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The problem of deciding whether a set of quantum measurements is jointly meas-
urable is known to be equivalent to determining whether a quantum assemblage is
unsteerable. This problem can be formulated as a semidefinite program (SDP). How-
ever, the number of variables and constraints in such a formulation grows exponentially
with the number of measurements, rendering it intractable for large measurement sets.
In this work, we circumvent this problem by transforming the SDP into a hierarchy of
linear programs that compute upper and lower bounds on the incompatibility robust-
ness with a complexity that grows polynomially in the number of measurements. The
hierarchy is guaranteed to converge and it can be applied to arbitrary measurements
— including non-projective POVMs (Positive Operator-Valued Measures) — in arbit-
rary dimensions. While convergence becomes impractical in high dimensions, in the
case of qubits our method reliably provides accurate upper and lower bounds for the
incompatibility robustness of sets with several hundred measurements in a short time
using a standard laptop. We also apply our methods to qutrits, obtaining non-trivial
upper and lower bounds in scenarios that are otherwise intractable using the standard
SDP approach, although such bounds are significantly looser than the ones obtained
in the qubit case. Finally, we show how our methods can be used to construct local
hidden state models for states (i.e., to prove that a state cannot lead to steering under
any possible local measurements), or conversely, to certify that a given state exhibits
steering; for two-qubit quantum states, our approach is comparable to, and in some
cases outperforms, the current best methods.
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1 Introduction
One of the most intriguing features of quantum theory is its prediction of incompatible measure-
ments, that is, measurements that cannot be jointly performed [1]. Many of the counter-intuitive
phenomena exhibited by quantum systems are strongly related to this fact. For example, the use
of incompatible measurements in a Bell scenario is a necessary condition to demonstrate nonlocal-
ity [2–4], although not sufficient [5–7] (see however [8] for a discussion on a multipartite scenario).
Similarly, the problem of deciding whether a given assemblage is steerable is mathematically equi-
valent to deciding whether a given set of measurements is incompatible [9–11]. Moreover, measure-
ment incompatibility also plays a crucial role for several information-processing protocols [12–15].
For instance, every set of incompatible measurements provides an advantage in a quantum state
discrimination task [16, 17].

In this context, a prominent problem from both foundational and practical perspectives is that
of understanding which sets of measurements can be jointly performed. In textbook quantum the-
ory, where typically only projective measurements are discussed, the notion of joint measurability
is reduced to commutativity of observables [18]. Nevertheless, for general positive operator-valued
measures (POVMs) the question becomes more subtle. Except in some of the simplest cases (see,
e.g., Refs. [19–25]), there is no analytical criterion that completely characterizes measurement
incompatibility.

Numerically, the problem of deciding whether a given set of measurements is jointly measurable
can be cast as a semidefinite program (SDP) [26]. In fact, more than just solving the decision
problem, this formulation is also able to compute quantifiers of incompatibility, which indicate
how close the measurements are to being compatible [27, 28]. However, the SDP can only be
used in practice when dealing with a sufficiently small number of measurements, as the number
of variables in the program quickly explodes. More precisely, to analyze a set of m measurements
with k outcomes using the SDP, one is required to list all the km deterministic post-processing
strategies, and to each of them associate one semidefinite variable. Hence, the program’s memory
consumption grows exponentially with the number of measurements studied, which also results in
exponential time complexity.

In this work, we approach the problem from a different perspective, proposing a method to
characterize measurement incompatibility which scales efficiently with the number of considered
measurements. The method is a modification of the standard SDP approach which prevents the
necessity of listing the deterministic post-processing strategies, thus eliminating the main source
of the scalability problem. In a nutshell, this is done by letting the post-processing strategies be
variables of the optimization problem, while approximating the set of positive semidefinite operators
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of unit trace in the given dimension, i.e., the set of quantum states, by a previously chosen polytope.
The resulting optimization problem becomes a linear program (LP), that computes lower and upper
bounds on incompatibility quantifiers of the studied set of measurements. The tightness of these
bounds is dictated by the quality of the chosen polytope, as quantified by its shrinking factor.
Thus, the reduction on the complexity of the problem comes at the cost of a controlled loss in
accuracy.

The method can be applied to arbitrary sets of measurements in arbitrary dimensions, and, in
practice its main limitation is the aforementioned requirement of such polytope approximations.
On the one hand, in the case of qubits, since the set of states can be represented in the Bloch ball,
a well studied and fairly simple set, our method is able to achieve a remarkably high precision
for sets of several hundred measurements, while the standard SDP cannot go beyond sets of ∼
20 measurements. On the other hand, for higher dimensions it becomes ever more difficult to
approximate the set of states using polytopes with a reasonable number of vertices [29]. We
propose a few ideas to construct such polytopes, and as an illustration we use some of them to
study the incompatibility of qutrit measurements. The results obtained are decent, but significantly
looser than the ones obtained in the qubit case.

Recently, another method for deciding measurement incompatibility that also avoids the stand-
ard SDP approach has been proposed [25]. It consists of an analytical criterion that generalizes
the ones proposed in Refs. [19, 23, 24] for any finite number of unbiased qubit observables. While
Ref. [25] brings great theoretical insights for the qubit unbiased measurement problem, in compu-
tational terms this criterion leads to a second-order cone program whose performance is similar to
the SDP approach. Thus, the technique proposed in Ref. [25] could not be used to tackle instances
which are not tractable by standard methods. For instance, it cannot deal with qubit measurement
sets with more than ∼ 20 measurements, while, as detailed later, the methods presented here can
tackle several hundred arbitrary qubit POVMs in seconds/minutes.

In addition to measurement incompatibility, the method we introduce also finds applications
in the study of quantum steering. Since the problem of deciding the steerability of an assemblage
is equivalent to deciding the incompatibility of a set of measurements, the method can be straight-
forwardly used to decide whether a given assemblage is steerable. More interestingly, the method
is also useful to decide which states, rather than assemblages, can produce steerable correlations.
We show that it is not difficult to use it in order to certify that a given state is steerable. Fur-
thermore, it is also possible to combine it with the methods developed in Refs. [30, 31] in order
to construct local hidden-state (LHS) models for quantum states, i.e., to prove that states cannot
exhibit steering under any possible local measurements. For the case of two-qubit states, we find
these approaches to be comparable, and in some cases better than the state-of-the-art method
proposed in Ref. [32].

2 Preliminaries
Let us start by briefly reviewing the basic concepts related to our discussion. More specifically, in
this section we formally define the notion of measurement incompatibility and present an example
of an incompatibility quantifier, showing how it can be computed via SDP. Moreover, we introduce
the concept of quantum steering and discuss the equivalence between the problem of deciding the
steerability of an assemblage and the incompatibility of a set of measurements.

2.1 Measurement incompatibility
In quantum theory, measurements are represented by POVMs. A set of linear operators {Ma}a

acting on a complex Hilbert space of dimension d is a POVM if all operators are positive semidefin-
ite, Ma ⩾ 0, and if they add up to identity

∑
a Ma = 1l, where 1l is the identity operator. Here, the

label a ∈ [k] indicates the measurement outcome, and [k] := {1, . . . , k}. A set of quantum meas-
urements is then described by {Ma|x}, where Ma|x denotes the element of measurement x ∈ [m]
associated with outcome a ∈ [k]. Since for each fixed x the set {Ma|x}a is a POVM, it holds that
Ma|x ⩾ 0 and

∑
a Ma|x = 1l for all x. A set of measurements {Ma|x} is compatible (also referred to

as jointly measurable), if there exists a POVM {Gλ} and probability distributions p(a|x, λ) such
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that
Ma|x =

∑
λ

p(a|x, λ)Gλ. (1)

That is, these measurements are compatible if their statistics can be retrieved from a single meas-
urement {Gλ}, often referred to as joint or parent measurement, and some classical post-processing
strategies, represented by the probabilities p(a|x, λ). If such a decomposition does not exist, the
measurements {Ma|x} are said to be incompatible. As standard in the field, the expression meas-
urement compatibility and joint measurability are used interchangebly.

For any given set of measurements {Ma|x}, the problem of whether there exists a parent meas-
urement and post-processing strategies satisfying Eq. (1) can be readily written as an SDP. Actually,
this SDP formulation of the problem goes beyond that and also computes quantifiers of measure-
ment incompatibility. Various notions of such quantifiers have been proposed in the literature [28],
and most of them can be computed via SDP. The main technique we propose in this work can be
applied to any quantifier computable via SDP. For simplicity, however, we develop our discussion
in terms of the so-called incompatibility depolarizing robustness, defined as

η∗({Ma|x}) = max{η | {Λη(Ma|x)} is jointly measurable}, (2)

where Λη is the depolarizing map with visibility η ∈ [0, 1], which acts on an operator A as

Λη(A) = ηA+ (1 − η) Tr(A)1l
d
. (3)

To compute the incompatibility depolarizing robustness of a given set of measurements {Ma|x}
with an SDP, first notice that in Eq. (1) the probabilities p(a|x, λ) can be taken to be determ-
inistic [1, 33]. That is, for the classical post-processing we may consider only the deterministic
strategies D(a|x, λ) = δa,fλ(x), where the function fλ : [m] → [k] assigns a fixed outcome to every
measurement, and λ ∈ [km] labels all possible such functions. Then, one can write

η∗({Ma|x}) = max η (4a)

s.t. ηMa|x + (1 − η) Tr
(
Ma|x

)1l
d

=
km∑
λ=1

D(a|x, λ)Gλ, ∀a ∈ [k], x ∈ [m] (4b)

Gλ ⩾ 0, ∀λ ∈ [km], (4c)

which is an SDP where the variables are η and {Gλ}. If the solution to this problem is η({Ma|x}) ⩾ 1,
then the measurements {Ma|x} are jointly measurable. Otherwise, they are incompatible.

An important observation about the program above is the fact that it requires O(km) semidefin-
ite variables. Thus, as one increases the number of measurements under study, one has SDPs with
exponentially many more variables. This is the main problem we tackle in this work. However,
before we discuss our proposed method, let us briefly revisit the basic ideas of quantum steering.

2.2 Quantum steering
Suppose that two observers, Alice and Bob, each receive a quantum system prepared by a third
party. Then, Alice performs a measurement associated to the classical label x ∈ [m] on her system,
and obtains outcome a ∈ [k]. She then communicates her measurement and outcome to Bob, who
stores his state with the label ρa|x. After repeating this procedure a sufficient amount of times,
Bob is able to perform tomography and estimate each ρa|x, for all x and a. Additionally, he can
also estimate the probabilities p(a|x). This information is concisely represented by the steering
assemblage {σa|x}, where σa|x = p(a|x)ρa|x.

In fact, a steering assemblage can be any set of operators {σa|x} satisfying the constraints of
positivity σa|x ⩾ 0 for all x and a, and a normalization of the form

∑
a σa|x = ρB , where Tr(ρB) = 1,

for all x. In terms of the protocol described above, ρB represents Bob’s reduced state without the
knowledge of Alice’s measurement and outcome.

When given an assemblage {σa|x}, if there exists a set of states {ρλ} and probability distribu-
tions p(λ) and p(a|x, λ) such that

σa|x =
∑

λ

p(λ)p(a|x, λ)ρλ (5)
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for all a ∈ [k] and x ∈ [m], then we say that the assemblage is unsteerable, or it is said to admit a
local hidden-state (LHS) model. Otherwise, the assemblage is said to be steerable.

Notably, if Alice and Bob share a maximally entangled state
∣∣ϕ+

d

〉
= 1√

d

∑d−1
i=0 |i⟩ |i⟩ and

Alice applies the measurements {Ma|x} to her system, then the resulting assemblage is given
by σa|x = 1

dM
T
a|x. This assemblage is unsteerable if, and only if, the measurements {Ma|x} are

jointly measurable [9, 10]. That is, any joint measurability problem can be thought of as a steering
problem.

Conversely, the problem of deciding whether an assemblage {σa|x} is unsteerable can also be
mapped to deciding whether a set of measurements is compatible. For any given (non-signalling)
assemblage {σa|x}, construct a set of measurements {Ma|x} in the following way. Take the state
ρB =

∑
a σa|x, and consider the operator ρ̃−1/2

B =
∑

i
1√
pi

|ϕi⟩⟨ϕi|, where pi are the nonzero eigen-

values of ρB and |ϕi⟩ their corresponding eigenvectors. Then, define Ma|x = ρ̃
−1/2
B σa|xρ̃

−1/2
B . The

positive operators Ma|x are normalised to identity in the subspace formed by the image of ρB , i.e.,∑
a Ma|x = 1Im(ρB), and therefore constitute proper measurements in this vector space. It then

follows that the set {Ma|x} is jointly measurable if and only if the assemblage {σa|x} is unsteerable
(see Ref. [34] for a detailed discussion).

In complete analogy to the previous subsection, given the steering assemblage {σa|x} we define
the steering depolarizing robustness (see Eq. (3)) as

η∗({σa|x}) = max{η | {Λη(σa|x)} is unsteerable}, (6)

which can be computed by the SDP

η∗({σa|x}) = max η (7a)

s.t. ησa|x + (1 − η) Tr
(
σa|x

)1l
d

=
km∑
λ=1

D(a|x, λ)σλ, ∀a ∈ [k], x ∈ [m] (7b)

σλ ⩾ 0, ∀λ ∈ [km], (7c)

where σλ are sub-normalised states, associated to the product p(λ)ρλ in Eq. (5), and D(a|x, λ) are
deterministic probability distributions, defined as in Eq. (4). As expected, this program suffers from
the same problem as the one discussed in the previous subsection. That is, it contains a number
of variables that grows exponentially with the number of considered measurements m. This means
that, in practice, this approach is limited to problems with sufficiently few measurements.

3 Efficient method for quantifying steering/measurement incompatibility
In this section, we present a method to quantify measurement incompatibility and steering which
scales efficiently with the number of measurements. For simplicity, it is presented in terms of
steering rather than measurement incompatibility, but the reader should keep in mind that these
two problems are equivalent, as discussed in the previous section. The method consists of a linear
program that computes lower and upper bounds on steering quantifiers of a given assemblage. It
requires a polytope approximation of the set of quantum states in the desired dimension, which
has to be chosen before running the LP. After presenting the core idea of the method, we analyze
how the polytope approximations are related to the accuracy of the given bounds, which leads to a
formalization of the computational complexity of the method. Finally, we discuss how to construct
polytopes to be used in the linear program in practice.

3.1 Linear program for steerability
Consider the problem of computing the depolarizing robustness of a given steering assemblage
{σa|x} in dimension d, where a ∈ [k], x ∈ [m]. If m is not too large, one may compute it via the
SDP (7). However, since the number of variables in the SDP grows exponentially with m, this
approach quickly becomes impractical. This is due to the fact that in order to write the problem
as an SDP, one has to write down each one of the km deterministic strategies D(a|x, λ), and
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associate one positive semidefinite variable σλ to each one of these strategies. Indeed, comparing
the right-hand side of Eq. (5) with the right-hand side of Eq. (7b), we see that p(a|x, λ) was turned
into D(a|x, λ), and the product p(λ)ρλ was merged into the sub-normalized states σλ, which are
variables of the SDP.

ρ3

ρ1

ρ4ρ2

χ1

χ4

χ3

χ2 χ6

χ5

(a)

1l
d

ρ3

ρ1

ρ4ρ2

r
ρ∗

(b)

Figure 1: Illustration of the inner and outer approximations of the state space (light grey). (a) The red dotted
polytope with vertices {ρ1, ρ2, ρ3, ρ4} is an inner approximation of the state space. The blue dashed polytope
with vertices {χ1, χ2, χ3, χ4, χ5, χ6} is an outer approximation of the state space. (b) The dark grey area
represents the image of the state space under the action of Λr, which is contained in the polytope formed by the
set of states {ρ1, ρ2, ρ3, ρ4}. This set’s shrinking factor is the maximum r for which such an inclusion holds.
We call ρ∗ the worst state, that is, such that Λr(ρ∗) lies exactly on the corresponding facet.

Alternatively, now consider a fixed set of d-dimensional states {ρλ} (see Fig. 1a), say, with
λ ∈ [n], and let us define an approximate steering depolarizing robustness of the assemblage {σa|x}
with respect to the set of states {ρλ} by

η̃({σa|x}, {ρλ}) = max{η | Λη(σa|x) =
n∑

λ=1
p(λ)p(a|x, λ)ρλ, ∀a ∈ [k], x ∈ [m]}. (8)

That is, η̃({σa|x}, {ρλ}) can be thought of as the steering depolarizing robustness of {σa|x} (see
Eq. (2)) if one restricts the LHS models to only include the fixed {ρλ} as the hidden states.
This can be seen as if we were approximating the set of d-dimensional quantum states by the
polytope formed by vertices {ρλ}. Since each ρλ is a proper state, it naturally follows that
η̃({σa|x}, {ρλ}) ⩽ η∗({σa|x}).

Notice that the definition given by Eq. (8) still makes sense if we replace the set of states {ρλ}
by a set of n general d × d matrices, not necessarily positive nor having unit trace. Importantly,
these sets of general matrices can be used to obtain upper bounds on η({σa|x}). Indeed, take a
set of d× d matrices {χλ} such that the set of density matrices is contained in the convex hull of
{χλ}, i.e., such that every quantum state in dimension d can be written as a convex combination
of the matrices {χλ} (see Fig. 1a). Then, it holds that η̃({σa|x}, {χλ}) ⩾ η∗({σa|x}).

One advantage of defining an approximate steering robustness in such a way is the fact that,
fixing a set of states (or general d× d matrices) {ρλ}, it can be computed by the linear program

η̃({σa|x}, {ρλ}) = max η (9a)

s.t. ησa|x + (1 − η) Tr
(
σa|x

)1l
d

=
n∑

λ=1
p(λ, a|x)ρλ, ∀a ∈ [k], x ∈ [m] (9b)

p(λ, a|x) ⩾ 0, ∀λ ∈ [n], a ∈ [k], x ∈ [m] (9c)
k∑

a=1
p(λ, a|x) =

k∑
a=1

p(λ, a|x′), ∀λ ∈ [n], x ∈ [m], x′ ∈ [m], (9d)

whose variables are η and the probability distributions p(λ, a|x). Notice that in terms of the right-
hand side of Eq. (5), the latter are associated with the product p(λ)p(a|x, λ). The above program
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thus has O(kmn) real variables and O(kmn) constraints, meaning its size scales only linearly with
the number of measurements m. This contrasts with the exponential scaling of the standard SDP
approach (7). Moreover, in the program (9) the variables are real numbers, whereas in the SDP (7)
the variables are semidefinite matrices, inherently more complex objects. In this sense, the linear
program (9) provides a substantial improvement in terms of the scalability of the problem with
the number of measurements.

Importantly, this improvement is not simply due to approximating the SDP constraints with
an LP, which cannot be done efficiently in general; see Refs. [35–37], where it is shown that
approximating a single SDP constraint with an LP can require exponential size LPs. The linear
program (9) is thus a non-trivial improvement over the SDP (7) and much more akin to a column
generation approach customary in linear programming, trading off accuracy for size and efficiency.

Indeed, as we will formalize in the next sections, the main downside of the LP is related to its
accuracy. It does not compute the exact steering robustness of the given assemblage, but rather
lower and upper bounds on it. One should notice, however, that in practice the SDP approach
Eq. (7) is also approximate, since a semidefinite program is only polynomial-time solvable in an
approximate fashion [38–41]. Even so, the standard SDP scales better with the tolerance than
the method we propose. Therefore, the cost of being more efficient with respect to the number of
measurements is a controlled loss in precision.

To better understand this trade off between accuracy and efficiency, notice that the precision
of the bounds provided by the linear program (9) has to be strongly related to the set of states
{ρλ} (or arbitrary matrices {χλ}), which one has to choose before running the program. In fact,
we will show that there exists a single parameter of the set of states {ρλ}, the so-called shrinking
factor, which quantifies the precision of the bounds computed by our method when such a set is
used. In the first place, this fact interestingly characterizes adequate polytopes for the method.
And furthermore, it also enables a formalization of its computational complexity.

3.2 Understanding the approximation factor
Consider a set of density matrices {ρλ} acting on a d-dimensional Hilbert space and containing
the maximally mixed state in the interior of its convex hull. This set’s shrinking factor is defined
as the maximum r ∈ R such that for any given d-dimensional state ρ, one can write Λr(ρ) as a
convex combination of the states {ρλ} (see Fig. 1b). In other words, it is the maximum r such that
the image of the state space under the action of the depolarizing channel Λr lies entirely inside
the polytope generated by {ρλ}. Thus, the shrinking factor of a finite set of states belongs to the
interval (0, 1), and the closer it is to one, the better the convex hull of the set covers the whole
state space.

In the case of qubits, where the state space is represented by the Bloch ball, the shrinking
factor of a given polytope is simply the radius of the largest sphere that fits inside it. This radius
is simply the minimum distance between facets of this polyhedron and the origin of the Bloch
ball. In higher dimensions the shrinking factor of a polytope approximating the set of quantum
states can also be easily computed if we have its facet description. Indeed, consider a polytope
with hermitian facets Tr(Fiρ) ⩽ bi indexed by i. Denoting Sp(F ) the spectrum of F , the equality
max{Tr(Fiρ) | ρ ⩾ 0,Tr ρ = 1} = max Sp(F ) is straightforward and allows us to derive the
polytope’s shrinking factor r, namely,

r = min
i

dbi − Tr(Fi)
dmax Sp(Fi) − Tr(Fi)

. (10)

Since our method needs the vertices of the polytope and Eq. (10) its facets, it is necessary to
interchange between the polytope’s vertex and facet descriptions, which limits the reach of this
technique. This is nonetheless the main tool used in our work to compute shrinking factors.

Note that [42, Lemma 9.2] can provide bounds on the shrinking factor even when the facets of
the polytope defined by the set of density matrices are not known, using instead a good approx-
imation of the complex sphere, easier to characterize than the set of quantum states. In practice,
these bounds are not tight enough for our purposes, leading to structures with too many vertices
to be useful in our scheme.

Accepted in Quantum 2026-05-27, click title to verify. Published under CC-BY 4.0. 7



However, using this method we can give an estimate of the number of vertices required to
reach a certain shrinking factor, which will turn useful in the complexity analysis below. By
using spherical coordinates in the projective real (2d− 1)-dimensional sphere (identified with the
projective complex d-dimensional sphere), we can subdivide all angles into t pieces as in [43] before
using the aforementioned lemma, yielding a polytope with

n = (t− 1)2d−1 − 1
t− 2 pure states and shrinking factor r ⩾ 2 cos4(d−1)

( π
2t

)
− 1. (11)

For further reference, we note that, asymptotically, n ∼ t2(d−1) so that the upper bound on 1 − r
obtained from Eq. (11) is equivalent to π2(d− 1)n−1/(d−1).

The following theorem expresses how the shrinking factor is associated to approximations of
the steering depolarizing robustness.

Theorem 1. Given a set of states {ρλ} acting on a d-dimensional Hilbert space, which includes 1l
d

in the interior of its convex hull and with shrinking factor r, it holds that, for any d-dimensional
assemblage {σa|x},

η̃({σa|x}, {ρλ}) ⩽ η∗({σa|x}) ⩽
η̃({σa|x}, {ρλ})

r
. (12)

Proof. Notice that by the definition of the depolarizing map, given in Eq. (3), for any η, ξ ∈ R,
it holds that Λη ◦ Λξ = Ληξ. Thus, since for any d-dimensional quantum state ρ one can write
Λr(ρ) =

∑
λ qλρλ, with qλ ⩾ 0 and

∑
λ qλ = 1, it follows, by applying the map Λ1/r on both sides of

this equality, that ρ =
∑

λ qλΛ1/r(ρλ). This means that any d-dimensional quantum state lies in the
convex hull of the set {Λ1/r(ρλ)}, which implies η̃({σa|x}, {Λ1/r(ρλ})) ⩾ η∗({σa|x}). Additionally,
note that for any probability distributions p(λ) and {p(a|x, λ)} the equations

Λη(σa|x) =
∑

λ

p(λ)p(a|x, λ)ρλ (13)

and
Λη/r(σa|x) =

∑
λ

p(λ)p(a|x, λ)Λ1/r(ρλ) (14)

are equivalent, which leads to

η̃({σa|x}, {Λ1/r(ρλ)}) =
η̃({σa|x}, {ρλ})

r
. (15)

This proves the second inequality in Eq. (12), while the first one follows straightforwardly from the
definition (8), as discussed in the previous subsection.

In other words, the theorem above states that a set of states {ρλ}, when used in the linear pro-
gram (9), gives both a lower and an upper bound on the estimated steering robustness. Moreover,
the ratio between these bounds, and therefore the tolerance of the bounds computed by the LP, is
associated with the shrinking factor of the set {ρλ}. Hence, the closer the shrinking factor of this
set is to one, the tighter the bounds obtained for the steering robustness of any assemblage.

3.3 Complexity analysis
The relation between a parameter of the polytope {ρλ} and the tolerance of the bounds provided
by the linear program (given by Theorem 1) allows us to formalize the computational complexity
of the method we propose. For simplicity, let us fix the number of outcomes k and dimension d
and let us keep using m to denote the number of measurements under study. Throughout, we work
in the unit-cost Random Access Machine (RAM) model [44, 45] in which every machine word can
store a signed integer of O(log(1/ϵ)) bits and every arithmetic or logical operation on such words
costs 1.

On the one hand, the standard SDP (7) has km semidefinite variables of size d×d. Interior-point
methods therefore run in

TSDP(m, ϵ) = poly(d, k) 2Θ(m) log(1/ϵ) (16)
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RAM steps, where the log(1/ϵ) factor is the well-known dependence of interior-point solvers on the
target additive accuracy ϵ.

On the other hand, after fixing a polytope with n vertices, our linear program (9) contains
O(kmn) real (scalar) variables and constraints, so a generic interior-point LP solver takes

TLP(m,n, ϵ) = poly(k,m, n) log(1/ϵ) (17)

RAM steps. In all applications below we keep k and n polynomial in m, whence TLP(m,n, ϵ) =
poly(m) log(1/ϵ). Note that since extremal POVMs have at most d2 outcomes [46], many applica-
tions restrict to this value of k ⩽ d2.

The price we pay for this exponential speed-up is an ϵ-dependent loss in precision that is
controlled by the shrinking factor r of the chosen polytope: from Theorem 1, the additive error
on the incompatibility (or steering) robustness never exceeds r−1 − 1. Using the construction of
Eq. (11), we can actually define a hierarchy of polytopes (which leads to a hierarchy of LPs) with
an increasing number of vertices n, such that r(n)−1−1 = O

(
n−1/(d−1)), so choosing n = Θ(1/ϵd−1)

keeps the geometric error below ϵ while preserving polynomial running time.
With this choice we can make the complexity bound of the LP hierarchy in m and ϵ−1 explicit.

First, resolving the poly(k,m, n) factor, we get a cost of

TLP(m,n, ϵ) = O
(
(kmn)3/2) log(1/ϵ) (18)

RAM steps with an interior-point LP solver; see [40, 47, 48] for details. Setting n =
⌈
1/ϵd−1⌉,

the choice that keeps the geometric error below ϵ via the shrinking factor estimate r(n)−1 − 1 =
O(n−1/(d−1)), now gives the explicit bound

TLP(m, ϵ) = O
(
m3/2 ϵ−3(d−1)/2 log(1/ϵ)

)
, (19)

with the constant hidden in the big-O depending only on the fixed number of outcomes k, the fixed
dimension d, and the interior-point parameters.

Thus the overall running time is polynomial in m, a significant improvement over the exponen-
tial TSDP = Õ(2m) required by the standard SDP formulation. However, now the running time is
also polynomial in ϵ−1, which is exponentially worse than the logarithmic scaling of TSDP with ϵ−1.
Therefore, this formally states that the linear program (9) indeed trades off accuracy for efficiency.

In practice, this trade off is convenient for several instances, especially for large m. While the
standard SDP approach is limited to a considerably small number of measurements, we will later
show that the LP is able to provide tight bounds for many previously intractable instances — e.g.,
m ∼ 400 qubit measurements — in a matter of seconds using a standard laptop. Before presenting
practical examples of the method, however, we must first address the question of which polytopes
to use in the linear program.

3.4 How to choose a good finite approximation for the set of states
In this subsection, we discuss the problem of which sets of states {ρλ} are good choices to be used
in the linear program (9). We focus specifically on sets of states, i.e., ρλ ⩾ 0 and Tr(ρλ) = 1,
which in addition to giving lower bounds for the estimated steering robustness, can also be used
to obtain upper bounds for it, as Theorem 1 shows. Moreover, this theorem also shows that the
ratio between these bounds is related to the shrinking factor of the state set.

Therefore, we must aim at constructing sets of states with high shrinking factors. Unfortunately,
constructing such sets in arbitrary dimensions is a complicated task, and there is not a known
method that consistently does it. Even so, let us discuss some ideas to obtain reasonable shrinking
factors in various dimensions.

To begin with, in the simplest case of qubits, the fact that the state space can be represen-
ted by the three-dimensional Euclidean ball is remarkably helpful, since many problems related
to ‘uniformly’ distributing points on a sphere have already been thoroughly investigated in the
literature (see, for example, Ref. [49]). To the best of our knowledge, however, it seems like the
problem of finding optimal configurations in terms of the shrinking factor has not been previously
analyzed. Fortunately, even though constructed with other aims (such as maximizing the volume

Accepted in Quantum 2026-05-27, click title to verify. Published under CC-BY 4.0. 9



or the minimal distance between the points), the polytopes available in the literature turn out to
have excellent shrinking factors.

Number of vertices Shrinking factor
92 0.9716
162 0.9842
252 0.9899
432 0.9942
612 0.9959
1212 0.9979
5532 0.9995
8192 0.9997

Table 1: Properties of some polytopes obtained from the covering problem under icosahedral symmetry [49].

(a) (b)

Figure 2: Polytope approximations of the three-dimensional Euclidean ball. (a) Polytope with 612 vertices and
shrinking factor 0.9959 from Ref. [49]. (b) Rational polytope R2,27 with 646 vertices and shrinking factor 0.9800.

In particular, the best polytopes in terms of shrinking factor that came up in our search are
arrangements that address a version of the so-called covering problem, studied in Ref. [49]. In
Table 1, we exhibit the shrinking factors of some of these polytopes, and Fig. 2a illustrates one of
them. These will be the main qubit polytopes we use to analyze the examples in Sections 4 and 5.

In higher dimensions, however, the problem is not so simple. As we have mentioned, in these
cases the problem of finding sets of states with a good shrinking factor becomes increasingly more
difficult [29]. The state space itself becomes a set which is geometrically way less understood.
Additionally, computing the shrinking factors of large polytopes in higher dimensions also becomes
a complicated task, since our main technique to do so involves facet enumeration.

To the best of our knowledge, the best readily usable software to perform facet enumeration is
PANDA [50]. It turns out that PANDA can only handle rational polytopes, but can exploit sym-
metry to accelerate the computations. Then, to habilitate the use of PANDA and the computation
of shrinking factors of larger polytopes, it is convenient to consider sets of rational states.

Consider the set Rd,q of d-dimensional rational pure states with denominator at most q, e.g.,

1
5

(
4 2
2 1

)
∈ R2,5 or

1
9

 4 −2 4
−2 1 −2

4 −2 4

 ∈ R3,9. (20)

In Table 2, we compute the shrinking factors of some of these sets in dimensions up to five, and
Fig. 2b illustrates a polytope formed by one of these sets.

For the case of qubits, the shrinking factors of such rational polytopes are, as expected, consid-
erably lower than the ones from Ref. [49]. However, for qutrit polytopes with thousands of vertices,
these rational polytopes are the only ones for which we could enumerate all facets, and thus the
best be could find. In Section A, we describe a construction of more symmetric (irrational) qutrit
polytopes for which we could enumerate facets and observe better shrinking factors up to a few
hundreds of vertices.
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q
d = 2 d = 3 d = 4 d = 5

Size Shrinking Size Shrinking Size Shrinking Size Shrinking
2 6 0.5774 15 0.3504 28 0.2330 45 0.1667
3 14 0.7071 55 0.6168 140 0.4625 285 0.3533∗

4 14 0.7071 103 0.6168 396 0.5469∗

5 22 0.8165 175 0.7348
6 38 0.8944 271 0.8051
7 54 0.8944 511 0.8371
8 54 0.8944 703 0.8437
9 78 0.8944 919 0.8496
10 94 0.9370 1207 0.8872
11 118 0.9428 1807 0.9029
12 118 0.9428 2191 0.9067
13 142 0.9428 2695 0.9146
14 174 0.9487 3271 0.9196
15 206 0.9487 4231 0.9250
16 206 0.9487 4999 0.9250
17 238 0.9623 5863 0.9338
18 286 0.9623 6727 0.9369
19 326 0.9701 8527 0.9473∗

27 646 0.9800
82 5632 0.9931
99 8206 0.9939

Table 2: Cardinality and shrinking factor of the set Rd,q of rational d-dimensional pure states with denominator
at most q. All values are analytical since they come from Eq. (10) for facets with integer coefficients. In
dimension d = 2, we include some higher denominators for comparison with the sets used in Section 4.1 (see
Table 1). Stars indicate polytopes for which PANDA did not terminate, so that the value is only an upper bound.

The limitations in the techniques here discussed are essentially computational. If one wishes to
go beyond them, analytical constructions most likely have to be employed. Besides avoiding com-
putational limits, handling it with pen an paper may motivate further studies on other symmetric
structures. For example, in Section B we present an analytical construction based on complete
sets of mutually unbiased bases (MUBs) valid in any dimension where they exist. In the examples
we study in the following sections, however, this construction is not sufficient to provide relevant
bound using Theorem 1.

Another alternative to avoid the computational difficulties related to shrinking factors is to
search for sets of states {ρλ} which provide good bounds only for a specific assemblage under
study. That is, Theorem 1 characterizes the set of states which provide accurate bounds for
arbitrary assemblages. However, when a specific assemblage is considered, one may search for sets
granting tight bounds just for it. In fact, it follows from Caratheodory’s theorem that for any fixed
assemblage {σa|x}, there exists a small set of states {ρλ} for which η∗({σa|x}) = η̃({σa|x}, {ρλ})
[51]. The practical difficulty, however, lies in finding such states {ρλ} for any given assemblage.

We have explored this possibility using the alternating optimization procedure proposed in
Ref. [52]. Unfortunately, the bounds obtained in such a way are hardly ever better than the ones
obtained from the polytopes with the best shrinking factors we have. Nonetheless, we believe
further research is possible in this direction, especially targeted at finding the best state sets for
any given assemblage.

4 Applications to measurement incompatibility
Let us now apply the linear program (9) to concrete examples. In this section, in particular, we
study the incompatibility of some sets of qubit and qutrit measurements, while examples related to
steering are left to Section 5. For the case of qubits, we compute the incompatibility robustness of
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much larger sets than those treatable with the standard SDP approach (4) with a considerably high
precision. This is mainly due to the existence in the literature of good polytope approximations
of the Bloch sphere, as we discussed in Section 3.4. In the case of qutrits, by using some of the
polytopes we constructed, we obtain nontrivial bounds on incompatibility robustness of large sets
of qutrit measurements, but which are not as tight as in the qubit case. The Julia code we used
for all the examples discussed below is available at [53].

4.1 Qubits
4.1.1 Fibonacci projective measurements

For every m ∈ N, consider the set of measurements {Ma|x}m
x=1 where the projector M1|x is repres-

ented in the Bloch sphere by the vector rx cos((x− 1)ϕ)̂i+rx sin((x− 1)ϕ)ĵ+[1−(x−1)/(m−1)]k̂,
with rx =

√
1 − [1 − (x− 1)/(m− 1)]2 and ϕ = π(

√
5 − 1). This distribution of measurements in

the Bloch sphere is inspired by the Fibonacci lattice [54], and, for each m, these measurements are
close to the most incompatible ones [55].

In Fig. 3 and Table 3, we compute the incompatibility robustness of sets of measurements
generated in this way for several values of m, using both the techniques developed in this work
and, whenever possible, the SDP (4). It is known that, for any m, the incompatibility robustness
of such measurements is lower bounded by 1/2 [56] (see also [57, 58] for recent developments), and
we can interestingly observe the convergence to such a value when the number of measurements m
grows.

We also exhibit the corresponding execution times, estimated using a 8-core Intel® CoreTM i5-
10400H with 64GB of RAM, and using Mosek [59] as the solver for both the linear and semidefinite
programs. As the set of states {ρλ}, required to run the linear program (9), we use three polytopes
from Table 1. To each of them, we also added the vertices ±ẑ, which increases the performance of
the method, as we have empirically observed. Another empirical observation is the fact that the
execution time of the LP in general seems to depend on the alignment between the considered set
of measurements and the chosen polytope. We believe this is the reason why in our examples the
execution time does not monotonically increase when more Fibonacci measurements are considered.

4.1.2 Planar projective measurements

Now, consider an arbitrary set of qubit projective measurements {Ma|x}m
x=1 defined by coplanar

Bloch vectors n⃗x. In Ref. [60], the authors prove that

η∗({Ma|x}) ⩾ 1∑m
x=2 sin

(
αx−αx−1

2

)
+ cos αm

2

, (21)

where αx is the angle between the vectors n⃗x and n⃗1, ordered from smallest to largest [60, Theorem
7]. Given that equality in the above expression holds for m = 2, for m = 3, and for symmetric
measurements, the authors conjecture that it must also hold in general [60, Conjecture 2].

To test this conjecture, we sampled sets of up to 500 planar measurements, and we computed
their incompatibility robustness using the linear program (9). We note that since the measurements
are coplanar, the elements of the parent measurement must also lie in the same plane. Therefore,
to use our linear program, we only need a polytope approximation of a circle, and not of the whole
Bloch sphere. This significantly improves the performance of the linear program, which in this case
is able to provide lower and upper bounds matching in the fourth decimal digit using a polytope
of only ∼ 400 states.

In total, we sampled 103 measurement sets, and for all of them the bounds provided by the linear
program are in agreement with [60, Conjecture 2], which significantly strengthens it. Our methods
therefore give strong numerical evidence that the inequality (21), proven in [60, Theorem 7], is an
equality, thus fully characterizing the incompatibility of coplanar projective qubit measurements.
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Figure 3: Comparison between results for the incompatibility robustness of qubit projective measurements
obtained with the standard SDP (4) and with the linear program (9). The distributions of the measurements in
the Bloch sphere was inspired by the Fibonacci lattice. Raw data can be found in Table 3.

SDP 614-vertex polytope 5534-vertex polytope 8194-vertex polytope
m η Runtime η Runtime η Runtime η Runtime
10 0.5193 0.32 s [0.5183, 0.5204] 0.29 s [0.5192, 0.5194] 3.65 s [0.5192, 0.5194] 5.76 s
15 0.5118 15.50 s [0.5109, 0.5130] 0.39 s [0.5117, 0.5119] 5.41 s [0.5117, 0.5119] 7.41 s
20 0.5087 37 min 10 s [0.5078, 0.5098] 0.75 s [0.5086, 0.5089] 7.83 s [0.5087, 0.5088] 12.74 s
50 — — [0.5019, 0.5039] 1.57 s [0.5026, 0.5028] 22.32 s [0.5026, 0.5027] 41.34 s
100 — — [0.5006, 0.5026] 12.37 s [0.5010, 0.5012] 1 min 12 s [0.5010, 0.5011] 1 min 44 s
200 — — [0.5001, 0.5021] 53.00 s [0.5003, 0.5006] 6 min 54 s — —
300 — — [0.5000, 0.5020] 32.86 s [0.5002, 0.5004] 17 min 11 s — —
400 — — [0.4999, 0.5020] 20.15 s [0.5001, 0.5004] 39 min 57 s — —

Table 3: Incompatibility depolarizing robustness of qubit projective measurements distributed in the Bloch sphere
in a way inspired by the Fibonacci lattice. For m = 21, the SDP approach was not able to find a solution.
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4.1.3 Random non-projective POVMs

As we have previously mentioned, the method we propose is not limited to projective measurements,
it can also be applied to generic POVMs. In Fig. 4, we exhibit the incompatibility robustness of
random sets of extremal qubit POVMs, generated with the function random_povm from the package
Ket.jl [61], which is based on Ref. [62], and the algorithm proposed in Ref. [63] to decompose any
given POVM into extremal ones. We compare their incompatibility with sets of random projective
qubit measurements, generated in a similar manner, and with the Fibonacci measurements, studied
in Section 4.1. For each value of the number of measurements, we sampled five sets of random
POVMs and five sets of projective measurements, and the values exhibited in Fig. 4 correspond to
the average incompatibility robustness we obtained.

Our results suggest that projective measurements are typically much more incompatible than
non-projective POVMs. This is in alignment with the evidences shown in Ref. [55] that qubit
projective measurements are more incompatible than non-projective POVMs, and with the fact
that the incompatibility robustness of the set of all qubit projective measurements is the same as
the robustness of the set of all qubit general POVMs, shown in Refs. [57, 58].

Figure 4: Incompatibility robustness of random extremal qubit POVMs, compared with random projective
measurements and the Fibonacci measurements, studied in Section 4.1.

4.2 Qutrits
To illustrate our method for qutrits, we consider sets of projective measurements once more inspired
by the Fibonacci lattice. For every m ∈ N, consider the set of trichotomic measurements (i.e.,
measurements with three outcomes) {Ma|x}m

x=1 where M1|x is the projector onto the state |ψ1⟩x =√
1 − z2

x cos(θx) |0⟩ +
√

1 − z2
x sin(θx) |1⟩ + zxe

iϕx |2⟩, with zx = 1 − (x − 1)/(m − 1), θx = (x −
1)π(

√
5 − 1) and ϕx = π x−1

m−1 , M2|x is the projector onto |ψ2⟩x = sin(θx) |0⟩ − cos(θx) |1⟩, and
M3|x = 1l − M1|x − M2|x. In Fig. 5 and Table 4, we exhibit the incompatibility robustness of
these measurements for various values of m, computed using both the techniques we propose
and the standard SDP approach, along with the respective execution times. Notice that the
bounds obtained with our techniques in this case are much looser than the ones obtained for qubit
measurements (see Section 4.1).
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Figure 5: Comparison between results for the incompatibility robustness of qutrit projective measurements
obtained with the standard SDP (4) and with the linear program (9). The measurements under study are inspired
by the Fibonacci lattice. Raw data can be found in Table 4.

SDP 273-vertex polytope 751-vertex polytope 2191-vertex polytope
m η Runtime η Runtime η Runtime η Runtime
9 0.5166 23.22 s [0.4855, 0.5837] 0.30 s [0.4940, 0.5592] 0.56 s [0.5029, 0.5547] 2.23 s
10 0.5070 1 min 22 s [0.4775, 0.5741] 0.33 s [0.4858, 0.5500] 0.73 s [0.4926, 0.5433] 2.39 s
11 0.5008 5 min 35 s [0.4714, 0.5668] 0.40 s [0.4802, 0.5436] 1.09 s [0.4866, 0.5367] 2.78 s
20 — — [0.4558, 0.5480] 1.04 s [0.4638, 0.5251] 2.55 s [0.4685, 0.5167] 9.50 s
40 — — [0.4490, 0.5399] 2.72 s [0.4553, 0.5154] 5.14 s [0.4591, 0.5064] 19.44 s
60 — — [0.4480, 0.5386] 4.62 s [0.4531, 0.5129] 10.22 s [0.4568, 0.5038] 35.07 s
80 — — [0.4472, 0.5377] 7.13 s [0.4527, 0.5125] 14.03 s [0.4561, 0.5030] 2 min 20 s
100 — — [0.4466, 0.5370] 36.39 s — — — —

Table 4: Incompatibility depolarizing robustness of qutrit projective measurements inspired by the Fibonacci
lattice. For m = 12, the SDP approach was not able to find a solution.
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5 Applications to the steerability of quantum states
In this section, we discuss how the linear program (9) can be used to decide whether a quantum
state can or cannot lead to steerable assemblages. Broadly speaking, the characterization of steering
can be studied from a few different perspectives [11]. In the first place, one can analyze whether
correlations in the measurement statistics of the experiment can prove steerability (see, for example,
Refs. [64, 65]). Secondly, the starting point of the analysis can be a steering assemblage, which leads
to the SDP characterization given by Eq. (7). Furthermore, one may also aim at characterizing
which quantum states can give rise to steering [31, 32, 43, 66].

The techniques proposed in this work can be immediately applied within the second approach
mentioned above, since the linear program (9) can replace the SDP (7). These uses of the method,
however, are very similar to the ones discussed in the last section. Indeed, calculating the incom-
patibility robustness of a set of measurements is equivalent to calculating the steering robustness of
the assemblage produced by applying those measurements in a maximally entangled state [34, 66].
For this reason such examples will not be further discussed here. Rather, in this section we study
how the LP (9) is useful in the third of the aforementioned approaches to characterize steering.
That is, we analyze how the proposed LP can be used to determine whether a given quantum state
can produce steerable correlations.

To set the nomenclature, we say that a bipartite quantum state ρAB is steerable if there exists a
set of measurements {Ma|x} such that the assemblage σa|x = TrA(Ma|x ⊗1l ρAB) does not admit an
LHS model. On the other hand, if for any set of measurements of a particular kind (e.g., projective,
POVMs) the resulting assemblage admits an LHS model, the state is said to be unsteerable with
respect to the specified type of measurement.

Similarly to what we have done in previous sections, instead of simply attempting to decide
whether a given quantum state is unsteerable or steerable, we aim at computing a kind of steering
robustness at the level of states. More precisely, given a bipartite state ρAB of local dimension d,
we consider the quantity

η∗(ρAB) = max
{
η
∣∣ Λη ⊗ 1l(ρAB) = ηρAB + (1 − η)1l

d
⊗ ρB is unsteerable

}
, (22)

where ρB = TrA(ρAB), and unsteerability is to be understood with respect to a certain type of
measurements specified in each context. Unlike the steering robustness of assemblages, the above
quantity cannot be computed by an SDP. In fact, the best available methods to study this problem
are only able to compute lower and upper bounds on η∗(ρAB) [30–32].

In the following, we show how the linear program (9) can be useful for this matter. First, it can
be straightforwardly used to compute upper bounds on η∗(ρAB) for states in any dimension, and
with respect to arbitrary types of measurements. Furthermore, we also show how it can be used
to improve the method proposed in Refs. [30, 31] to compute lower bounds on η∗(ρAB), also in
arbitrary dimensions and for arbitrary types measurements. To demonstrate how powerful these
methods are, we compare their results for partially entangled two-qubit states with the bounds
obtained from the method proposed in Ref. [32], which is currently the best available tool to study
steerability of two-qubit states.

5.1 Proving that a quantum state is steerable
To begin with, in order to prove that a given bipartite state ρAB is steerable, in principle one just
has to find suitable measurements such that TrA(Ma|x ⊗ 1l ρAB) does not admit an LHS model.
Nevertheless, it is in general not clear how to find these measurements for any given quantum state.
In this sense, one sensible idea is to simply select a certain finite set of measurements, possibly
at random, and test for the steerability of the resulting assemblage using the SDP (4). However,
since this SDP can only be used in practice for a small number of measurements, often the result
is not accurate.

On the other hand, if the linear program (9) is used to test the steerability of the resulting
assemblage, a much larger set of measurements can be chosen from the beginning. Using a larger
number of measurements, one is expected to better cover the set of measurements of interest, which
subsequently leads to a more precise answer.
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Therefore, to prove the steerability of a quantum state, or, more precisely, to compute an upper
bound on η∗(ρAB), we propose the following method. First, choose (possibly at random) a large
set of measurements {Ma|x}. Then, choose an outer approximation of the set of quantum states
in the desired local dimension{χλ}1 and compute

η̃(ρAB , {Ma|x}, {χλ}) = max η (23a)

s.t. TrA(Ma|x ⊗ 1l Λη ⊗ 1l(ρAB)) =
n∑

λ=1
p(λ, a|x)χλ, ∀a, x (23b)

p(λ, a|x) ⩾ 0, ∀λ, a, x (23c)
k∑

a=1
p(λ, a|x) =

k∑
a=1

p(λ, a|x′), ∀λ, x, x′. (23d)

This guarantees that the state Λη(ρAB) is steerable for η > η̃(ρAB , {Ma|x}, {χλ}). That is, it holds
that η∗(ρAB) < η̃(ρAB , {Ma|x}, {χλ}). The better the set {χλ} approximates the set of quantum
states, and the more well-distributed the measurements {Ma|x} among the set of measurements of
interest, the better the computed upper bound is expected to be.

5.2 Proving that a quantum state is unsteerable
Conversely, now consider the problem of proving that a quantum state is unsteerable with respect
to all measurements of a certain kind (e.g., projective measurements, dichotomic POVMs, etc.).
Perhaps the biggest difficulty in doing so is the fact that one has to deal with a continuous set of
measurements, unlike what we have been considering so far. Due to this difficulty, this problem has
been firstly tackled for some symmetric classes of quantum states, for which explicit LHS models
could be constructed from symmetry considerations [56, 67]. However, later an algorithmic method
was developed in order to prove the unsteerability of generic states [30, 31].

The linear program (9) is able to substantially improve this algorithm. In order to describe
how, let us briefly discuss the original algorithm’s main idea. For presentation purposes, we re-
strict the discussion to the case of two-qubit states under projective measurements, but it should be
noted that similar ideas can be applied to states of any dimension and measurements of any kind.
One should begin by choosing a finite set of projective qubit measurements {Ma|x} in the Bloch
sphere with shrinking factor µ. Then, notice that the set of quasi -measurements {Λ1/µ(Ma|x)} is
an outer approximation of the Bloch sphere, in the sense that any other measurements therein
belongs to its convex hull. Therefore, if a two-qubit state ρAB is such that the assemblage
TrA[Λ1/µ(Ma|x) ⊗ 1l ρAB ] is unsteerable, it follows that the state ρAB is unsteerable with respect
to all projective measurements.

The larger the shrinking factor of the set {Ma|x}, the more powerful the method [30]. Never-
theless, notice that a part of the algorithm consists in proving the unsteerability of an assemblage
generated by such measurements, and in practice this was done using the SDP (4). This poses a
severe constraint on the number of measurements one could consider, which leads to fairly small
shrinking factors. In this context, instead of using the SDP (4) to verify such unsteerability, we
propose to use the linear program (9). This allows the method to be used with a much larger set
of measurements, with significantly better shrinking factor.

In summary, the method we propose to prove the unsteerability of a quantum state, or, more
precisely, to compute a lower bound on η∗(ρAB) of a given quantum state ρAB goes as follows. In
the first place, choose a set of projective measurements {Ma|x} on the Bloch sphere with shrinking

1In the sense that every quantum state in the corresponding dimension is contained in the convex hull of {χλ},
see Fig. 1a.
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factor µ, and a set of states {ρλ}. Then, compute the following linear program

η̃(ρAB , {M1/µ
a|x }, {ρλ}) = max η (24a)

s.t. TrA(M1/µ
a|x ⊗ 1l Λη ⊗ 1l(ρAB)) =

n∑
λ=1

p(λ, a|x)ρλ, ∀a, x (24b)

p(λ, a|x) ⩾ 0, ∀λ, a, x (24c)
k∑

a=1
p(λ, a|x) =

k∑
a=1

p(λ, a|x′), ∀λ, x, x′, (24d)

where M
1/µ
a|x = Λ1/µ(Ma|x). Then, it follows that the state Λη(ρAB) is unsteerable for η ⩽

η̃(ρ, {Λ1/µ(Ma|x)}, {ρλ}). Or, in other words, we have η∗(ρAB) ⩾ η̃(ρAB , {Λ1/µ(Ma|x)}, {ρλ}).

5.3 Conceptual comparison with existing methods
The techniques described above lead to linear programs for computing lower and upper bounds for
η∗(ρAB). As we have mentioned, there are other methods available in the literature for computing
the same quantities. On the one hand, the method presented in Refs. [30, 31] is the inspiration for
the ones we propose, and in the previous sections we took it as the starting point for the present-
ation of our methods. On the other hand, for two-qubit states under dichotomic measurements,
the best known method to calculate these bounds also consists of a linear program which further-
more requires a polytope approximation of the Bloch sphere [32]. In this section, we discuss the
conceptual relations between these three methods in further details.

Let us start by introducing a few definitions. The set of steering outcomes of a given state ρAB ,
denoted by Ω(ρAB), is defined by

Ω(ρAB) = {TrA(M ⊗ 1l ρAB) | 0 ⩽M ⩽ 1l}. (25)

Additionally, given a probability distribution µ over the Bloch ball, we define its capacity κ(µ) as

κ(µ) =
{∫

dµ(σ)g(σ)σ
∣∣∣∣ 0 ⩽ g(σ) ⩽ 1 ∀σ

}
, (26)

where the integral is carried over the Bloch ball.
By definition, a state ρAB is unsteerable with respect to dichotomic measurements if there

exists a probability distribution µ over the Bloch ball such that for every dichotomic measurement
x = {M0|x,M1|x} there are probability distributions p(a|x, σ), such that

TrA(Ma|x ⊗ 1l ρAB) =
∫
dµ(σ)p(a|x, σ)σ, (27)

where a = 0, 1 and the integral is once more carried over the Bloch ball. That is, in terms of
the definitions above, ρAB is unsteerable with respect to dichotomic measurements if, and only if,
there exists a probability distribution µ over the Bloch ball such that Ω(ρAB) ⊂ κ(µ).

In a sense, every method to study the steerability of a quantum state under dichotomic meas-
urements is tailored to verify the above inclusion [68]. Firstly, the approach of Refs. [30, 31] is to
consider polytope approximations of the set Ω(ρAB). More precisely, to prove the unsteerability
of ρAB , they construct an outer polytope approximation of Ω(ρAB), say, with m vertices, and
verify whether there exists a probability distribution µ over the Bloch ball such that each vertex
of the outer polytope is included in κ(µ). This can be done with a single SDP, whose size grows
exponentially with m [30, 31].

Secondly, the method from Ref. [32] instead considers polytope approximations of the sets κ(µ).
To show that ρAB is unsteerable, the authors fix a set of n states in the Bloch ball {ρλ} and search
for a probability distribution µ which only has nonzero values at the fixed states {ρλ} and such
that Ω(ρAB) ⊂ κ(µ). If ρAB is a two-qubit state, and once the set of states {ρλ} is fixed, this can
be done with a single linear program, whose size grows with n3 [32].
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Finally, in this work we consider both polytope approximations of Ω(ρAB) and polytope approxim-
ations of κ(µ). That is, to prove the unsteerability of ρAB , we fix an outer polytope approximation
of Ω(ρAB) with m vertices, and we look for probability distributions µ restricted to a fixed set of
n states {ρλ} such that κ(µ) includes all the m vertices of the chosen polytope. This results in a
linear program whose size grows with the product mn.

In practice, the method developed in Ref. [32] is better than the one from Refs. [30, 31] for two-
qubit quantum states. In the following, we compare the former with the method proposed in this
work. In general, both methods provide quite similar bounds with similar computational resources,
but while the method from Ref. [32] seems to be advantageous for proving the unsteerability of
quantum states, our method seems to be better for proving their steerability.

5.4 Practical comparison with existing methods
5.4.1 Performance comparison

To make a practical comparison between the methods we propose and the one from Ref. [32] for
generic two-qubit states, we computed lower and upper bounds on the steering robustness of 100
randomly generated steerable states using both techniques. Such states were generated using the
function random_state from the package Ket.jl [61], which uniformly samples a state according
to the Hilbert-Schmidt metric, and a version of the linear program from Ref. [32] to select only
steerable states. As the set of measurements to be used in the linear programs (23) and (24), we
considered the 406 measurements from Ref. [69], and as the polytope approximation of the Bloch
sphere, we used the same 614-vertex polytope considered in Section 4.1. Meanwhile, for the linear
program from Ref. [32], we used the 162-vertex polytope mentioned in Table 1 as an approximation
of the Bloch sphere. The states we considered as well as the lower and upper bounds computed
with each of the methods are available at [53].

The measurements and polytopes just mentioned above were chosen in order to keep similar
running times for both methods. However, while the linear program from Ref. [32] has roughly the
same running time for every input state, we observe that our method’s runtime varies significantly
from state to state, ranging from a few seconds to a few minutes. As we have mentioned before, we
believe this is an inherent feature of our approach, which is related to the alignment between the
polytope chosen to approximate the set of states, and the assemblage resulting from applying the
chosen measurements on the input state. Nevertheless, the time to compute the desired bounds
for all the 100 considered states was roughly the same (around five hours) for both methods.

Interestingly, the bounds provided by our methods are quite similar to the ones obtained with
the method from Ref. [32]. Regarding the lower bounds on the steering robustness, the average
difference between the bounds computed by both methods is of order 10−4. Meanwhile, for the
upper bounds the average difference is of order 10−3. This is a good indication of the quality of
our methods, since to this day in the literature there is nothing comparable to the linear program
in [32].

On the one hand, for 86 out of the 100 states, the method from Ref. [32] provides better lower
bounds on the steering robustness when compared to the linear program (24). On the other hand,
for all the studied states the upper bounds provided by the linear program (23) are better than
the ones obtained with Ref. [32]. That is, the method from Ref. [32] is generally better than ours
to prove that quantum states are unsteerable, but the linear program (23) outperforms [32] in
certifying the steerability of states. Furthermore, the dual of the linear program (23) provides a
steering inequality which can be violated by the studied state under the measurements previously
chosen. Thus, our method also provides a certificate of the steerability of the considered state,
which is not directly granted by the method from [32].

5.4.2 Flexibility over different noise models

Another practical advantage of our approach is its flexibility with respect to different noise models
on the states. For a given two-qubit state ρAB , the linear program proposed in Ref. [32] computes
bounds on the maximum η such that ηρAB +(1−η)1l

2 ⊗ρB is unsteerable, where ρB = TrA(ρAB), as
in Eq. (22). However, if one is interested in studying a different kind of noise model — e.g. ηρAB +
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(1 − η)1l
4 — one has to run the linear program from Ref. [32] multiple times, using the bisection

method. Meanwhile, the methods we propose can be easily adapted to different noise models. In
particular, our method covers any noisy model where the noise parameter η is linear in the given
state ρAB . It suffices to change Eqs. (23b) and (24b) according to the desired noise on the state,
and a single run of each of the linear programs (23) and (24) provides tight bounds on the steering
robustness with the considered noise.

5.4.3 Higher dimensions and general POVMs

The linear program from Ref. [32] is limited to qudit-qubit states under dichotomic measurements,
and cannot be straightforwardly extended to systems of higher dimension or general measure-
ments (POVMs). In comparison, the approach presented in this work has the advantage of being
applicable to states of arbitrary dimension, and arbitrary POVMs. Nonetheless, dealing with such
general cases may be challenging, due to the necessity of finding good polytope approximations of
the set of quantum states and measurements. In this sense, with a realistic/reasonable execution
time, the upper and lower bounds for higher dimensions may not be as tight as the ones we ob-
tained for the two-qubit projective measurement scenario. However, as presented in Section 4.2
our methods do obtain non-trivial results for qutrits, and especially for proving the steerability
of a state (see Section 5.2) our techniques are expected to perform well in the POVM case. For
instance, the results from Section 4.1.3 can be viewed as steerability certificates for the two-qubit
Werner state under POVMs. Meanwhile, constructing LHS models for general POVMs may still
be difficult, since our techniques require a good polytope approximation for the set of POVMs and
the evaluation of its corresponding shrinking factor (see, e.g., Ref. [6]).

6 Conclusion
In this work, we presented a method to quantify measurement incompatibility and steering whose
complexity scales polynomially in the number of measurements, and which works for arbitrary
POVMs in any dimension. Such a scaling contrasts with standard techniques based on SDP, where
the size of the optimization problem grows exponentially with the number of measurements. More
precisely, our approach trades off accuracy for efficiency, as its runtime also scales polynomially with
the inverse of the desired precision ϵ−1, while the standard SDP approach scales logarithmically
with ϵ−1.

In practice, while it is challenging to reach an arbitrarily small tolerance in high dimensions, in
the case of qubits our methods provide remarkably tight bounds for the incompatibility robustness
of considerably large sets of measurements with a very good performance. For instance, we could
evaluate the robustness of 400 projective qubit measurements with a four decimal digit precision in a
minute timescale using a standard laptop, while previous methods could not even attempt to tackle
scenarios with 25 measurements. Similar performances can be achieved for sets of qubit POVMs.
For qutrit measurements, one can obtain non-trivial bounds on incompatibility robustnesses in
scenarios that are intractable with the standard SDP, but which are not as tight as in the qubit
case. The Julia code we used for these and for all examples in this work is openly available and
ready to use at [53].

Additionally, our methods can be used to certify the steerability of quantum states, or in
contrary, to construct LHS models for them under all possible local measurements. Such techniques
are applicable to states of any dimension, and their steerability can be studied with respect to
generic POVMs. In practice, for two-qubit states we found our results to be comparable with
the state-of-the-art linear program developed in Ref. [32]. In our tests, our approach showed a
better performance for certifying that a given state is steerable, and it had a performance similar
to Ref. [32] for constructing LHS models (slightly better in some cases, slightly worse in others).
We stress that the method from Ref. [32] is restricted to qudit-qubit states, and it is tailored for
a specific kind of noise on the state, thus becoming impractical if a different noise model is to
be studied. Meanwhile, our method is applicable to arbitrary linear noise model without change
in performance, and works for arbitrary qudit-qudit states and general POVMs (but in some
general cases, dealing with the polytope approximations may be challenging). Finally, we believe
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other problems related to measurement incompatibility and steering may benefit from the methods
developed in this work.
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A Shrinking factors of highly symmetric sets of qutrit states
The method exposed in Section 3.4 to obtain shrinking factors relies on rational polytopes, which
severely impairs the elegance of the solutions, as this small denominator constraint restricts the
overall symmetry. Here we expose a somehow more natural construction, which is unfortunately
limited by our capacity to enumerate facets of the resulting polytope. When we are able to do
so, we see that the sets of qutrit states crafted this way achieve remarkable shrinking factors
(proven up to numerical precision) given their small number of points. We believe they could be
of independent interest and provide their coordinates to facilitate their usage [70].

The technique starts from a symmetric structure, for instance, a complex projective design
as classified in [71], and enumerates the facets of the resulting polytope. As explained around
Eq. (10), the shrinking factor is limited by the few facets reaching the minimum. A natural way
of extending the polytope to increase its shrinking factor is then to add the projectors onto the
maximum eigenvalues of the facets saturating the minimum in Eq. (10), which is in general a strict
subset of all facets. Iteratively repeating this procedure leads to bigger and bigger structures with
an increasing shrinking factor. However, the method obviously generates sooner of later polytopes
for which the facet enumeration is intractable.

In Table 5, we give a few families of polytopes obtained following this technique. The first two
lines exhibit some kind of duality, but if the polytope with 21 vertices indeed has 24 facets whose
eigenprojectors give rise to the other polytope, this one has 2268 facets, only 21 of which reach
the minimum in Eq. (10). Two of the ST27 orbits also enjoy this property. Note also that, out
of the 81 facets of the polytope formed by MUBs (see Section 3.4), only 9 achieve the minimum
in Eq. (10), and the corresponding eigenprojectors happen to form a symmetric informationally
complete (SIC) POVM.

B Shrinking factors of complete sets of mutually unbiased bases
The methods to construct polytopes with good shrinking factors discussed in Section 3.4 and
Section A are mostly limited by computational reasons. Here we present a construction which is
entirely analytical, so that such limitations are avoided. Specifically, we consider the d(d+1) states
in a complete set of d+ 1 mutually unbiased bases (MUBs) in dimension d. The dimensions where
they are known to exist are the powers of prime numbers [73], and it is still unknown whether they
can be found in any other dimension [74]. When such states, denoted |φx

a⟩ for a ∈ {1, . . . , d} and
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ST Step 0 Step 1 Step 2 Step 3 Step 4 Step 5 Comments

24
21 0.4129 45 0.5323 129 0.6991 465 ? [71]
24 0.4960 45 0.5323 129 0.6991 465 ?
28 0.3627 52 0.5 73 0.6989 409 ? [71]

25
12 0.25 21 0.4766 75 0.6543 147 0.7541 291 0.8177 507 ? MUBs
36 0.5 48 0.6168 120 0.625 129 0.7721 345 0.8043 453 ? [71]
72 0.4698 81 0.5686 93 0.7158 165 0.7761 381 ?

27
36 0.5854 81 0.6920 153 0.7820 513 ? [71]
45 0.5854 81 0.6920 153 0.7820 513 ? [71]
60 0.5723 132 0.7217 492 ? [71]

Table 5: Cardinality and shrinking factor of sets of 3-dimensional pure states constructed via the iterative
procedure described in the main text starting from orbits of complex reflection groups indicated with their
Shephard-Todd (ST) number. Most initial structures (step 0) are listed in [71] but, using the code from [72],
two new ones appeared. The shrinking factor was computed up to some numerical precision, in contrast with
the exact computations of panda described in Section 3.4. Question marks indicate polytope for which we could
not enumerate all facets. Higher precision values as well as coordinates can be found in the corresponding
repository [70].

x ∈ {1, . . . , d+ 1}, exist, we claim that their shrinking factor is

r = 1
d(1 − ν) + 1 , where ν = min

j⃗∈{1,...,d}d+1

{
min Sp

(∑
x

∣∣φx
jx

〉〈
φx

jx

∣∣)} . (28)

Importantly, when d is odd, for the standard construction of complete sets of MUBs [73], the
equality ν = 0 is known from [28, Appendix E.3.4], so that the shrinking factor reduces to 1/(d+1)
in this case, generalising the value 1

4 observed in Table 5.
The proof of Eq. (28) follows from [75], where the facets of the so-called complementarity

polytope with vertices |φx
a⟩⟨φx

a| are shown to be the dd+1 inequalities

Tr
(
Fj⃗ ρ

)
⩽ −1, where Fj⃗ = −

∑
x

∣∣φx
jx

〉〈
φx

jx

∣∣ . (29)

Noting that TrFj⃗ = −(d+ 1) and maxj⃗ SpFj⃗ = −ν, we can use Eq. (10) to derive the expression
given in Eq. (28).
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