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Simulating the quantum switch with
quantum circuits is computationally hard

Jessica Bavaresco 1,2, Hlér Kristjánsson 3,4,5,6, MioMurao 5,7, Tatsuki Odake5,
Marco Túlio Quintino 2 , Philip Taranto 5,8 & Satoshi Yoshida 5

Higher-order transformations acting on input quantum channels in an indefi-
nite causal order—such as the quantum switch—cannot be described by
quantum circuits using the same number of calls to the input channels. A
natural question iswhether they canbe simulated, i.e., whether their action can
be exactly and deterministically reproduced by a quantum circuit with more
calls to the input channels. Here, we prove that the quantum switch acting on
two n-qubit channels cannot be simulated by any quantum circuit using k calls
to one channel and one to the other, if k < 2n. This establishes an exponential
separation in quantum query complexity between processes with indefinite
causal order and quantum circuits. Moreover, even with one extra call to both
input channels, such a simulation remains impossible.We further demonstrate
the robustness of this separation by extending the result to probabilistic and
approximate simulations scenarios.

Indefinite causal order is a fundamental property that emerges in
the exploration of higher-order transformations within quantum
theory1–5. Higher-order quantum transformations are operations
whose inputs and outputs are not quantum states, but rather
transformations that themselves act on quantum states, such as
quantum channels. An example of such a transformation is a quan-
tum circuit with open slots where arbitrary quantum channels can
be inserted and acted upon in a sequential, temporally ordered
manner1,3. Remarkably, there also exist well-defined higher-order
transformations that act on their input quantum channels in an
indefinite causal order6–8. Such transformations cannot be described
by any quantum circuit that uses the same number of calls, or
queries, of the input quantum channels, challenging the standard
notion of computation in which operations are performed on a
system in a fixed order.

The ability to perform operations in such an indefinite order has
been shown to provide advantages in a variety of information-
processing settings, such as quantum channel discrimination9–11,
quantum metrology12–15, quantum computational complexity16,17,

quantum query complexity18, transformations of black-box unitaries
and isometries19–23, among others.

A prominent exampleof indefinite causal order that is responsible
for several of these theoretically predicted advantages is the quantum
switch6, a higher-order transformation that coherently controls the
causal order of two quantum channels. The information-processing
advantages of the quantum switch have mostly been shown via com-
parisonwith higher-order transformations that act in afixed order on a
single call of each input channel8–10,12. However, their true practical
significance hinges on the extent to which these advantages would still
hold when comparing the quantum switch with quantum circuits that
use a larger number of calls to its inputs.

In the context of quantum computation, whether the quantum
switch exhibits a true complexity-theoretic advantage depends upon
whether its action can be efficiently reproduced by using quantum
circuits, given extra queries to the input channels. Until now, no
exponential separation has been demonstrated between the query
complexity of computations using indefinite causal order versus
quantum circuits. In fact, for unitary channels, the action of the
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quantum switch can be reproduced by a quantum circuit with just one
extra query6, significantly limiting the computational power of the
quantum switch in this case. However, a crucial open question is
whether this limitation extends to general quantum channels.

More concretely, this question can be phrased in terms of the
simulability of the quantum switch, or more generally, of any higher-
order transformation with indefinite causal order:

Can a higher-order transformation with indefinite causal order
that acts on arbitrary quantum channels be simulated by
quantum circuits that have access to more calls of the input
quantum channels?

In the case where the quantum circuit performing the simulation
has access to an infinite number of calls of the input channels, the
answer is: yes. In this case, a process tomography protocol3,24,25 can
completely characterize the input channels and simply prepare the
output channel expected from the higher-order transformation with
indefinite causal order. However, such a simulation requires infinite
resources. Another possible way that the quantum switch can be
simulated is using post-selection6,26. However, such a simulation does
not work deterministically. Additionally, in the particular case where
the input channels are restricted to being unitary channels, it has been
shown that a simulation of the quantum switch exists6. However, such
a simulation is not universal, inasmuch as it only works for a restricted
set of input channels.

We hence ask the question, which has remained largely unex-
plored so far: does any finite number of extra calls of the input chan-
nels suffice to deterministically and universally simulate the action of
the quantum switch with a quantum circuit?

In this work, we prove that the quantum switch acting on arbitrary
channelsA andB cannot be deterministically and universally simulated
by a quantum circuit (or even a quantum circuit with classical control
of the causal order27) that has access to kA < 2n calls of A and kB = 1 call
of B, where A and B are arbitrary n-qubit quantum channels. Our the-
orem demonstrates an exponential separation in quantum query
complexity for computational tasks using quantum processes with
indefinite causal order versus quantum circuits with fixed or
classically-controlled causal order, in terms of the number of qubits.
Wemoreover prove that when one extra call of each quantum channel
is available (kA = kB = 2), it remains impossible to simulate the action of
the quantum switch, even for single-qubit channels. We demonstrate
the extent of the robustness of these results in two different ways: with
probabilistic and approximate simulations. We show that even when
approximate simulations are considered, the probability of simulating
a higher-order operation which is ϵ-close to the quantum switch is
significantly below one for an ϵ significantly above zero. We further-
more thoroughly analyze the problem of simulating the quantum
switch when it acts only on part of its input quantum channels or on

quantum instruments. Finally, we show some new particular (non-
universal) cases in which simulations of the quantum switch are pos-
sible. In light of these results, we conjecture that a deterministic
simulation of the quantum switch, if possible, would require a number
of queries to both quantum channels that grows at least exponentially
with the size of the system they act upon. If our conjecture holds true,
it would imply that processes with indefinite causal order cannot be
efficiently simulated even by quantum circuits with classically-
controlled causal order.

Results
Quantum switch simulation
The quantum switch S is a higher-order transformation that takes two
arbitrary quantum channels (i.e., completely positive, trace-preserving
maps) A and B as input, where A : LðHAI Þ ! LðHAO Þ and B : LðHBI Þ !
LðHBO Þ are channels that act on qudit systems, and transforms them
into a channel SðA,BÞ : LðHcI �HtI Þ ! LðHcO �HtO Þ that acts on a
qubit control system and a qudit target system. The output channel
resulting from the action of the quantum switch6 on its input channels
is defined as

SðA,BÞ½σc � ρt � :¼
X
i, j

Sijðσc � ρtÞSy
ij , ð1Þ

where σc 2 LðHcI Þ is the state of the input qubit control system, ρt 2
LðHtI Þ is that of the qudit target system, and Sij is given by

Sij :¼ ∣0i 0h ∣� BjAi + ∣1i 1h ∣� AiBj, ð2Þ

whereAi : HAI ! HAO and Bj : HBI ! HBO are Kraus operators28 of the
channels A and B, respectively; i.e., A½ρ�=PiAi ρA

y
i and

B½ρ�=PiBi ρB
y
i . This transformation is depicted in Fig. 1. The quantum

switch acts on its input channels in an order that is conditioned on the
state of a quantum control system. Since the quantum control system
may be initiated in a superposition state, such as ∣+ i :¼ 1ffiffi

2
p ð∣0i+ ∣1iÞ,

the overall quantum switch transformation may be understood as a
conditioned superposition of two different circuits, one with the
control system in state ∣0i and the quantum channels being applied in
the order A before B, and another with the control system in state ∣1i
and the quantum channels being applied in the order B before A.

A deterministic and exact simulation of the quantum switch is a
higher-order transformation C that obeys causal constraints and that
acts on a finite number kA and kB of calls to the channels A and B,
respectively, in such a way that the channel CðA�kA ,B�kB Þ : LðHcI �
HtI Þ ! LðHcO �HtO Þ resulting from this transformation satisfies

CðA�kA ,B�kB Þ=SðA,BÞ 8A,B, ð3Þ

where A, B are arbitrary quantum channels. Natural causal constraints
that one might impose on the simulation is to require that C be
described by a fixed-order quantum circuit with open slots, called a
quantum comb1,3. A more general strategy for the simulation—which
could nevertheless be interpreted as having a definite causal order—
would be to impose that C is described by open-slot quantum circuits
that have classical control of causal order. This class of higher-order
transformations, proposed in ref. 27 and called “QC-CCs”, is larger than
the set of quantum combs, allowing for classical mixtures of open-slot
quantum circuits as well as for classically-controlled dynamical causal
orders. Hence, permitting this class gives more power to the
simulation as compared to quantum combs, while still allowing for a
causally ordered interpretation of the simulation (see Supplementary
Note 1 in the Supplementary Information file for a formal definition).
We furthermore require the simulation to be universal: the same
simulation C must work for all input pairs of quantum channels. See
Fig. 2 for a graphical representation of Eq. (3). The question of

Fig. 1 | The quantum switch transformation. The quantum switch S is a higher-
order transformation that takes as input any two quantum channels A and B and
transforms them into a another quantum channel SðA,BÞ. The resulting channel
SðA,BÞ acts on a qubit control system and a qudit target system.
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simulability then boils down to whether there exists, for some finite
number of calls kA and kB, a simulation C that obeys causal constraints
and that satisfies Eq. (3).

This notion of computation, where the inputs and outputs are
quantum rather than classical, is suitable to treat inherently quantum
problems and has been employed beyond the higher-order quantum
computing paradigm explored here in problems ranging from the
SWAP test29,30 to Hamiltonian simulations31,32 and quantum property
testing33.

Go theorem: an explicit non-universal simulation
For a particular case of input channels, it is known that a non-universal
simulation of the quantum switch exists. As first shown in the paper
that originally defined the quantum switch6, in the particular case
where the input channels are unitary (i.e., reversible), a simulation of
the quantum switch by a quantum circuit is possible, requiring only an
extra use of one of the input channels.

The simulation presented in ref. 6 is given by the quantum circuit

ð4Þ

where

and

is the NOT gate. Here, the first circuit line corresponds to the control
qubit system, the second to an auxiliary system, and the third to the
target qudit system.This circuit can equivalently be representedby the
Kraus operators fCiji0 giji0 , where

Ciji0 :¼ ∣0i 0h ∣� Ai0 � BjAi + ∣1i 1h ∣� Ai � Ai0Bj: ð5Þ

Since, in general i≠i0, the transformation acting on the auxiliary system
does not typically factor out from the transformation acting on the
qubit and control systems. By comparison with Eq. (2), it is straight-
forward to see that the resulting transformation does not simulate the
quantum switch for arbitrary quantum channels. However, in the case
whereA andB are unitary channels, andhence aredescribedby a single
Kraus operator (i.e., i= i0 = j =0), the transformation on the auxiliary
system factorizes from that on the control and target systems. In this
particular case, it is straightforward to see that, for any input state of
the auxiliary system,when theoutput auxiliary system is discarded, the
quantum circuit in Eq. (4) performs a (non-universal) simulation of the
quantum switch.

A crucial point to note is that the circuit in Eq. (4) acts on the input
channels in the order “ABA”. If one were to change the order of the
input channels to either “AAB” or “BAA”, this circuit no longer

simulates thequantumswitch, even if the input channels are unitary. In
fact, for these different orders, we prove that there does not exist any
quantum circuit that can simulate the action of the quantum switch,
even when acting only on unitary channels. We present more details in
Supplementary Note 5.

Here, we show that an extension of the circuit in Eq. (4) allows one
to perform a simulation of the quantum switch in a more general—
albeit not fully general—scenario. This is the case where the quantum
switch acts only on part of a quantumchannelA that is unitary and part
of a quantum channel B that is general.

In this simulation scenario, the quantum switch acts only on
part of bipartite channels A : LðHAI �HA0

I Þ ! LðHAO �HA0
O Þ and

B : LðHBI �HB0
I Þ ! LðHBO �HB0

O Þ, both of which have two input and
two output spaces. The extra input/output systems of these bipar-
tite channels can be interpreted as environments that are not
accessible to the local parties, Alice and Bob. The output channel
from the quantum switch transformation is then given by
S � I ðA,BÞ : LðHA0

I �HcI �HtI �HB0
I Þ ! LðHA0

O �HcO �HtO �HB0
O Þ,

where I is the identity higher-order transformation acting on the
primed spaces. This transformation is depicted in Fig. 3. Since the
quantum switch higher-order transformation is uniquely defined by
its action on single-party unitary channels34, there is no risk of
ambiguity when considering such extended quantum switch
transformations.

When the input channelsA and B are general, i.e., not restricted to
being unitary, this scenario is the strongest possible simulation sce-
nario. In other words, a simulation C that is able to prepare, with some
finite number of calls kA and kB, a channel CðA�kA ,B�kB Þ such that

CðA�kA ,B�kB Þ=S � I ðA,BÞ 8A,B, ð6Þ

where A, B are arbitrary quantum channels, is a higher-order
transformation that can simulate the action of the quantum switch in
its most general form. We discuss further details concerning general

Fig. 2 | Simulating the quantum switch. A higher-order transformation C corre-
sponding to anopen-slot quantum circuit with fixed or classically-controlled causal
order, which acts on several copies of the input quantum channels A and B, is a

simulation of the quantum switch S if it reproduces the action of the quantum
switch on all arbitrary channels A and B.

Fig. 3 | The extendedquantumswitch transformation.The quantum switchS is a
higher-order transformation that takes as input any two quantum channels A and B
and transforms them into another quantum channel, S � I ðA,BÞ, even when acting
only on part of these channels.
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simulations, including also simulations of the action of the quantum
switch on quantum instruments, in Supplementary Note 2.

In this general simulation scenario, we prove the following theo-
rem, regarding the existence of a non-universal simulation of the
action of the quantum switch on part of bipartite channels—in the
particular case whereA is restricted to being a unitary channel and B is
a fully general quantum channel:

Theorem 1. The action of the quantum switch on part of bipartite
quantum channels can be deterministically simulated by a quantum
circuit that has access to an extra call to one the input channels, as long
as that channel is restricted to being unitary.

In other words, if A is a bipartite unitary channel and B is a
bipartite general channel, there exists a quantumcircuit describedby a
higher-order transformation C that satisfies Eq. (6) for kA = 2 and kB = 1.

Weprove this result by explicitly constructing thequantumcircuit
that performs this simulation, which is given by

ð7Þ

Here, the first circuit line represents the qubit control, the second and
third lines represent auxiliary systems, the fourth line represents Ali-
ce’s primed system, the fifth line represents the target system, and the
sixth line represents Bob’s primed system. In Supplementary Note 2,
we prove Thm. 1 explicitly, showing how it recovers the action of the
quantumswitchwhenA is a unitary channel, andhow it fails whenA is a
general channel.

Given that every quantum channel can be seen as the marginal
channel of a unitary channel acting on a higher-dimensional space,
implemented with the use of an auxiliary system—via the Stinespring
dilation theorem—it may seem counter-intuitive that the circuit in
Eq. (7) fails to simulate the quantum switch for general channels.
However, this is due to the fact that unitary channels acting on higher-
dimensional spaces only correspond to general, non-unitary channels
mapping the input to the output systems if the auxiliary system is not
accessible. One way to enforce this is by requiring that the auxiliary
systems be discarded. If the auxiliary system were discarded, and
hence not available to be exploited during the simulation, it is
straightforward to see that the circuit in Eq. (7) would fail. In Supple-
mentary Note 2, we discuss in detail how Thm. 1 relates to the Stine-
spring dilation of non-unitary quantum channels.

No-go theorems: deterministic exact simulations
We now show that the go theorem from the previous section does not
generalize: not only does the circuit in Eq. (7) not work for arbitrary
quantum channels A, but there does not exist any other quantum cir-
cuit that can simulate the quantum switch, evenwhen a higher number
of calls of the input channel A are available. In order to do so, we prove
an even stronger statement: one which demonstrates an exponential
separation in quantum query complexity between a higher-order
transformation with indefinite causal order and quantum circuits that
have a fixed or classically-controlled causal order.

Theorem 2. There is no (kA + 1)-slot higher-order transformation C,
described by a quantum circuit with fixed or classically-controlled
causal order, that can simulate the quantum switch, i.e., that satisfies

CðA�kA ,BÞ=SðA,BÞ ð8Þ

for all n-qubit mixed unitary channels A and unitary channels B, if

kA ≤ maxð2, 2n � 1Þ: ð9Þ
Therefore, such a simulation also does not exist for all n-qubit

quantum channels A and B.

We provide a sketch of the proof in Section “Methods”, with the
full proof presented in Supplementary Note 3. While Thm. 2 forbids a
deterministic exact simulation of the quantum switch, it also prevents
arbitrarily good probabilistic approximate simulations of it. That is
because it guarantees that any probabilistic approximate simulation
will necessary have amaximal probability of success p strictly less than
one or minimum approximation error ϵ strictly greater than zero, for
any notion of metric distance.

This result can be interpreted as an exponential advantage of
indefinite causal order over definite causal order for a specific task,
namely that of simulating the action of the quantum switch on arbi-
trary quantum channels A and Bwhen only one call of B is available. In
order to formalize this result in the context of computation, consider a
classical description of a function f which takes a pair of quantum
channels A, B as input and outputs a quantumchannel f(A, B). Consider
also a higher-order transformation C that simulates the function f
deterministically and exactly—that is, such that CðA�kA ,B�kB Þ= f ðA,BÞ
for all A, B—for some numbers kA and kB of black-box queries to the
quantum channels A and B, respectively. In the case where one of the
channels is fixed to being called kB = 1 times, we can define a simple
notion of quantumquery complexity that dependsonly on the number
of calls to the other channel, kA. We define the one-sided quantum
query complexity of a function f, with respect to a class of higher-order
quantum transformations C, as the minimum number of queries kA
while kB = 1, over all higher-order quantum transformations C 2 C such
that C simulates f. This definition can be seen as a step towards a fully
quantum generalization of the notion of query complexity. While the
standard notion ofquantumquery complexity has so far typically been
defined for classical (e.g., boolean) functions18, here we consider the
query complexity of functions whose inputs and outputs are them-
selves quantum channels (see also ref. 35). This is similar in spirit to
recent works on the complexity of preparing quantum states36,37.

In this context, we see that Thm. 2 implies that the one-sided
quantum query complexity of the action of the quantum switch, with
respect to all QC-CC transformations, is lower-bounded by 2n.

No-go theorems: probabilistic simulations
Following from the above discussion, one might wonder whether a
simulation remains impossible if more than one call of the quantum
channel B is allowed. Here, we also prove a no-go theorem for the
simulation of the quantum switch when 2 calls of each input quantum
channel is available (i.e., kA = kB = 2). In fact, we prove an even stronger
result: such a simulation is impossible even for single-qubit channels,
and even in a probabilistic and restricted simulation scenario.

Let us start by defining the restricted simulation scenario. Fixing
the input control system to be in state σc = ∣+ i +h ∣ and the input target
system to be in state ρt = ∣0i 0h ∣, a restricted simulation of the switch is
possible if, for some finite number of calls kA and kB, there exists a
quantum comb or QC-CC C such that

trtO CðA�kA , B�kB Þ½∣+ i +h ∣� ∣0i 0h ∣�
� �

= trtO SðA,BÞ½∣+ i +h ∣� ∣0i 0h ∣�ð Þ 8A,B,
ð10Þ

Article https://doi.org/10.1038/s41467-025-64996-6

Nature Communications |        (2025) 16:10216 4

www.nature.com/naturecommunications


whereA and B are arbitrary channels. Notice that Eq. (10) is an equality
between two-qubit quantum states, namely the output control
systems. Notice that, while the impossibility of a simulation in the
restricted case implies the impossibility of simulation in the general
case, a possibility of simulating the quantum switch in the restricted
case would not imply the existence of a more general simulation.

Let us now define a probabilistic heralded simulation of the
quantum switch. A probabilistic heralded simulation is a quantum
comborQC-CC C that, compared to the deterministic simulation in Eq.
(3), outputs an extra classical bit corresponding to either the success
or failure outcome of the simulation, each with a certain probability.
When the value of this bit corresponds to the success outcome, the
implemented simulation is exactly SðA,BÞ. Such transformations can
be implemented by either a quantum comb or as a QC-CC that addi-
tionally outputs a flag systemencoding the success or failure outcome,
followed by a dichotomic quantum measurement of the flag system.
Mathematically, a probabilistic heralded simulation is a higher-order
transformation C = Cs + Cf , where Cs and Cf are higher-order maps that
completely preserve completely positive inputs—one associated to the
success and the other with the failure outcome of the transformation—
and where C is described as either a quantum comb or as a QC-CC. In
this case, C = Cs + Cf is a probabilistic simulation of the quantum switch
that uses kA calls of channel A and kB calls of channel B if it satisfies

CsðA�kA ,B�kB Þ=pSðA,BÞ 8A,B, ð11Þ

where A and B are general quantum channels, and p is the probability
of a successful simulation. In the case where C is a quantum comb, no
normalization conditions need to be imposed on Cs. However, when C
is a QC-CC, then normalization conditions must be imposed on Cs to
ensure that C is a proper QC-CC transformation27. We present these
constraints explicitly in Supplementary Note 1.

Combining Eqs. (10) and (11), we define a probabilistic restricted
simulation of the quantum switch via

trtO CsðA�kA , B�kB Þ½∣+ i +h ∣� ∣0i 0h ∣�
� �

=p trtO SðA,BÞ½∣+ i +h ∣� ∣0i 0h ∣�ð Þ 8A,B:
ð12Þ

It is known that any higher-order transformation with indefinite
causal order can be simulated by a quantum comb in a probabilistic
heralded manner with p >0, even without any extra calls of the input
channels20,26. For the particular case of the quantum switch, ref. 6
presents a probabilistic circuit based on quantum teleportation that
simulates the quantumswitchwithp = 1/d2, whered is the dimensionof
the target system, without any extra calls. Here, we will analyze the
maximal probability of success for simulating the quantum switch
when extra calls are available.

As we prove in Section “Methods”, for any fixed finite d :=
dimðHtI Þ= dimðHtO Þ= dimðHAI Þ= dimðHAO Þ= dimðHBI Þ= dimðHBO Þ,
kA, and kB, the maximum probability of success p of simulating the
quantum switch acting on all general quantumchannelsA and B can be
computed with a semidefinite program (SDP). This is because if a
simulation exists for a finite subset of channels that forma basis for the
linear subspace spanned by kA copies of a quantum channel A, and
equivalently for B, then said simulation is also valid for all channels A
andB, due to the linearity of higher-order transformations. Crucially, in
the case where C is a quantum comb, the maximum probability of
success of a simulation of the quantum switch may depend on the
order of the input channels A and B. In the case where C is a QC-CC, all
possible fixed and dynamical orders are automatically optimized over.

We are now ready to state this result (Table 1).

Theorem 3. There is no quantum circuit that can deterministically
simulate the action of the quantum switch on all quantum channels

when (kA, kB) ∈ {(1, 1), (2, 1), (2, 2), (3, 1)}, where kA is the number of
calls of input channel A and kB is the number of calls of input chan-
nel B.

Moreover, even for a restricted simulation—i.e., for fixed input
systems and discarded output target system—the action on the quan-
tum switch on general qubit channels, when
(kA, kB) ∈ {(1, 1), (2, 1), (2, 2), (3, 1)}, can be simulated with at most a
probability p < 1, with upper bounds given in Table 1.

We prove this theorem using a method that we develop for
computer-assisted proofs that transforms the numerically imperfect
solution of an SDP into a rigorous upper bound for the probability of
success that can be expressed in terms of rational numbers. The
method is presented in Section “Methods” with further details pro-
vided in Supplementary Note 6.

Still in the restricted simulation scenario, we found three different
particular cases where a deterministic simulation is possible for qubit
channels, but nevertheless impossible in the more general scenario. In
the following, we discuss these three cases, with more details being
provided in Supplementary Note 4.

The first case of this kind is when the quantum switch acts on
arbitrary, yet identical, qubit quantum channels, i.e., A = B. Although
the input channels in this case are identical, it is straightforward to
see from Eq. (1) that the action of the switch is non-trivial, namely,
that the output channel SðA,AÞ is not equivalent toA applied twice on
the target system when A is not a unitary channel. A remarkable
example of this point is the case where A is the depolarizing
channel38. We find that a restricted deterministic quantum comb
simulation exists for qubit channels in the “AAAA” scenario, i.e., with
4 identical calls of the arbitrary qubit quantum channel A. Since in
this case the maximum probability of success is p = 1, one cannot
certify this result with a computer-assisted proof, which can yield
upper and lower bounds for p with arbitrary yet only finite precision.
Instead, we obtain this result by numerically evaluating an SDP with
very high precision, ensuring that all positivity constraints are strictly
satisfied and that all equality constraints are satisfied up to an error
of at most 10−9 in the operator norm. Furthermore, 4 identical calls of
the arbitrary qubit quantum channel A are not only sufficient, but
necessary for a deterministic restricted simulation: if only 2 or 3 calls
are allowed, we prove upper bounds for the maximum probability of
simulation that are always strictly less than 1 (see Table 2). However,
this only holds in the restricted simulation case. When the output
target system is not discarded, we find numerically that a determi-
nistic simulation of the AAAA scenario is no longer possible (see

Table 1 |Maximumprobability of a restricted simulation of the
qubit quantum switch

(kA, kB) order probability

(1, 1) AB p< 4001
10000

AAB p< 5715
10000

(2, 1) ABA p< 4919
10000

BAA p< 5001
10000

AABB p< 8307
10000

(2, 2) ABAB p< 8484
10000

ABBA p< 8695
10000

AAAB p< 8373
10000

(3, 1) AABA p< 6909
10000

ABAA p< 7597
10000

BAAA p< 6845
10000

Rigorous upper bounds for themaximumprobability p of a restricted simulation of the quantum
switch acting on a pair of arbitrary qubit quantum channels A, B, using open-slot quantum
circuits that take kA(B) calls of an arbitrary quantum channel A(B) in a certain order. All bounds
were derived via computer-assisted proofs.
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Supplementary Note 4 for more details). This shows how highly
nontrivial the action of the quantum switch is even when acting on
identical quantum channels.

The other two restricted cases where a deterministic restricted
simulation is possible concern qubit unitary channels applied in the
order AABB and BAAA, two cases where trivial extensions of the circuit
in Eq. (4) fail. Similarly to the case of identical qubit channels, such
simulations no longer exist if theoutput target system is not discarded.
More details in Supplementary Note 4.

No-go theorems: approximate simulations
By exhibiting concrete upper bounds for the probability of successful
simulation of the quantum switch that are significantly below 1, we
demonstrate the extent of the robustness of our resultswith respect to
a figure of merit related to a probabilistic simulation. Another perti-
nent notion of robustness in this context is that of an approximate
simulation—although the quantum switch may not be able to be
exactly simulated, it could still be the case that other higher-order
transformations that are ϵ-close to the quantum switch can be simu-
lated. This question is particularly relevant for experimental scenarios,
where noise and imprecision hinder the ability of preparing any spe-
cific transformation exactly. Here, we prove that even in the approx-
imate case, a simulationof thequantumswitch is not possible for some
particular number of calls (kA, kB). We do so by exhibiting values of ϵ
that are significantly above zero, for which even a probabilistic simu-
lation, for some p < 1, that we also exhibit, is not possible.

For an approximate simulation of the quantum switch, it is useful
to consider a partly restricted scenario that is required tohold forfixed
input control and target systems, but without discarding the output
target system. Similarly to the restricted simulation case, proving the
impossibility of a simulation in this partly restricted case also implies
the impossibility of a simulation in more general scenarios. Let
σc = ∣+ i +h ∣ be the state of the input control system, ρt = ∣0i 0h ∣ be the
state of the input target system, and eS be a higher-order transforma-
tion that acts on the same space as the quantum switch. We define a
simulation C to be ϵ-close to the quantum switch S in this scenario if
there exists an eS such that

CðA�kA ,B�kB Þ½∣+ i +h ∣� ∣0i 0h ∣�
= eSðA,BÞ½∣+ i +h ∣� ∣0i 0h ∣� 8A,B,

ð13Þ

where A and B are arbitrary quantum channels and, for S +0ð�, �Þ :¼
Sð�, �Þ½∣+ i +h ∣� ∣0i 0h ∣� and eS +0ð�, �Þ :¼ eSð�, �Þ½∣+ i +h ∣� ∣0i 0h ∣�, it holds
that

FðS +0, eS +0Þ≥ 1� ϵ, ð14Þ

where FðM,N Þ is the normalized fidelity between the Choi operators
associated to the higher-order transformations M and N (see
Supplementary Note 1).

Combining probabilistic heralded and approximate protocols of
simulation, for a fixed ϵ, (kA, kB), and d, the maximum probability of
successful simulation can also be computed via an SDP. We show that,
for a range of values of ϵ >0, the probability of simulating the quantum
switch in this partly restricted scenario is p < 1 for the cases where
(kA, kB) ∈ {(1, 1), (2, 1)}, considering simulations using quantum combs
of all possible orders as well as QC-CCs. We present our numerical
findings in Fig. 4 for the case where d = 2. In the first plot (Fig. 4a),
where (kA, kB) = (1, 1), the QC-CC simulation curve numerically coin-
cides with the quantum comb simulation curve. Here, p < 1 for
0 ≤ ϵ ≲ 0.3. In the second plot (Fig. 4b), where (kA, kB) = (2, 1), each of
the three possible quantum comb orders and QC-CC yield different
values for themaximumprobability of success for different values of ϵ.
Here, p < 1 for 0 ≤ ϵ≲0.18, after which point a QC-CC simulation exists.
Notice that for an exact simulation, i.e., when ϵ =0, a QC-CC simulation
yields a probability of success that coincides with the highest among
all possible orders, but as ϵ increases, it shows an advantage in the
probability of success as compared to quantum combs.

A conjecture
Taken together, our results indicate the hardness of simulating the
quantum switch. Considering all the evidence we have gathered here
supporting a high cost, if not altogether the impossibility, of simulat-
ing the quantumswitchdeterministically, we aremotivated to propose
the following conjecture:

Table 2 | Bounds for the maximum probability of a restricted
simulation of the qubit quantum switch acting on identical
channels

k order probability

2 AA p < 4001
10000

3 AAA p < 6534
10000

4 AAAA p = 1 (*)

Rigorous upper bounds for themaximumprobability p of a restricted simulation of the quantum
switch that acts on a pair of identical qubit quantum channels, using open-slot quantum circuits
that take k ∈ {2, 3} calls of an arbitrary quantum channel A. All bounds were derived via
computer-assisted proofs. (*) For the case of k = 4, we numerically find that a deterministic
simulation is possible, i.e., that p = 1 up to a numerical precision of 10−9.

Fig. 4 | Robustness of the impossibility of simulation. Maximum probability of
success p of simulating any higher-order transformation that is ϵ-close to the
quantum switch using quantum combs—of order AAB, ABA, or BAA—or quantum
circuits with classical control (QC-CC), as a function of ϵ. In plot (a), we show the
case where kA = kB = 1. Note how the QC-CC simulation curve numerically coincides
with the comb simulation curve. In plot (b), we show the case where kA = 2 and
kB = 1. In this case, for some values of ϵ, QC-CCs show an advantage with respect to
quantum combs.
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Conjecture 1. There is no (kA + kB)-slot higher-order transformation C,
described by a quantum circuit with fixed or classically-controlled
causal order, that can simulate the quantum switch, i.e., that satisfies

CðA�kA ,B�kB Þ :¼ SðA,BÞ ð15Þ

for all n-qubit quantum channels A and B, if maxðkA, kBÞ≤ gðnÞ, for
some g(n) = Θ(2n).

Our rationale behind conjecturing that no simulation is possible,
even with multiple (albeit a sub-exponential number of) calls to both
input channels is the following. As mentioned above, there exists a
deterministic and exact simulation of the quantum switchwith a single
query to a general channel B and two queries to a unitary channel A.
However, simulating the quantum switch for general channels A and B
requires correlating each Kraus operator Ak on the ∣0i branch—which
can be obtained by querying A before B—with the same Ak on the ∣1i
branch—which can be obtained by querying A after B [see Eq. (2)]. In
this view, B can be considered as a fixed channel39, and therefore the
intuition is that querying it multiple times is no better than querying it
once. The rational for the bound to beΘ(2n) is that all themain steps in
the proof of Thm. 2 except one hold for a bound ofΘ(2n) with (kA + kB)-
slot higher-order transformations, and only for Lemma 4were we only
able to prove the (kA + 1)-slot case. It remains to be seen whether the
action of the quantum switch can be simulated with any finite number
of queries to one or both input channels.

Discussion
In this work, we have concretely formulated the problem of simulating
higher-order transformations with indefinite causal order using
higher-order transformations that obey causal constraints and have
access to more calls of the input operations. Our case study for this
problem was the quantum switch. We defined the problem in its full
generality, considering also cases where the quantum switch acts only
on part of its input quantum channels.

We showed that the (one-sided) quantum query complexity of
the action of the quantum switch on n-qubit channels, with respect to
all quantum circuits with fixed and classically-controlled causal
order, is lower bounded by 2n (Thm. 2). Notably, the exponential
separation that we prove is formulated with respect to a computa-
tional task where the inputs and outputs of the computation are
given by black-box quantum channels1,2,6,40. This is in contrast to
previous works on the query complexity of the quantum switch,
where the output of the computation is a bit representing the eva-
luation of a classical function, in which case no such exponential
separation has been found9,16–18,41.

We additionally proved that an extra copy of each input quantum
channel, i.e., (kA, kB) = (2, 2), is not sufficient to deterministically
simulate the quantum switch with a quantum circuit. Considering
probabilistic simulations, we proved a range of rigorous strict upper
bounds on the probability of successful simulation in various different
scenarios (Thm. 3). In order to do so, we developed and applied a
general method of computer-assisted proofs based on semidefinite
programming. We also explored approximate simulations in some
cases, showing that the switch cannot be simulated even approxi-
mately for some ϵ >0 with probability p = 1.

Finally, we showed that for some particular kinds of input, non-
universal simulations exist. The most general such case is when A is a
bipartite unitary channel, B is a bipartite general channel, and the
quantum switch acts only on part of the input channels. Such a simu-
lation exists and requires only an extra call of A (Thm. 1). A simulation
also exists for the particular case where the input pair of channels of
the switch are identical qubit quantum channels, A =B. Here, 4 calls of
the input channel are necessary and sufficient for a restricted deter-
ministic simulation, where the input states are fixed and the target
output system is discarded. However, this result does not hold for

more general simulation scenarios, where the output target system is
not discarded. This possibility of simulation in the restricted case, but
not in more general cases, is also true for the simulation of the action
of the switch on qubit unitary channels with the orders AABB
and BAAA.

Our results have implications for the analysis of the experiments
based on the quantum switch42, particularly the ones that make use of
non-unitary channels, such as those reported in refs. 43–47. A long-
standing debate in the community is whether these experiments are a
genuine realization or some formof simulation of the quantum switch.
One important criticism is that several experimental setups leave room
for the interpretation that there are two independent calls of each
input quantum channel available in the transformation. Here, we have
proven that such access still does not allow for a causally ordered
explanation of the observed data. On the other hand, an alternative
causal model that can reproduce the action of the quantum switch is
one that, insteadof considering the inputs to be two independent calls
of a general channel, considers inputs that can be described as bipar-
tite channelswithmemory, which canbe interpreted as two correlated
uses of a general quantum channel48,49. As a corollary of our result in
Theorem3,weobserve that there does not exist a quantumcircuit that
can take two independent uses of an arbitrary channel as input and
output a bipartite channel with memory that corresponds to two
correlated uses of the input quantum channels. Therefore, a causal
model based on correlated inputs is not compatible with a simulation
scenario that considers black-box inputs, as considered here. How-
ever, this point alone is not sufficient to rule out this model as a fair
description of the experiments. It is our hope that our results will
encourage further rigorous analysis of potential loopholes in the
quantum switch experiments.

Our work opens up the study of query complexity in the context
of higher-order quantum computation where the inputs and outputs
of the computation are general quantum channels. The question of
whether any finite number of calls suffices to perform a simulation
of the switch is of high relevance and remains open. Further inves-
tigation of this topic will be crucial to determine, for example,
whether advantages in specific tasks that have been previously
demonstrated can persist in the asymptotic limit of the available
number of calls. Should it ever be shown that the quantum switch
can be simulated with a finite number of calls, a relevant follow-up
question is related to the scaling of the necessary number of calls,
and to whether or not the switch can be efficiently simulated in a
deterministic setting.

The existence of efficient deterministic and exact simulation of
quantum processes with indefinite causal order may pose itself as an
interesting physical guideline to help us understand on the one hand,
which kinds of higher-order transformations can be realistically
implemented, and on the other hand, what advantages they may
provide.

Methods
Preliminaries
In our technical calculations, we make use of the Choi–Jamiołkowski
isomorphism50,51 and the link product1.

Using this isomorphism, any linear map M : LðHI Þ ! LðHOÞ that
maps linear operators acting on an input space to linear operators
acting on an output space can be represented by a linear operator
JM 2 LðHI �HOÞ that acts on the joint input and output space, called
the Choi operator, which is given by

JM :¼
X
ij

∣iihj∣�M½∣iihj∣�, ð16Þ

where f∣iigi is the computational basis. A linear map M is completely
positive (CP) if and only if its Choi operator JM is positive semidefinite,
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and is trace-preserving (TP) if and only if JM satisfies trOðJM Þ=1I , where
1I is the identity operator inLðHI Þ. Hence, theChoi operator of general
quantum channels satisfy these conditions.

Any linear operator U : HI ! HO can be represented by its Choi
vector ∣Uii 2 HI �HO, where

∣Uii :¼
X
i

∣ii � U∣ii: ð17Þ

Hence, a unitary channel U such that U½ρ�=UρUy, where U is a unitary
operator that corresponds to the single Kraus operator of the channel
U, has Choi operator JU = ∣Uii Uh ∣h .

Using this representation, the composition G ∘ F of two maps
F : LðH1Þ ! LðH2Þ and G : LðH2Þ ! LðH3Þ, with respective Choi
operators JF 2 LðH1 �H2Þ and JG 2 LðH2 �H3Þ, is given by the link
product JF * JG 2 LðH1 �H3Þ, according to

JF � JG :¼ tr2½ðJF � 13Þð11 � ðJGÞT2 Þ�, ð18Þ

where ð�ÞTX denotes partial transposition on the space LðHX Þ.
The link product for Choi vectors ∣Qii 2 H1 �H2 and ∣Rii 2

H2 �H3 is given by ∣Qii*∣Rii 2 H1 �H3, defined as

∣Qii*∣Rii :¼
X
i

ð11 � ih ∣Þ∣Qii � ð ih ∣� 13Þ∣Rii: ð19Þ

Sketch of the proof of Theorem 2
While we provide the full proof of Thm. 2 in Supplementary Note 3,
here we give a sketch of the proof for the case where kA = 2.

Herewe adopt a slightly different notation fromthemain text, and
write the higher-order transformation C as a function CðA,B,CÞ that
takes three arguments, each corresponding to a quantum channel that
can be plugged into one of its three slots. Hence, instead of writing,
e.g., CðA�2,BÞ we will use CðA,A,BÞ.

Let CðA,A,BÞ be a simulation of the action of the quantum switch
SðA,BÞ on all mixed unitary quantum channels A and unitary channels
B. Then, for arbitrary unitary channels U1, U2, V, the simulation C
necessarily respects

C U1 +U2

2
,
U1 +U2

2
,V

� �
=S U1 +U2

2
,V

� �
: ð20Þ

By linearity, Eq. (20) implies that

P2
i, j = 1

CðUi,Uj ,V Þ= 2
P2
k = 1

SðUk ,V Þ: ð21Þ

Let C be the Choi operator of the simulation C, S= ∣Sii Sh ∣h be the
Choi operator of the quantum switch transformation S, defined by
Eq. (1) and written explicitly in Supplementary Note 1, and ∣Ul

��
Ul

�
∣

�
denote the Choi operator of a unitary channel Ul. Then, Eq. (21) can be
expressed as

P2
i, j = 1

C* ∣Ui

��
Ui

�
∣

� � ∣Uj

EE
Uj

D
∣

D
� ∣Vii Vh ∣h

� �
=2

P2
k = 1

∣Sii Sh ∣h * ∣Uk

��
Uk

�
∣

� � ∣Vii Vh ∣h	 

:

ð22Þ

Assuming that C is positive semidefinite, it accepts a decomposi-
tion C =

P
a

���CðaÞ
EEDD

CðaÞ∣ where
���CðaÞ

EED
CðaÞ
D

∣≥0 for all a. From the

positivity of ∣Ul

��
Ul

�
∣

�
and ∣Vii Vh ∣h , it follows that

���CðaÞ
EEDD

CðaÞ∣* ∣U1

��
U1

�
∣

� � ∣U2

��
U2

�
∣

� � ∣Vii Vh ∣h	 

≤ 2∣Sii Sh ∣h * ∣U1

��
U1

�
∣

�
+ ∣U2

��
U2

�
∣

�	 
� ∣Vii Vh ∣h� 

,

ð23Þ

for every a.
Following the definition of the link product for Choi vectors,

∣Qii Qh ∣h *∣Rii Rh ∣h is given by ð∣Qii*∣RiiÞð∣Qii*∣RiiÞy (see, e.g., Lemma 1
of ref. 52). Thus, the support of the right-hand side of Eq. (23) is given
by spanf∣Sii*ð∣Uk

�i � ∣ViiÞg2k = 1 and that of the left-hand side of Eq. (23)
is the one-dimensional subspace spanned by

���CðaÞ
EE

*ð∣U1

�i�
∣U2

�i � ∣ViiÞ. Therefore, one can write

���CðaÞ
EE

* ∣U1

�i � ∣U2

�i � ∣Vii	 

=
P2
k = 1

ξ ðaÞk ðU1,U2,VÞ∣Sii* ∣Uk

�i � ∣Vii	 

,

ð24Þ

for some coefficients ξ ðaÞk ðU1,U2,VÞ 2 C. A proof of this fact is in
Lemmas 1 and 2 in Supplementary Note 3.

We now invoke Lemma 3 and Lemma 4 in Supplementary Note 3
to ensure that, when Eq. (24) is satisfied, there exist vectors ∣ξ ðaÞ1

EE
2

HI2 �HO2 and ∣ξ ðaÞ2

EE
2 HI1 �HO1 , such that

���CðaÞ
EE

=
X2
k = 1

∣Sii � ∣ξ ðaÞk

EE
, ð25Þ

for all a, where ∣ξ ðaÞ1

EE
and ∣ξ ðaÞ2

EE
are independent of U1, U2, and V.

Next, we argue why this is the case.
The basic idea for this part of the proof is based on differentiation

with respect to a parametrization of the input unitary operators, a
technique introduced in ref. 35 by some of the present authors. Sup-
pose that U1, U2, and V are taken from the set {I, X, Y, Z} of Pauli
operators. If U1 ≠ U2, then ∣Sii*ð∣U1

�i � ∣ViiÞ and ∣Sii*ð∣U2

�i � ∣ViiÞ are
linearly independent. In this case, we can show using linearity that
ξ ðaÞ1 ðU1,U2,VÞ is independent ofU1,V and ξ ðaÞ2 ðU1,U2,VÞ is independent
of U2,V. If on the other hand U1 =U2 = σ, then ∣Sii*ð∣U1

�i � ∣ViiÞ and
∣Sii*ð∣U2

�i � ∣ViiÞ are not linearly independent.
In such cases, it turns out that ξ ðaÞ1 ðσ,σ,VÞ and ξ ðaÞ2 ðσ,σ,VÞ can be

suitably chosen as ξ ðaÞ1 ðσ0, σ,VÞ and ξ ðaÞ2 ðσ, σ0,VÞ, respectively, where
σ0≠σ is a Pauli operator. Note that ξ ðaÞ1 ðσ0,σ,VÞ and ξ ðaÞ2 ðσ,σ0,VÞ do not
depend on the choice of σ0 as long as σ0≠σ holds. The fact that such a
redefinition is consistent with Eq. (24) can be proven by differentiating
the expression ξ ðaÞi ð~σðθÞ, ~σðθÞ,VÞ, where ~σðθÞ is a parameterized unitary
operator satisfying ~σð0Þ= σ and d

dθ jθ=0~σðθÞ / σ0. This redefinition
implies that ξ ðaÞ1 ðU1,U2,VÞ and ξ ðaÞ2 ðU1,U2,VÞ are independent ofU1 and
U2, respectively. By linearity, we can show that for i ∈ {1, 2},
ξ ðaÞk ðU1,U2,VÞ is independent of V.

The independence relations above imply that we can write

ξ ðaÞ1 ðU1,U2,VÞ= ∣ξ ðaÞ1 ii*∣U2ii and ξ ðaÞ2 ðU1,U2,V Þ= ∣ξ ðaÞ2 ii*∣U1ii for some

vectors ∣ξ ðaÞ1 ii, ∣ξ ðaÞ2 ii. Substituting this into Eq. (24) gives

���CðaÞ
EE

* ∣U1

�i � ∣U2

��� ∣Vii	 

=
P2
k = 1

∣Sii � ∣ξ ðaÞk

EE
* ∣U1

��� ∣U2

�i � ∣Vii	 

:

ð26Þ

Since this holds for all combinations of Pauli operators U1,U2,V, we
obtain Eq. (25).

Hence, we have shown that the assumption of a simulation of the
quantum switch given by a higher-order transformation with Choi
operator C =

P
a∣C

ðaÞiihhCðaÞ∣≥0 implies the existence of vectors ∣ξ ðaÞ1 ii
and ∣ξ ðaÞ2 ii that satisfy Eq. (25). Finally, we invoke Lemma 5 in
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Supplementary Note 3, which states that such a higher-order trans-
formation does not satisfy the QC-CC conditions.

Semidefinite programming
Here, we show that the problem of simulating the quantum switch can
be phrased as an SDP.

Let S be the Choi operator of the quantum switch transformation
S, defined in Eq. (1), written explicitly in the Supplementary Note 1. Let
JA and JB be the Choi operators of the quantum channels A and B.
Finally, let C be the Choi operator of the deterministic higher-order
transformation C, which corresponds to a quantum comb, and Cs be
the Choi operator of the higher-order transformation Cs associated
with the success outcome of a probabilistic transformation. Then, the
maximumprobability of simulating the action of the quantum switch S
on a set of NA channels fJAi g

NA

i = 1 and a set of NB channels fJBj g
NB

j = 1
using a

quantum comb C that acts on kA calls of J
A
i and kB calls of J

B
j is given by

the following SDP:

given fJAi gi, fJBj gj , kA, kB

max p

s:t: Cs � ½ðJAi Þ
�kA � ðJBj Þ

�kB �=pS*ðJAi � JBj Þ 8 i, j
Cs ≥0, C � Cs ≥0,

PðCÞ=C, trðCÞ=dcI
dtI

dkA
AO
dkB
BO
,

ð27Þ

where P is the projector onto the linear subspace spanned by valid
quantum combs1,5,8 (explicitly written in Supplementary Note 1), and
dX :¼ dim ðHX Þ. For a simulation given by QC-CC transformations, the
constraint PðCÞ=C should be substituted by the appropriate linear
constraints that define a proper QC-CC transformations, as well as
additional normalization constraints on Cs

27. These constraints are
explicitly written in the Supplementary Note 1 for the cases of 2 and
3 slots. Notice that, following results from Section “Discussion” of
ref. 20, the variablesC andCs in this SDP canbe restricted to thefield of
real numbers without loss of generality, a feature that improves
numerical performance.

The dual problem associated to this SDP can be found by com-
bining standard methods53 with dual affine techniques (see, e.g., the
derivation of a similar dual problem in Appendix B of ref. 10, inspired
by ref. 54). It is given by

given f JAi gi, f JBj gj , kA, kB

min 1
d
kA
AI

d
kB
BI

dcO
dtO

trðΓÞ

s:t:
P
i, j

tr½Rij ðS*ð JAi � JBj ÞÞ�= 1

Γ�P
i, j

Rij � ½ð JAi Þ
�kA � ð JBj Þ

�kB �
T
≥0

Γ ≥0, PðΓÞ= Γ,

ð28Þ

whereP is the projector onto the linear subspace spanned by the dual
affine of valid combs5,10,54 (also explicitly written in the Supplementary
Note 1). In the case of this dual SDP problem, the variable Γmay also be
restricted to the field of real numbers, since it is the Lagrange multi-
plier associated to the constraint PðCÞ=C (an equality between real
matrices); however, the same is not true for the variables {Rij}, which
are the Lagrange multipliers associated to the constraints
Cs*½ðJAi Þ

�kA � ðJBj Þ
�kB �=pS*ðJAi � JBj Þ, an equality between complex

matrices. Nonetheless, restricting {Rij} to real values still allows for
feasible points that yield a valid upper bound for the optimal solution
of this problem.

Finally, the SDPs 27 and (28) satisfy the condition of strong dua-
lity, which is implied by the fact that a strictly feasible point for the

primal problem can be created from the probabilistic simulation of
ref. 6 that requires no extra calls.

Basis design
For any input set of channels, the solution of SDP 27, or equivalently of
SDP (28), corresponds to the maximum probability of success of a
simulation of the action of the quantum switch on the specific given
inputs, with a simulation that has access to the specified number of calls
of the input channels and that satisfies the specified causal constraints.
Then, the maximum probability of success of a universal switch simu-
lation—one that works for all possible input channels and not only for
the given inputs—can be obtained by setting fðJAi Þgi to be a set of
operators that forms a basis for the span ðfðJAi Þ

�kA giÞ, i.e., the subspace
spanned by kA copies of an arbitrary quantum channel, and equivalently
for fðJBi Þg. In this case, if the constraint Cs*½ðJAi Þ

�kA � ðJBj Þ
�kB �=p S*ðJAi �

JBj Þ holds for all i, j, then it also holds for arbitrary quantum channels. In
other words, it implies that Cs*½ðJAÞ

�kA � ðJBÞ�kB �=pS*ðJA � JBÞ holds for
all channels JA and JB, thereby implying the existence of a universal
probabilistic simulator with success probability p.

There are a few properties that the elements JAi and JBj of these
bases must satisfy in order to be valid inputs of the SDPs 27 and (28).
The first is that it is necessary to ensure that the operators JAi and JBj
individually correspond to TP maps, in order for the total trace of

both sides of the constraint Cs �
h
ðJAi Þ

�kA � ðJBi Þ
�kB
i
=p S � ðJAi � JBi Þ to

match. However, they do not need to correspond to CP maps, i.e., to
be positive semidefinite operators. That is because all elements of

the span ðfJAi giÞ can be written as linear combinations of the elements

of a set fJ0Ai gi which correspond to TP maps (but not necessarily CP
maps) and form a basis for the space spanned by quantum channels.
Finally, it is also necessary that these operators can be themselves
expressed as a tensor power of a TP map, because they play the role
of the inputs of the quantum switch, which takes only a single call of
each input. That is, they appear on both sides of the con-

straint Cs*½ðJ0Ai Þ
�kA � ðJ0Bj Þ

�kB �=p S*ðJ0Ai � J0Bj Þ.
We now construct a convenient basis for the linear space spanned

by the set of k copies of any quantumchannel,whichwill be used in the
computer-assisted proofs presented subsequently.

First, note that an arbitrary self-adjoint two-qubit operator M 2
LðHI �HOÞ ffi LðC2 �C2Þ can always be written as

M = λ1� 1
+
P
i
αi σi � 1+

P
j
βj 1� σj +

P
ij
γijσi � σj, ð29Þ

where all σi ∈ {X, Y, Z} are Pauli operators, and λ,αi,βj, γij 2 R. Since
operators M that correspond to a TP map satisfy trOðMÞ=1I , in this
case one has that λ = 1/2 and αi = 0. This implies that the dimension of
the linear space spanned by the set of qubit quantum channels is
3 + 9 + 1 = 13. One can then construct a convenient basis for the sub-
space spanned by qubit quantum channels, given by

B1 :¼ 1� 1
2 ,

�
1� 1

2 +1� σi,

1� 1
2 + σj � σk

o
i, j, k

:

ð30Þ

Notice that all elements of the basis set B1 correspond to TP maps,
even if they are not necessarily positive semidefinite.

Wenowconsider the linear space spannedby the set of k copies of
any arbitrary qubit channel, i.e., the span of the set of all J⊗k such that
trOðJÞ=1I . If a linear subspace V has dimension dV , then the dimension

of the space span ðfJ�k j J 2 VgÞ is given by
dV � 1 + k

k

� �
28. By setting

dV = 13 and k = 2, we see that the space spanned by the set of two
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identical copies of qubit channels has dimension 91. Hence, in order to
find a basis for two identical copies of qubit channels, it is enough to

exhibit a set of 91 operators Ji, all respecting trOðJiÞ=1I , such that the

set fJi�2g91i= 1 is composed of linearly independent operators.

Let
ρi 2 f1� 1

2 , 2∣ϕ
+ � ϕ+�

∣,1� ∣0i 0h ∣,1� ∣+ i +h ∣,1� ∣+ Y

�
+ Y

�
∣g, where

∣ϕ± � :¼ 1ffiffi
2

p ð∣00i± ∣11iÞ are maximally entangled two-qubit states and
∣± Y

�
:¼ 1ffiffi

2
p ð∣0i± i∣1iÞ. Then, let σI

i 2 f1,X , Y ,Zg and σO
i 2 fX ,Y ,Zg. We

define the set of operators

B2 :¼ 1� 1
2

	 
�2
,

n
ρi ± σ

I
j � σO

k

� ��2
,

ρl + σ
I
m � σO

n + σI
p � σO

q

� ��2
�

i, j, k, l,m,n,p,q
,

ð31Þ

which can be shown to contain a subset of 91 linearly independent
operators by standard computational methods. Hence, the set B2

forms an overcomplete basis, from which one can obtain a standard
basis (containing only 91 operators) by discarding any operators that
are not linearly independent. This set of 91 operators forms a basis for
the linear subspace spanned by two identical copies of any arbitrary
qubit channel.

For the case of k = 3, we begin by calculating the dimension of the
space spanned by three identical copies of arbitrary qubit channels, by
setting dV = 13 and k = 3, obtaining that the dimension of the relevant
space is 455. Again, in order to find a basis for three identical copies of
qubit channels, it is enough to exhibit 455 operators Ji respecting
trOðJiÞ=1I , such that the set fJi�3g455i = 1 is composed of linearly inde-
pendent operators.

Let ρi 2 f1� 1
2 , 2∣ϕ

+ � ϕ+�
∣, 2∣ϕ�� ϕ��

∣, 2∣ψ+ � ψ+�
∣, 2∣ψ�� ψ��

∣,1�
∣0i 0h ∣,1� ∣1i 1h ∣,1� ∣+ i +h ∣,1� ∣�i �h ∣,1� ∣+ Y

�
+ Y

�
∣g,1� ∣�i

� �i

�
∣g,

where ∣ψ ± � :¼ 1ffiffi
2

p ð∣01i± ∣10iÞ aremaximally entangled two-qubit states
and ∣�i :¼ 1ffiffi

2
p ð∣0i � ∣1iÞ. Then, let σI

i 2 f1,X ,Y ,Z ,X +Z ,X + Y g and

σO
i 2 fX , Y ,Z ,X +Z ,X + Y g. We define the set of operators

B3 :¼ ρi ± σ
I
j � σO

k + σI
l � σO

m

� ��3
� �

i, j, k, l,m
, ð32Þ

which can be shown to contain a subset of 455 linearly independent
operators by standard computational methods. This set of 455
operators forms a basis for the linear subspace spanned by three
identical copies of arbitrary qubit channels.

In general, one can always construct a basis for the space spanned
by k 2 N copies of arbitrary qubit channels by finding coefficients
αijl , γijjl 2 R, such that the set

1� 1
2
+
X
i

αijl1� σi +
X
ij

γijjlσi � σj

 !�k
8<:

9=;
l

ð33Þ

contains
13� 1 + k

k

� �
linearly independent operators.One simpleway

to find such coefficients is simply to choose them at random.

To evaluate the SDPs 27 and (28) when the inputs form a basis for
the space spannedby kA copies of channelA and kB copies of channelB,
the overall number of input pairs of channels are: for (kA, kB) = (1, 1),
NANB = 13 ⋅ 13 = 169; for (kA, kB) = (2, 1), NANB = 91 ⋅ 13 = 1183; for
(kA, kB) = (3, 1), NANB = 455 ⋅ 13 = 5915; and finally for (kA, kB) = (2, 2),
NANB = 91 ⋅ 91 = 8281, making these SDPs very computationally
demanding.

Computer-assisted proofs
While floating-point arithmetic provides an efficient and powerful
numerical method to treat real numbers, it suffers from some funda-
mentally unavoidable issues. For instance, addition and multiplication
of floats is not associative and equality and inequality constraints are
not satisfied exactly, but only up to some numerical precision.We now
show how efficient numerical solvers that make use of floating-point
arithmetic can be used to obtain a rigorous upper bound on the
maximal success probability of simulating the quantum switch, hence
leading to a bona-fide computer-assisted proof. Our methods are
based on ref. 10.

BOX 1

Algorithm for computer-assisted proofs

1. Construct symbolic non-floating-point operators Γsymand Rsym
ij by truncating Γfloatand Rfloat

ij to obtain symbolic operators

expressed only in terms of rational numbers.
This allows us to work with fractions and to avoid numerical imprecision.

2. Force the operators Γsymand Rsym
ij to be self-adjoint by making use of the expression (M + M†)/2, which is self-adjoint for

any M.
This ensures that we are dealing with self-adjoint operators.

3. Evaluate tsym :¼ P
i, jtr½Rsym

ij ðS*ðJAi � JBj ÞÞ�, where S, JAi ,and JBj are also symbolic operators. Define ROK
ij :¼ Rsym

ij =tsym for alli, j.
Here, we use the basis with rational coefficients constructed earlier to ensure that the operators ROK

ij satisfy the SDP equality constraint exactly.

4. Project Γsym onto the appropriate subspace to obtain PðΓsymÞ.
This ensures that the resulting operator PðΓsymÞ is in the correct linear subspace.

5. Find η 2 R such that ΓOK :¼ PðΓsymÞ+η1 � 0 and ΓOK �Pi, jR
OK
ij � ðJAi

�kA � JBj
�kB Þ

T
� 0.

This ensures the positivity constraints in the dual SDP (28) are satisfied.

6. Output the quantity trðΓOKÞ=dcI
dtI

dkA
AO
dkB
BO
, which is a rigorous upper bound of the primal problem.

All equality and inequality constraints hold without relying on floating-point precision, and the operators ΓOK and ROK
ij yield a proof certificate that

p 	 trðΓOKÞ=dcI
dtI

dkA
AO
dkB
BO
.
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The duality aspects of semidefinite programming53 ensure that
any feasible point of the dual problem, presented in SDP (28), yields an
upper bound for the solution of the maximisation problem in the
primal SDP 27. That is, any set of operators fRijgij and Γ that respectsP

i, jtr½Rij ðS*ðJAi � JBj ÞÞ�= 1, Γ�Pi, jRij � ½ðJAi Þ
�kA � ðJBj Þ

�kB �
T
≥0, Γ ≥0,

and PðΓÞ= Γ, implies that the probability of simulating the quantum
switch is necessarily p≤ trðΓÞ=dcI

dtI
dkA
AO
dkB
BO
. Standard numerical SDP

solvers can be used to find a floating-point solution for the dual pro-
blem in SDP (28), and to provide explicit operators fRfloat

ij g
ij
and Γfloat

that approximately satisfy the SDP constraints. We now show how the
operators fRfloat

ij g
ij
and Γfloat can be used as a good initial ansatz to

construct symbolic operators ROK
ij and ΓOK, which are not stored as

floating-point variables and which satisfy the SDP constraints exactly,
ensuring that trðΓOKÞ=dcI

dtI
dkA
AO
dkB
BO

is a legitimate upper bound for the
probability of success of simulating the quantum switch. In order to do
so, we use the bases presented in Eqs. (30), (31), (32), and (33), which
only contain small rational numbers. In Box 1, we present an algorithm
to extract a computer-assisted proof from numerical solvers.

The algorithmdescribed in Box 1 deserves two clarifications. First,
since the projector P is unital, i.e., Pð1Þ=1, for any η 2 R and any
operator M, we have that PðMÞ+η1=PðM +η1Þ. Second, checking if
an operator is positive semidefinite canbedone efficiently through the
Cholesky decomposition—more details are provided in Supplemen-
tary Note 6.

Data availability
No data sets were generated or analyzed during the current study.

Code availability
All code developed for this work is available at our online repository in
ref. 55. For numerically evaluating our SDPs, we used the Splitting
Conic Solver (SCS)56,57 and MOSEK58.
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