to “activate” measurement NL?

» How measurement locality relate to other areas of quantum
info?
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Thank you!

Bell NL EPR STE



