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The statistics of local measurements performed on certain entangled states can be reproduced using a
local hidden variable (LHV) model. While all known models make use of an infinite amount of shared
randomness, we show that essentially all entangled states admitting a LHV model can be simulated with
finite shared randomness. Our most economical model simulates noisy two-qubit Werner states using only
log2ð12Þ≃ 3.58 bits of shared randomness. We also discuss the case of positive operator valued measures,
and the simulation of nonlocal states with finite shared randomness and finite communication. Our work
represents a first step towards quantifying the cost of LHV models for entangled quantum states.
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Introduction.—Quantum systems exhibit a wide range
of nonclassical and counterintuitive phenomena, such as
quantum entanglement [1] and Bell nonlocality [2,3].
In recent years, considerable effort has been devoted
to understanding the relation between entanglement and
nonlocality; see [3]. While entanglement is necessary to
demonstrate nonlocality (i.e., violation of a Bell inequal-
ity), it is not yet clear whether all entangled states can lead
to nonlocality when considering the most general scenario
[4,5]. Nevertheless, entanglement and nonlocality are
proven to be different in the simplest scenario in which
local (nonsequential) measurements are performed on a
single copy of an entangled state. As discovered by Werner
[6], there exist entangled states that can provably not violate
any Bell inequality, since the state admits a local hidden
variable (LHV) model. While Werner focused on projective
measurements, Barrett [7] showed that the result holds for
the most general nonsequential measurements, so-called
positive operator valued measures (POVMs).
Following these early results, plenty of works have

investigated these ideas; see [8] for a recent review.
LHV models were reported for entangled states with less
symmetry than Werner states [9–13]. Multipartite states
were discussed as well [14,15]. Interestingly, it was shown
that in certain cases, the nonlocality of local entangled
states can be activated, e.g., by considering sequential
measurements [11,16]. More recently, interest was devoted
to a special class of LHVmodels, referred to as local hidden
state (LHS) models, which naturally arise in the context
of Einstein-Podolsky-Rosen (EPR) steering [17,18], and
essentially require that the local variable represents a
quantum state; see [17] for details, and [6,7,9,12,19] for
examples of LHS models.
Here we discuss novel types of questions in this context,

namely that of quantifying LHV models. Specifically, given
a local entangled state, we ask what resources are required to
construct a LHV model; i.e., what is the cost of classically

simulating the correlations of the state? As a figure of merit,
we consider the minimal dimension of the shared local
(hidden) variable that is needed; that is, how much classical
information (how many bits) is necessary to encode the local
variable? Note that all LHV models constructed so far are
maximally costly according to our measure as they make use
of shared variables which are continuous. Hence, such
models would require a communication channel of infinite
capacity, the physical relevance of which is questionable. For
instance, in Werner’s model, the local variables are unit

vectors ~λ (e.g., vectors on the Bloch sphere). Importantly,
although these vectors are of a given dimension, the model

requires an infinite number of them, as vectors ~λ are taken
from the uniform distribution over the sphere.
Hence, a natural question is whether it would be in fact

possible to simulate the correlations of an entangled state
using shared variables of finite dimension (i.e., a finite
number of shared random bits). Here we show that essen-
tially any entangled state admitting a LHV model can be
simulated with finite shared randomness, considering arbi-
trary local projective measurements. We discuss in detail the
case of Werner states of two qubits. We also show that the
simulation of arbitrary POVMs on certain entangled states is
possible using finite shared randomness. Finally, we con-
sider the simulation of nonlocal entangled states (i.e., which
can violate a Bell inequality), in which case communication
between the parties is necessary. In particular, we show that
the simulation of any full rank entangled state can be
achieved using only finite communication.
Our work provides a perspective on understanding how

the correlations of local entangled states differ from those
of fully separable states. On the one hand, it shows that
there is no fundamental difference between the two cases,
in the sense that finite shared randomness is enough for
both (at least for certain entangled states). Recall that the
correlations of separable states can always be simulated
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using 4log2ðdÞ bits [20], where d denotes the local Hilbert
space dimension of the state. On the other hand, our results
suggest that the simulation of entangled states is in general
more costly compared to that of separable states—despite
the fact that both classes of states can never lead to Bell
inequality violation.
Preliminaries.—We consider a bipartite Bell scenario.

Two distant observers, Alice and Bob, share a quantum
state ρ (of Hilbert space dimension d × d) and perform
local measurements A ¼ fAag and B ¼ fBbg, respectively.
The observed statistics are local (in the sense of Bell),
if they can be decomposed as follows [2,3]:

TrðAa ⊗ BbρÞ ¼
Z

πðλÞpAðajA; λÞpBðbjB; λÞdλ; ð1Þ

where λ represents a shared (hidden) variable, distributed
according to density πðλÞ. If a decomposition of the form
(1) exists for all possible local measurements, we say that
the state ρ is local as it will never violate any Bell
inequality. The LHV model is then characterized by the
distributions πðλÞ, and pAðajA; λÞ, pBðbjB; λÞ which are
Alice’s and Bob’s local response functions.
Trivially, any state ρ that is separable is local. Indeed, one

can write ρ ¼ P
d4
λ¼1 pλρ

λ
A ⊗ ρλB [20,21] with

P
λpλ ¼ 1 and

pλ ≥ 0 (note that for two-qubit states, a more economical
decomposition exists, involving only four product states
[22]). Here the local variable λ is distributed according to pλ,
and the local response functions are simply pAðajA; λÞ ¼
TrðAaρ

λ
AÞ for Alice and similarly for Bob. Note that the

shared variable takes only d4 different values here, and can
thus be encoded in 4 log2ðdÞ bits (for two-qubit states 2 bits
are enough). More interestingly, there exist entangled states
ρ which are local. The most famous example is the Werner
state, which for the case d ¼ 2 takes the form

ρWðαÞ ¼ αjψ−ihψ−j þ ð1 − αÞI=4; ð2Þ

where jψ−i ¼ ðj01i − j10iÞ= ffiffiffi
2

p
is the singlet state and I=4

is the maximally mixed two-qubit state. After showing
that the state ρWðαÞ is entangled for α > 1=3, Werner [6]
constructed a local model for arbitrary projective measure-
ments for α ≤ 1=2; later another local model was con-
structed for α≲ 0.66 [10]. Considering the most general
nonsequential measurements, i.e., POVMs, a local model
was presented for α ≤ 5=12 [7].
A common feature of these local models (and to the best

of our knowledge, of all known LHV models) is the fact
that the shared variable λ takes an infinite number of
different values; typically, λ denotes a (unit) vector, which
is taken randomly from a uniform distribution over the
sphere. Hence λ requires an infinite number of bits to be
encoded, in stark contrast with the case of separable states,
where 4 log2ðdÞ bits are enough. Therefore, it is rather
natural to ask if this represents a fundamental difference
between local entangled states and separable ones. Below

we will show that this is not the case, by exhibiting LHV
models for entangled states requiring only finite resources,
i.e., where λ can be encoded with a finite number of bits.
SimulatingWerner stateswith finite shared randomness.—

We present local models using a finite amount of shared
randomness, simulating the correlations of Werner states
ρWðαÞ for α < 0.5 for all projective measurements; exten-
sions to α≲ 0.66 are given in the next section. Alice and

Bob receive here Bloch vectors ~a and ~b (representing
observables A ¼ ~a · ~σ and similarly for Bob) and should
provide outcomes a; b ¼ �1 such that

hai ¼ hbi ¼ 0; habi ¼ −α~a · ~b: ð3Þ
For clarity, we start by presenting a simple model using

only log2ð12Þ bits of shared randomness, which works for
α≲ 0.43. Our model uses the icosahedron, one of the 5
platonic solids in dimension 3. The icosahedron has 12
vertices represented by the normalized vectors ~vλ ∈ V,
which satisfy the following properties:

∀~vλ∃ ~vj such that ð s:t:Þ ~vλ ¼ −~vj ð4ÞX
j s:t: ~vj·~vλ≥0

~vj ¼ γ~vλ ∀λ; ð5Þ

with γ ¼ 1þ ffiffiffi
5

p
. Note that the radius of a sphere inscribed

inside the icosahedron is given by l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð5þ 2

ffiffiffi
5

p Þ=15
q

. In

our model the shared variable λ ∈ f1;…; 12g is distributed
uniformly and represents one of the 12 vertices of the
icosahedron. That is, when Alice and Bob receive λ, they
will use vector ~vλ.
Protocol 1.—Alice and Bob share λ ∈ f1;…; 12g, uni-

formly distributed. Upon receiving setting ~a, Alice calcu-
lates the subnormalized vector ~a0 ¼ l~a. This ensures that ~a0
lies inside the convex hull of V; hence, Alice can find a
convex decomposition ~a0 ¼ P

iωi~vi with
P

iωi ¼ 1 and
ωi ≥ 0 (note that any convex decomposition can be
chosen). Then, with probability ωi, she outputs a ¼ �1

with probability ð1� sgn½~vλ · ~vi�Þ=2. Bob, upon receiving
~b, outputs b ¼ �1 with probability ð1∓ ~b · ~vλÞ=2.
We now show that the protocol reproduces the desired

statistics. We start with the correlator:

habi ¼ −
1

12

X
λ

X
i

ωisgnð~vi · ~vλÞ~vλ · ~b: ð6Þ

Interchanging the sums, we first calculate

X
λ

sgnð~vi · ~vλÞ~vλ · ~b ¼ 2γ~vi · ~b; ð7Þ

which follows from (4) and (5); see details in the
Supplemental Material [23]. Inserting the last expression
in (6), we get

PRL 114, 120401 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

27 MARCH 2015

120401-2



habi ¼ −
γ

6

X
i

ωi~vi · ~b ¼ −
lγ
6
~a · ~b≃ −0.43 ~a · ~b: ð8Þ

Finally, we compute Alice’s marginal

hai ¼ −
1

12

X
λ

X
i

ωi sgnð~vi · ~vλÞ ¼ 0; ð9Þ

which can be seen from (4). Similarly, we get that hbi ¼ 0.
Therefore, the model simulates ρWðαÞ for α≃ 0.43.
Extension to smaller values of α is straightforward.
The above protocol can be adapted to any polyhedron

satisfying conditions (4) and (5). Natural candidates are the
Platonic solids, except for the tetrahedron which does not
satisfy (4). Among these, the icosahedron turns out to be
optimal here; see Supplemental Material [23]. Hence, in
order to simulate Werner states which are more entangled,
i.e., going beyond α≃ 0.43, we need another method.
We now present a protocol, which will allow us to relax

condition (5). Specifically, we consider again a three-
dimensional polyhedron V with D vertices ~vi, but only
demand that is satisfy condition (4) (which can always be
achieved at the expense of doubling the number of vertices
of a given polyhedron). As before, the shared variable
λ ∈ f1;…; Dg encodes the choice of vertex, and is uni-
formly distributed. Having abandoned condition (5), we
have for each vertex ~vλ:X

j s:t: ~vj·~vλ≥0

~vj ¼ γλ ~mλ; ð10Þ

where ~mλ is a normalized vector and generally ~mλ ≠ ~vλ.
Let us define γmin ¼ minλðγλÞ. Note that there are now two
polyhedra of interest: (i) V, that is defined by the vertices ~vλ
and (ii) M, defined by the vertices ~mλ, which are in one-to-
one correspondence with the ~vλ. Consider the following
protocol.
Protocol 2.—Alice and Bob share λ ∈ f1;…; Dg uni-

formly distributed. Upon receiving setting ~a, Alice calcu-
lates the subnormalized vector ~a0 ¼ l~a where l is the
radius of the largest sphere fitting insideM and centered on
the origin. This ensures that ~a0 lies inside the convex hull
of M and Alice can therefore find a convex decomposition
~a0 ¼ P

D
i¼1 ωi ~mi. Then, with probability pi ¼ ωiγmin=γi

she outputs a ¼ sgnð~vi · ~vλÞ, and with probability
ð1 −P

ipiÞ she outputs a random bit. Bob, upon receiving
~b, outputs b ¼ �1 with probability ð1∓ ~b · ~vλÞ=2.
The resulting correlations are given by

habi ¼ −
1

D

X
λ

X
i

ωi
γmin

γi
sgnð~vi · ~vλÞ~b · ~vλ

¼ −
2γmin

D

X
i

ωi

γi

X
λ s:t: ~vλ·~vi≥0

~vλ · ~b

¼ −
2l
D

γmin~a · ~b; ð11Þ

where we have used Eq. (10) in the last step; see
Supplemental Material [23] for details. As for protocol 1,
using Eq. (4) we get that the marginals hai ¼ hbi ¼ 0.
Hence, the model reproduces the statistics of ρWðαÞ
for α ¼ ð2l=DÞγmin.
Starting from a sufficiently regular polyhedron with a

large number D of vertices ~vλ, we can approximate the unit
sphere and the factor l can become arbitrary close to one.
In the limit D → ∞ we expect to recover the uniform
distribution over the sphere and our model therefore
becomes equivalent to Werner’s model for ρWð1=2Þ [6].
In Fig. 1 we plot upper bounds on the required shared
randomness to simulate ρðαÞ as a function of α obtained
via protocol 2. We use a family of polyhedra, generated
iteratively and starting from the icosahedron. To generate
the second polyhedron, we take the union of the icosahe-
dron and its normalized dual (which is the dodecahedron),
and so on. One can verify that these polyhedra respect
condition (4).
Note that the above protocols are LHS models. Hence

the above results can be straightforwardly extended to
the simulation of entangled states which are obtained via
local filtering on the Werner state, e.g., Ref. [9] (see
Supplemental Material [23]). Also, it would be interesting
to see if more economical models (i.e., using less shared
randomness) exist, and if local entangled states require

FIG. 1 (color online). Simulation of two-qubit Werner states
ρWðαÞ with finite shared randomness. The graph shows the
relation between the visibility α (essentially the degree of
entanglement) and the amount of shared randomness, quantified
in bits. For α ≤ 1=3 (below the solid line) the state is separable;
hence 2 bits of shared randomness suffice (triangle). For
1=3 < α≲ 0.43, the state can be simulated with log2ð12Þ bits
of shared randomness using protocol 1. For 0.43≲ α≲ 0.66,
ρWðαÞ can be simulated with a larger (but nevertheless finite)
amount of shared randomness. For 0.43≲ α < 0.5, we have a
LHS model (using protocol 2). For 0.5 < α≲ 0.66 the state
becomes steerable but can nevertheless be simulated by a LHV
model using finite shared randomness, by applying Result 1 to
the model of Ref. [10] (see main text).
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more shared randomness compared to separable states.
For Werner states, this translates to whether we expect to
see a discontinuity at the separable-entangled boundary for
α ¼ 1=3 (see Fig. 1). We give two partial answers in this
direction: (i) for LHS models, the maximum α one can
simulate with D ¼ 4 is the separable state α ¼ 1=3 (see
Supplemental Material [23]); (ii) Restricting to equatorial
measurements one can achieve α ¼ 1=2 with only D ¼ 4
(see Supplemental Material [23]).
General results.—In the above, we have focused on a

class of highly symmetric states, namely Werner states, and
considered only projective measurements. Here we show
how local models with finite shared randomness can be
constructed for essentially any state that admits a LHV
model. We also discuss the case of general measurements,
i.e., POVMs.
Result 1: Consider a state ρ (of dimension d × d)

admitting a LHV model for all projective measurements.
Then, a LHV model using only finite shared randomness
can simulate all projective measurements on the state

ρðηÞ ¼ η2ρþ ηð1 − ηÞ
�
I
d
⊗ ρB þ ρA ⊗

I
d

�

þ ð1 − ηÞ2 I ⊗ I
d2

for any 0 ≤ η < 1. Here ρA;B ¼ TrB;AðρÞ.
Proof.—First, note that it follows from the relation

tr½Aa ⊗ BbρðηÞ� ¼ tr½AaðηÞ ⊗ BbðηÞρ� ð12Þ

that the simulation of projective measurements (given by
operators Aa and Bb) on ρðηÞ is equivalent to the simulation
of noisy measurements, given by operators AaðηÞ ¼ ηAa þ
ð1 − ηÞðI=dÞ and BbðηÞ ¼ ηBb þ ð1 − ηÞðI=dÞ on the state
ρ. Next, since AaðηÞ and BbðηÞ are full rank for any η < 1,
they are not on the border on the set of measurements [24],
and can thus be decomposed as convex mixtures over a
single set of finitely many projective measurements (more
details in the Supplemental Material [23]). Finally, note that
the simulation of a finite number of projective measure-
ments on ρ requires only finite shared randomness. This
follows from the fact (i) the resulting distribution is local
(as ρ admits a LHV model), and (ii) the set of local
distributions forms a polytope [3].
Note that the amount of shared randomness needed will

depend on the value of η and diverges as η → 1.
Result 2: Let us now discuss more general measure-

ments, i.e., POVMs. Consider an entangled state ρ
(of dimension d × d) admitting a local model with k bits
of shared randomness for projective measurements. We can
then construct the state

ρ0 ¼ 1

ðdþ 1Þ2 ½ρþ dðρA ⊗ F þ F ⊗ ρBÞ þ d2F ⊗ F�;

which admits a local model with k bits of shared random-
ness for POVMs. Here F ¼ jdþ 1ihdþ 1j denotes a
projector onto a subspace orthogonal to the support of ρ;
hence, ρ0 is entangled by construction and of local dimension
dþ 1. This result follows straightforwardly from Protocol 2
of Ref. [11], since the local model obtained for ρ0 makes use
of the same shared randomness as the one for ρ.
Finally, we present two examples illustrating the above

results. First, applying Result 1 the local model of Ref. [25]
allows us to extend our result for two-qubit Werner states.
Specifically, we show that ρWðαÞ can be simulated with
finite shared randomness for α≲ 0.66. Upper bounds on
the amount of shared randomness are given in Fig. 1 (using
again an iterative procedure based on the icosahedron).
Notably, this shows that certain states useful for EPR
steering can be simulated with finite shared randomness.
Second, applying Result 2 to the state [26] ρWð0.43Þ, we
obtain that the state ρ ¼ 1

3
½ρWð0.43Þ þ 2j2ih2j ⊗ ðI=2Þ�

can be simulated for arbitrary POVMs using log2ð12Þ bits
of shared randomness.
Simulating nonlocal states with finite resources.—

Finally, we discuss the simulation of entangled states
which are nonlocal. In this case, classical communication
from (say) Alice to Bob is required. This communication is
sent after Alice has received her input. Two cases can be
considered: (i) Alice and Bob are initially uncorrelated
(i.e., have no shared randomness), and Alice sends classical
information to Bob, (ii) Alice and Bob have access to
shared randomness, and Alice sends classical information
to Bob. Reference [27] presents a model using no shared
randomness and finite expected communication. Other
known protocols (see, e.g., [25,28,29]) require, for case
(ii), finite communication assisted with infinite shared
randomness—hence infinite communication for case (i).
Here we present protocols using only finite resources, even
in the worst-case scenario.
Considering case (i), we first show that the statistics of

any bipartite entangled state ρ of dimension d × d that is
full rank can be simulated with finite communication. Note
that a state of full rank does not lie on the border of the set
of quantum states [20]. Upon receiving her measurement
setting A ¼ fAag, Alice outputs a according to the dis-
tribution pðaÞ ¼ TrðρAAaÞ, where ρA is Alice’s reduced
state. For output a, Bob should hold the (normalized) state
ρaB ¼ TrAðAa ⊗ IρÞ=pðaÞ. Since ρaB is full rank (by con-
struction) there exists a polyhedron V (with D vertices,
each representing a pure quantum state of dimension d)
such that Alice can decompose ρaB as a convex combination
of the vertices of V. With probability ωi (the coefficient of
vertex i in the decomposition) Alice sends label i to Bob,
who can then locally reconstruct the corresponding pure
state (knowing V). The model thus reproduces the statistics
of ρ using log2ðDÞ bits of communication.
For case (ii), we show that any state ρWðαÞ [see Eq. (2)],

with α < 1, can be simulated with finite shared randomness
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and finite communication (worst case). In particular, for
α ≤ 3=4 a single bit suffices. To construct such a model, we
combine the ideas of Protocol 1 and the simulation model
(using 1 bit of communication) for the singlet state of
Ref. [28]. See Supplemental Material [23] for details.
Conclusion.—We have shown that the correlations of

essentially all entangled states that admit a LHV model can
be simulated with finite shared randomness for the case of
projective measurements. This shows that the requirement
of infinite shared randomness (hence channels with infinite
capacity) used in previous models can in fact be dispensed
with. Whether this result can be extended to the case of
POVMs is a relevant issue.
An interesting open question is to find the minimal

amount of shared randomness required to simulate a local
entangled state. For a state of local dimension d, are more
than 4 log2ðdÞ bits of shared randomness always required,
that is, is the simulation of local entangled states strictly
more costly than that of separable states? We presented a
model using only 2 bits for Werner states of two qubits, but
our model works only for equatorial measurements; hence,
the question remains open.
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