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One-to-One Correspondence Between Deterministic
Port-Based Teleportation and Unitary Estimation

Satoshi Yoshida"™, Yuki Koizumi, Michat Studzinski*”, Marco Tilio Quintino*”, and Mio Murao

Abstract—Port-based teleportation is a variant of quantum
teleportation, where the receiver can choose one of the ports
in his part of the entangled state shared with the sender, but
cannot apply other recovery operations. We show that the optimal
fidelity of deterministic port-based teleportation (dPBT) using
N = n + 1 ports to teleport a d-dimensional state is equivalent
to the optimal fidelity of d-dimensional unitary estimation using
n calls of the input unitary operation. From any given dPBT,
we can explicitly construct the corresponding unitary estimation
protocol achieving the same optimal fidelity, and vice versa.
Using the obtained one-to-one correspondence between dPBT
and unitary estimation, we derive the asymptotic optimal fidelity
of port-based teleportation given by 1 — O@d*)N2? < F <
1 - Q(d*)N2, which improves the previously known result given
by 1 - O@)N2 < F £ 1-Q(d*)N-2 We also show that the
optimal fidelity of unitary estimation for the case n < d - 1
is F = ";;1, and this fidelity is equal to the optimal fidelity
of unitary inversion with n < d — 1 calls of the input unitary
operation even if we allow indefinite causal order among the
calls.
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I. INTRODUCTION

UANTUM teleportation [1] is one of the fundamental

protocols in quantum information, which is widely used
in quantum communication [2] and quantum computation [3],
[4]. Tt also opens up a way to understand fundamental prop-
erties of quantum mechanics, such as quantum entanglement
[5]. In the original protocol of quantum teleportation, Alice
sends an unknown quantum state to Bob by using a shared
entanglement with the Bell measurement on the unknown state
and her share of the entangled state and classical communica-
tion. Depending on the outcome of Alice’s measurement, Bob
applies a Pauli operation on his part of the shared entangled
state to recover her state.

Port-based teleportation (PBT) [6], [7] is a variant of the
teleportation protocol, where Alice and Bob share an entangled
2N-qudit state, and each of Alice and Bob possesses N qudits
(called ports). Alice performs a joint measurement on an
unknown state and Alice’s N ports. Instead of applying a
Pauli operation, Bob can only choose a port from N ports
of the shared entanglement to recover Alice’s state. Since
Bob’s recovery operation commutes with parallel calls of the
same quantum operation applied to Bob’s ports, we can use
port-based teleportation to apply a quantum operation £ to a
quantum state prepared after the application of £ in the fol-
lowing way. We first apply a quantum operation £ in parallel
to Bob’s ports (storage) and use it for port-based teleportation
of the quantum state p. As a result, Bob obtains the quantum
state £(p) (retrieval). Such a task is called storage-and-retrieval
[8], quantum learning [9], or universal programming [10],
[11]. Beyond storage-and-retrieval, port-based teleportation
has wide applications in quantum cryptography [12], Bell non-
locality [13], holography [14], [15], and higher-order quantum
transformations [16], [17], [18], [19]. Port-based teleportation
is also extended to the scenario where Alice’s state is given
by multi-qudit states (multi port-based teleportation) [20], [21]
and continuous-variable states [22].

Since the no-programming theorem prohibits a deterministic
and exact implementation of storage-and-retrieval [11], port-
based teleportation is also impossible in a deterministic and
exact way. This no-go theorem led researchers to consider
probabilistic or approximate protocol [6], [7], [23], [24], [25],
[26], [27], [28], [29], [30], [31], [32], [33], [34], [35], [36],
[37]. The former is called probabilistic port-based teleportation
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Fig. 1. This work shows the one-to-one correspondence between deterministic port-based teleportation (dPBT) and unitary estimation (see Thm. 1). Combining
this result with [9] and [18], we also show the one-to-one correspondence with deterministic storage-and-retrieval (dSAR) of unitary operation and deterministic
parallel unitary inversion. (a-1) In dPBT, Alice approximately teleports her unknown state p by sending the measurement outcome a of the joint measurement
on the target state p and half of a shared 2N-qudit entangled state ¢ppt. Bob chooses the port a of the other half to obtain a quantum state close to p. Its
circuit description is shown in (a-2). By using the one-to-one correspondence, its asymptotic optimal fidelity is shown to be Fpgr(N,d) = 1 — @(d*N72) (see
Cor. 3). (b) In unitary estimation, n calls of unitary operator U are applied in parallel to the resource state ¢es;, and the output state is measured in a positive
operator-valued measure (POVM) measurement {M, UdU }p to obtain the estimated unitary U. By using the one-to-one correspondence, its optimal fidelity is
shown to be Feg(n,d) = "ng for n <d -1 (see Cor. 4). (c) In dSAR, n calls of U are applied into a resource state psar to obtain a program state Y. In
a later moment, the action of U is retrieved by applying a quantum operation D on the joint system of the input state p and the program state . (d) In
deterministic parallel unitary inversion, an operation £ is applied before n calls of an unknown unitary operator U, and an operation D is applied just after,
in a way that the resulting composition is approximately U~!. For n < d — 1, the parallel protocol achieves the optimal fidelity even if we consider the most
general protocol including the ones with indefinite causal order (see Thm. 5).

(pPBT), and the latter is called deterministic port-based tele-
portation (dPBT). The optimal success probability of pPBT is
explicitly given in [7] and [25], and it is known to be utilized to
achieve the optimal success probability of storage-and-retrieval
of unitary operation [8]. On the other hand, less is known for
the optimal fidelity of dPBT, and no closed formula is known
except for the qubit case [6]. Its asymptotic form is shown
in [28], but its lower and upper bounds do not coincide with
each other. Also, dPBT is known not to provide the optimal
fidelity of storage-and-retrieval of unitary operation [10], [18].

In this paper, we show a one-to-one correspondence of the
dPBT with another widely explored task called the unitary
estimation in the Bayesian framework [9], [10], [38], [39],
[40], [41], [42], [43], [44], [45], [46], [47], [48], [49], [50].
We show that the optimal fidelity of d-dimensional unitary
estimation using n calls of the input unitary operation is
equivalent to that of dPBT using N = n+ 1 ports to teleport a
d-dimensional state. Our proof is made in a constructive way,
once the optimal protocol for dPBT is given, we can explicitly
construct the corresponding unitary estimation protocol and
vice versa. Combining our results with previously known the
one-to-one correspondence between unitary estimation, deter-
ministic storage-and-retrieval (dSAR) [9] and deterministic
parallel unitary inversion [18], we then obtain a one-to-one
correspondence between the four tasks (see Fig. 1). Note that
this one-to-one correspondence does not imply that the optimal
dPBT protocol provides the optimal fidelity of dSAR; rather,
our result implies the opposite. If we use the dPBT protocol to

perform the dSAR using n calls of the input unitary operation
U, it provides the fidelity given by Fppr(n, d), which is strictly
smaller than Fsar(n,d) = Fpgr(n + 1,d) from our one-to-one
correspondence.

The one-to-one correspondence proved here allows us to
translate previous results on the optimal fidelity of unitary
estimation to that of dPBT and vice versa. This allows us to
prove that the asymptotic fidelity of optimal dPBT is precisely
Fpgr(N,d) = 1 — O(d*N7?), from a corresponding result for
unitary estimation [10], [50]. This result improves upon the
previous result [28] and gives a tight scaling with respect to
d. Also, results from dPBT [26], allow us to show that the
fidelity of unitary estimation is given by “5l for n < d — 1.
Finally, we prove that the optimal fidelity of unitary inversion
using n calls of the input unitary operation is given by that
of unitary estimation for n < d — 1 even when considering
adaptive circuits or protocols without a definite causal order
[51], [52], [53].

II. ONE-TO-ONE CORRESPONDENCE BETWEEN DPBT
AND UNITARY ESTIMATION

In dPBT, Alice wants to teleport an arbitrary qudit state
p € L(Ap) to Bob using a shared entangled 2N-qudit state
opeT € LAY ® BY), where L(X) represents the set of linear
operators on a Hilbert space X, AN and BY are the joint
Hilbert spaces defined by AV = @, A; and BY = @1, B;
for Ay ~ A; ~ B; ~ C% Alice measures the quantum state
p and half of the shared entangled state ¢gpgr with a positive
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operator-valued measure (POVM) measurement {Hu}flvzl, and
sends the measurement outcome a to Bob. Bob chooses the
port a from the other half of the shared entangled state
¢paT, approximating Alice’s state p. The quantum state Bob
obtains is given by A(p), where A : L(Ay) — L(By) is the

teleportation channel [6], [54]

N
Ap) =Y Try (@l ¢mnl, (1)

a=1

with B, = ;.. Bi and 1 being the identity operator. The
performance of the dPBT protocol may be evaluated in terms
of channel fidelity [55] between a quantum channel with map
A : L(CY) — L(C% and a unitary operator U : C¢ — C,
quantity defined by
WA = S ITHK U, @)
where {K;}; is the set of Kraus operators of A satisfying A(p) =
>, KipK] [56]. The performance of a dPBT protocol is then
the fidelity between the teleportation channel of Eq. (1) and
the identity channel represented by the identity operator 1, €
L(CY, i.e,
Fepr = f(14, A). 3)

Unitary estimation is the task to obtain the classical descrip-
tion of the estimated unitary U of the input unitary operator
U € SU(d), which can be called n times. We use the Bayesian
framework [38] to evaluate the performance of unitary esti-
mation, and we assume a Haar-random prior distribution of
the input unitary operator. The performance of an estimation
protocol is given by its average fidelity

F&o = / du / d0pOI) (0. U), “
where p(U|U) is the probability distribution of obtaining the
estimator U given the input unitary operator U, dU and
dU are the Haar measures [57] on SU(d), f is the channel
fidelity, and & : L£(C?) — L(C% is the unitary operation
defined by U(-) = UUT. The optimal fidelity is shown
to be implementable by a parallel covariant protocol [9].
In the parallel covariant protocol [see Fig. 1 (b)], the n-
fold unitary operator U®" is applied to the resource state
pest € LIA" ® B"), and the POVM measurement {M,dU},
is applied to obtain the estimated unitary U, hence p(U|U) =
tr [My (U®" ® 14 )est(U®" ® Lan)']. Also, in the covariant
protocol, the average-case fidelity coincides with the worst-
case fidelity [38] FL = infy [ dOp(010)F(0,U).

In the following, we present a one-to-one correspondence
between dPBT and unitary estimation.

Theorem 1: The optimal fidelity of deterministic port-based
teleportation (dPBT) using N = n + 1 ports to teleport a d-
dimensional state [denoted by Fppr(N,d)] coincides with the
optimal fidelity of unitary estimation using n calls of an input
d-dimensional unitary operation [denoted by Fey(n,d)], i.e.,

Fppr(n + 1,d) = Fey(n,d) )

holds. In addition, given any dPBT protocol using N =n + 1
ports, we can construct a unitary estimation protocol with n
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calls attaining the fidelity more than or equal to the fidelity of
the dPBT, and vice versa.

Proof Sketch: We show this theorem by explicitly con-
structing a unitary estimation protocol from any given dPBT
protocol and vice versa (see Fig. 2). We first convert any
given dPBT and unitary estimation protocols into covariant
protocol without decreasing the fidelity [9], [26], [30], [47],
as shown in (a)—(b) and (c)—(d) of Fig. 2 (see Appendixes
B and C for the details). The covariant protocol' are protocols
with the resource states and the POVMs in specific forms
that are covariant with respect to certain representations of the
unitary group, see e.g., Def. 1 of [10]. The covariant dPBT
and unitary estimation protocols are shown to be parametrized
by non-negative weights w = {w,}, and ¥ = {v,}, associated
with irreducible representations of the unitary group SU(d),
respectively, satisfying the normalization conditions given by

Y=Yt ®
u a
In addition, the corresponding fidelities are given by
Fppr = W' Mpgr(N, d)V7, (7
Fest = 7' Meg(n, d)?, ®)

using the teleportation matrix Mpgr(N, d) [26] and the estima-
tion matrix Mg (n, d) [10], [43], [44], [47]. These two matrices
are shown to be related by introducing a matrix R(n,d) as
shown below:

Mppr(N, d) = %R(N - 1,d)"R(N - 1,d), 9)

Mey(n, d) = %R(n, AR (n,d). (10)

Then, we present an explicit recipe to convert between
covariant protocols for dPBT with N = n + 1 calls and
unitary estimation with n calls keeping the fidelity, given by
multiplying R(n,d) or R(n,d)" to the weight vectors W or ¥,
respectively, as shown in (b) & (d) of Fig. 2. A detailed proof
of Thm. 1 is presented in Appendix D. O

III. ONE-TO-ONE CORRESPONDENCE BETWEEN FOUR
DIFFERENT TASKS

In [9], the optimal unitary estimation using n calls is shown
to be equivalent to the optimal deterministic storage-and-
retrieval (ASAR) protocol using # calls, and in [18], the optimal
unitary estimation using n calls is shown to be equivalent to the
optimal deterministic parallel unitary inversion protocol using
n calls. Combining these with Thm. 1 proved in this work,
we obtain the one-to-one correspondence among the optimal
fidelity of these four tasks (see Fig. 1). For completeness, we
now describe the task of dSAR and parallel unitary inversion.

The dSAR (see Fig. 1), also referred to as unitary learning,
considers the problem of storing the usage of an arbitrary
input unitary operation on some state in a way that the usage
of this operation may be retrieved in a later moment. When
the usage of the input operations is made in parallel, an

A function f is called covariant with respect to the unitary representations
U,V of the group G if and only if f(Uy - U;) = ng(~)Vg holds for all g € G
[see, e.g., Eq. (1) in [58]].
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(c) General adaptive protocol for unitary estimation

e
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(d) Parallel covariant protocol for unitary estimation

Fig. 2. Explicit construction of a unitary estimation protocol from any given dPBT protocol and vice versa. (a) General protocol for dPBT. (b) A covariant
protocol for dPBT is constructed by using Eqgs. (74), (76) and (78) to the general protocol (a) [26], [30] (see the details in Appendix B). (c) General adaptive
protocol for unitary estimation. (d) A parallel covariant protocol for unitary estimation is constructed by using Eqgs. (115), (119) and (120) to the general
protocol (c) [9] (see the details in Appendix C). This work shows a transformation between the covariant protocols for dPBT and unitary estimation given in
Egs. (148) and (150). Combining this transformation with the constructions (a) — (b) and (c) — (d), we obtain a transformation between the sets of general

protocols for unitary estimation and dPBT.

assumption which can be made without loss in performance
[9], the task is described as follows. An arbitrary input unitary
operator U € SU(d) is called n times on a resource state
dsar € L(A ® "), where A is an auxiliary space and the
unitary operation U/®" maps an input space Z" into an output
space 0" to obtain a program state

Yy = (1o U®) gsar (1® U®n)T € LA®OY. (1)

Then, an arbitrary input state p € L(P) is subjected to a
quantum operation D : L(P ® A ® O") — L(F), often
referred to as decoder [59], on the joint system of p and
Yy to obtain the output state Ay(p) = D ® ¥y) € F,
which we desired to be approximately the state UpU'. The
performance of dSAR is evaluated by the average-case fidelity
given by Féi’eR) = [dUf(U,Ay), whose optimal value is
always attainable by a covariant protocol, and respects [10]
F(S*X;) =1- %HAU — U||, for the covariant protocol, where
| - llo is the diamond norm [60], [61]. Reference [9] shows
that optimal dSAR protocol can always be implemented by
using an estimation protocol, i.e., Few(n,d) = Fsar(n, d)
holds for optimal protocols. From our results, it implies that
Fsar(n,d) = Fpgr(n + 1,4d).

In the task of transforming unitary operations, one is
allowed to make n calls of unitary operation U(:) = U(-)U T,
LX) — L(O)), where i € {1,...,n}, U € SU(d) and we
aim to design a quantum circuit which aims to output an
operation U, (-) = g(U) - g(U)", where g : SU(d) — SU(d).
When the n calls of the input operation are made in parallel
(see Fig. 1), the task consists in finding an encoder operation
E: LP) » LIA®T"), where A is an auxiliary space and
7" = @, Z;, and a decoder operation D : L(A® O") — F,
where O" := @', O;, such that the resulting output operation

Ay :=Do(1a®U®)0E, (12)

is approximately the operation U,, with 1 4 here being the
identity map in the auxiliary space. Similarly to dSAR, we
evaluate the performance of a given protocol in terms of its
average-case fidelity, Fg)AR) = f dU f(g(U), Ayp).

Unitary estimation protocols can always be used to trans-
form n calls of a unitary U into g(U) with some fidelity
F®9_ for that one may simply estimate the unitary U as
U and then to output g(U). In [18], it is shown that if the
target function g : SU(d) — SU(d) is antihomomorphic,
ie., g(UV) = g(V)g(U) holds for all U,V € SU(d), unitary
estimation attains optimal performance for parallel unitary
transformations. Since unitary inversion g(U) = U~' and
unitary transposition g(U) = U” are antihomomorphisms, it
follows from Thm. 1 that the optimal parallel unitary inversion
and parallel unitary transposition with n calls is precisely
Fppr(n + 1,4d).

IV. APPLICATIONS

Thm. 1 allows us to translate results on unitary estimation
to results on dPBT, and vice versa. We now illustrate some
of these applications. This section utilizes the big-O notation
0(+), Q(-) and ©(-), defined as follows [62]:

F(x) = 0(g(x) & limsup L2 < o, (13)
PN (€3]

S(x) = Qg(x)) & g(x) = O(f(x)), (14)

f(x) = 0(g(x) & f(x) = 0(g(x) and f(x) = Q(g(x)). (15)

Intuitively, O(-) represents a lower bound, €(-) represents an
upper bound, and @(:) represents a tight bound.

Reference [10] shows a unitary estimation protocol asymp-
totically achieving Foy(n,d) > 1 — O(d*)n™%. As shown in the
following lemma, this lower bound is tight:
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Lemma 2: The optimal fidelity of unitary estimation using
n calls of an input d-dimensional unitary operation is upper
bounded as

Feq(n,d) <1 -Q(d"n™. (16)

Proof Sketch: Reference [50] shows a lower bound on the
query complexity n to achieve a diamond-norm error € for
unitary estimation, given by n = Q(d?)/e. The proof is based
on constructing exp(©(d?)) unitary channels that are e-distant
from each other and O(e)-close to the identity channel in terms
of the diamond norm. We adapt their proof for the Bures
distance [63] induced from the channel fidelity instead of
the diamond norm to show this lemma. A detailed proof is
presented in Appendix E. O

Thanks to Thm. 1, we have the following corollary.

Corollary 3: The asymptotic fidelity of optimal dPBT is
given by

1 - O0dHN7? < Fpgr(N,d) < 1 -QdHN2.  (17)

Corollary 3 may be compared with previous results [28]
which proved that

1 - O(d®)N? < Fpgr(N,d) < 1 - Qd>)N2.  (18)

In particular, we can explicitly construct the dPBT protocol
whose fidelity scales with 1 — O(@*)N~? by combining the
unitary estimation protocol in [10] with the obtained one-
to-one correspondence, which improves over the protocol
exhibiting the fidelity 1 — O(d>)N~2 shown in [28]. This result
also gives a partial answer to an open problem raised in [28] to
determine h(d) := limy_,eo N?[1 — Fpgr(N, d)], which is shown
to be h(d) = O(d*) by Cor. 3.

Reference [26] shows that, when N < d, optimal dPBT is
given by Fppr(N,d) = dﬂz. Hence, from Thm. 1, we obtain the
following corollary.

Corollary 4: When the number of the calls of the input
unitary operation, denoted by n, satisfies n < d—1, the optimal
fidelity of unitary estimation is given by

Fesi(n,d) = nszl

Also, in Appendix F, we show that the optimal resource
state for dPBT and unitary estimation are the same for the
case N = n+ 1 < d. Hence, the optimal resource state is
useful as a universal resource state for dPBT and unitary
estimation.

19)

V. OPTIMAL UNITARY INVERSION FORn <d -1

As previously mentioned, the task of transforming n calls
of an arbitrary unitary operation into its inverse is attainable
by an estimation strategy when only parallel uses of the
input operation are allowed. However, already when n = 2
calls are allowed, the performance of sequential circuits for
qubit unitary inversion outperforms parallel ones, and the
performance of processes without a definite causal order
[51], [52], [53] outperforms sequential ones [18]. Also, when
n = 4 calls are allowed, there exists a sequential circuit which
transforms an arbitrary qubit-unitary operation into its inverse
operation with fidelity one [64], which was recently extended
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to an arbitrary dimension using n = O(d?) calls [65] (see
also [66]).

In Appendix G, we show an upper bound of the fidelity
of unitary inversion given by ”dizl for n < d -1 even if we
consider the most general protocols including the ones with
indefinite causal order. Corollary 4 implies that this bound is
achievable by an estimation-based strategy. More precisely, we
prove the following theorem.

Theorem 5: When n < d — 1, the optimal fidelity of
d-dimensional unitary inversion with n calls of a unitary

operation is given by

FOR G gy = FSEO gy = FS™N g gy = n+1

nv nv nv dz ’ (20)
where PAR, SEQ, and GEN refer to parallel, sequential, and
general protocols including the ones with indefinite causal
order, respectively.

VI. CONCLUSION

In this paper, we show the equivalence between the optimal
fidelity of dPBT for N = n 4 1 and unitary estimation with
n calls of the unitary operation by giving an explicit transfor-
mation between the optimal protocols. Combining this result
with the previous results on the equivalence of the optimal
fidelity between unitary estimation and dSAR [9], and also
between parallel unitary inversion and unitary estimation [18],
we obtain a one-to-one correspondence among four important
quantum information tasks. Our correspondence result has
the potential to accelerate the research on dPBT and unitary
estimation since obtaining the optimal fidelity of dPBT in any
setting, i.e., asymptotic or finite, can be immediately translated
into that of unitary estimation, and vice versa. Here, we use
this one-to-one correspondence to derive the asymptotically
optimal dPBT protocol, a non-trivial result which improves
the scaling of the fidelity derived in a previous work [28].
In a related topic, we prove that when only n < d — 1 calls
are available, deterministic unitary inversion can always be
obtained by an estimation protocol, showing that sequential
circuits and strategies without definite causal order are not
useful in the regime of n < d — 1 calls.

Our proof of the one-to-one correspondence is based on
the covariant forms of dPBT and unitary estimation, which is
shown to be optimal in terms of fidelity. On the other hand,
[50] shows that a non-covariant adaptive protocol for unitary
estimation with no auxiliary system achieves the asymptot-
ically optimal performance in terms of the diamond-norm
distance. Since the transformation from a general protocol to
a covariant protocol may induce the increase of the resources
other than the number of calls #n, e.g., the number of required
qudits or non-Clifford gates to run the protocols, and the
amount of entanglement in the resource states, the correspond-
ing dPBT protocol constructed by our methods may not be
implemented efficiently for some other notions of efficiency.
We leave it an open problem to construct a conversion between
the fidelities of unitary estimation and dPBT in terms of
resources other than the number of calls.
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APPENDIX

Appendix A reviews mathematical tools based on the Young
diagrams and the Schur-Weyl duality. Appendix B shows a
construction of a covariant protocol for deterministic port-
based teleportation (dPBT) from any given dPBT protocol,
following [6], [26], and [30]. The teleportation fidelity of
the obtained covariant protocol is also shown (see Lem. 10).
Appendix C shows a construction of a parallel covariant pro-
tocol, for unitary estimation from any given adaptive protocol
[9], [47]. The fidelity of the obtained covariant protocol is also
shown (see Lem. 11). Appendix D proves Thm. 1, stating
the one-to-one correspondence between dPBT and unitary
estimation, by constructing a transformation between covariant
protocols for dPBT and unitary estimation. Appendix E shows
the asymptotically optimal fidelity of unitary estimation using
the previous results from [10] and [50] (Lem. 2). Appendix F
shows an optimal protocol for unitary estimation for n < d -1
corresponding to Cor. 4. Appendix G proves Thm. 5, stating
that estimation-based protocol for unitary inversion is optimal
for n < d -1 even when we consider indefinite causal order
[51], [52], [53].

Appendix A Review of the Schur-Weyl Duality, Young
Diagrams, and the Young-Yamanouchi Basis

This section reviews mathematical tools based on the
Young diagrams and the Schur-Weyl duality. We suggest the
standard textbooks, e.g. [68], [69], [70], for more detailed
reviews.

A Young diagram is defined in association with a partition
of n for a non-negative integer n. A partition of n is a non-
decreasing sequence of positive integers (ay,...,®,) for any
non-negative integer d with a; > -+ > @y > 0 which sums up
to Z,i] a; = n. A partition of n can be represented as a Young
diagram with n boxes, which has a; boxes in the i-th row. For
instance, (2, 1) can be represented as a Young diagram given

by

We call d, the number of positive integers in the sequence
associated with the Young diagram «, to be the depth of each
Young diagram. We denote the set of Young diagrams with n
boxes and at most depth d by Y¢, i.e.,

2y

0<d’'<d,a1>zay >O,} . (22)

d._ :
Y, = {(ah---,a’d') | S i

For a Young diagram @, we define the following two sets:

a+0:={(,....,q;+1,....,a0) | s.t.ifx[,l,’l'é’(i}-s-l}
Uf{(ay,...,aq, 1)},
a—0
{(aq,...,ai -1,...,a0) | S't.ii[il_"l‘;‘f,’#l} (ag>1)
= {(al,...,a,- -1,...,a0) | Slf.e{;i’:‘ii;il} ,
Ul(ar,...,aq-1)} (@g=1)
(23)
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where a¢ and e 44 are taken to be @y = oo and @44+ = 0, and
a + O(e — O) represents the set of Young diagrams adding a
box to (removing a box from) «. For instance, for the Young
diagram « given in Eq. (21), @ + O and a — O are given by

5@,%@5 |
e-o={f. m}.

For a Young diagram o with n boxes, we consider a sequence
of Young diagrams given by

@?=0,0V,...,a" "V o™ =),

(24)

(25)

(26)

where 0 is the Young diagram with zero boxes and o'” satisfies
™D e o 4 O, A sequence of Young diagrams can be
represented by a standard Young tableau, which is given by
filling i on the box of the Young diagram « that is added
when we obtain o’ from o~D. The Young diagram to be
filled with numbers is called the frame of a corresponding
standard tableau. For instance, a sequence

(@, [ 1] HD) 27)
is represented by a standard tableau
12]
) (28)
with the frame
HJ. 09)

The number of the standard tableaux with frame «, denoted
by my,, is given by the hook-length formula:

n!
B n(i,j)ert hOOk/l(i, .]) .

Here, (i, j) represents a box in the i-th row and the j-th column
in the Young diagram «, hook,(i, j) is defined by

(30)

mgy

hook,(i, j) = @; + a=i—j + 1, 3D

and «; and a} are the numbers of boxes in the i-th row and
the j-th column of a, respectively. We denote the set of the
standard tableaux with frame « by

STab(a) = {s7,... s, }, (32)
where each standard tableau is indexed by a € {l1,...,m,}

and the a-th standard tableau is denoted by s%. For a Young
diagrams « and a standard tableau s¢ with frame a associated
with a sequence (26), a standard tableau with frame u € a+0O
is referred to be obtained by adding a box to s, when
its associated sequence is given by

@® =0,0M,.. 0" o™ = a, o™V = 1), (33)

We denote the index of thus obtained standard tableau with
frame u by a;f € {1,...,m,} so that the standard tableau itself
is represented by SZ“ We also call s to be the standard tableau
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o}?tained bg removing a box from sgg. For instance, in
the case o

1% =H] , Sy = s (34)
3
a+0O= #:H]D’ V:%, ﬁ—@D . (35)

the standard tableaux obtained by adding a box to s§ are
given by

2|

L 124]
%13

, 12
« 13[4

, S Sgn = (36)

I
3]
4]

We consider the following representations on (C4)®" of the
special unitary group SU(d) and the symmetric group G,:

SU(Wd) > U > U®" € L£(CH®", (37)
S, 30— V, € L(CH®, (38)

where L£(X) is the set of linear operators on a Hilbert space
X, and V,; is a permutation operator defined as

Vo liy -+ iy) = ‘l}rl(l) () (39)

for the computational basis {|i)}¢, of C. Then, these repre-
sentations are decomposed simultaneously as follows:

CcH =P, ®S.. (40)
aeYd

v =P U, 1s, (41)
aeYd

Ve = P 1y, ® 0. (42)
aeY?

where @ runs in the set YZ defined in Eq. (22), SU(d) > U —
U, € L(U,) is an irreducible representation of SU(d), and
6,30 04 € L(S,) is an irreducible representation of &,,.
This relation shows that any operator commuting with U®"
for all U € SU(d) can be written as a linear combination
of {Vs}ses,, which is called the Schur-Weyl duality. The
orthogonal projector onto U, ®S, is called the Young projector
[21], denoted by P,. The dimension of U, denoted by d,, is
given by the hook-content formula:

I d+j—i

dy = —_— .
e hook, (i, j)

(43)

The dimension of S, is given by m,, which is the number
of the standard tableaux with frame « given in Eq. (30). The
dimension m, satisfies the following Lemma.

Lemma 6: For any given Young diagram a with n boxes,

> mu=(n+ Dm,

MEa+O

(44)

holds.
Proof: Since the irreducible representations @ and u € 40O

are related by
ndg™'S, = @ S

HEQ+O

(45)
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where Indfﬂr represents the induced representation for a finite
group G, its subgroup H and a representation m of the group
H. Then, we obtain

> my=dim @ S, =dimIndg™*'S, (46
p€a+o pea+0

— |6"+1|d' S = 1 47

_W m a—(”l"‘ )ma/- ( )

m}

Due to Schur’s lemma, any operator commuting with U®"
can be written as a linear combination of the operators Ef,
defined by [21]

o = 1y, ®la,aXa, bls,, (48)

fora,b € {l,...,m,}, where {|a, a)} is an orthonormal basis of
Sy- In particular, we take the Young-Yamanouchi basis [71],
[72] (or Young’s orthogonal form [70]) of S,. Each element
in the Young-Yamanouchi basis {|a, a)} is associated with the
standard tableaux s¢ in the set STab(e) [see Eq. (32)]. The
Young-Yamanouchi basis is a subgroup-adapted basis, i.e.,
the action of &, ¢ &,4; on the Young-Yamanouchi basis
{lu, i)} for u € ij 41 1s unitarily equivalent to the action
of G, on the Young-Yamanouchi basis {|o,a)} for @ € Yﬁ
as follows:

</'l9 ll 0-;4 |/'l9 J> = 6(1/,/3 <aa a| (o Iﬁ? b> VO' € 6}1’ (49)

where s; and s, are the standard tableaux obtained by remov-
ing a box from s and s/, respectively.

The basis {Eﬁ‘j} satisfies the following Lemmas (see, e.g.,
[21], [64] for the proofs):

Lemma 7: The basis {Ef‘j} satisfies

(E}))" = Ejj, (50)
Tr Eflj = dﬂéi,j, (5])
ESEY = 6400k EY, (52)

where X* is the complex conjugate of X in the computational
basis and 0;; is the Kronecker delta defined as ¢;; = 1 and
0ij = 0 for i # j.

Lemma 8: Let a, be the index of a standard tableau s{:#
obtained by adding a box to a standard tableau s for
a €Y% and y € @ + 0. Then, E%, ® 1, can be written as

Te% _ M
Eub®]]'d - Z Eaﬁbﬁ’
MEa+O

(53)

where 1, is the identity operator on C.

Lemma 9: Let s; and s, be the standard tableaux obtained
by removing a box from ¢ and s“; , respectively, for
v ey? 11~ The partial trace of Efll in the last system is given
by

T, EX =6 d—”E" (54)
n+1 =ij apB ab-

do

Appendix B Covariant Protocol for dPBT

This section shows that any dPBT protocol can be con-
verted into a canonical form of the protocol, which we call
the covariant protocol, without decreasing the teleportation
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fidelity, following [6], [26], and [30] (see Eqgs. (74), (76) and
(78) and Figs. 2 (a) and (b)). The teleportation fidelity of the
covariant protocol is shown in Lem. 10, which is shown in
[26] and [30].

We consider a general protocol for dPBT given by Eq. (1) of
the main text. We take an eigendecomposition of the resource
state ¢pgr given by’

goar = 1% )oY, (55)
k

N

[09) = (0% © 1) @67 )y 5, (56)
a=1

where O® is a linear operator on A" satisfying the nor-

malization condition ), Tr[O®TO®] = @¥, and |¢*) is the

maximally entangled state defined by |¢+) = WZ' | i)

using the computational basis {|i)}f.’=l of C¢. Using this expres-
sion, the teleportation fidelity (3) is written by

Jf(La, A)

N
1
= D0 0% © 1a)oa(0%) ® 14,)'TH]

(57)

1 N
= = D Tillo), (58)

a=1

where o, and TI, are defined by
1

0= oy (L ®167%0 a,a,) - (59)
M, =) (0% ®1.4,) TLO0% ® 14,), (60)

and A, is defined by A, = R 2o Ai. The set of operators
{Ha}ﬁ:’: , defined in Eq. (60) corresponds to the set of operators
{Ha}g’=I satisfying I1, > 0 and Za II, = 1 if and only if

Zﬁa = Xav ® Ly,

a

I, >0, (61)

where X is defined by

X:=Y 0o%oh. (62)

Therefore, the optimal channel fidelity for a resource state
given by Egs. (55) and (56) is written as the following
semidefinite programming (SDP):

max — Z Tr(1,0,),

s.t. T, > 0, ZnazxAN®1A0, TiX)=d".  (63)

Since the operator o, satisfies the unitary group symmetry and
symmetric group covariance given by

(U @ Uy, 04l =0 YU € SU@), (64)

2We consider a slightly more general setting where the resource state
is a mixed state than a usual setting where the resource state is a pure
state. This extra argument is given to explicitly provide a covariant protocol
corresponding to any given dPBT protocol.
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[(V)ay ® Lo oal(Vi)av ® 141" = 0ny V€ Gy, (65)

where V, is the permutation operator defined in Appendix A
and * denotes the complex conjugate in the computational
basis, we obtain

N N
1 . 1 .

max — > Tr(fl,0,) = max 3 > T[T, (66)

a=1 a=1

where IT is SU(d) x Gy-twirled operator defined by
a = Z / U®NV71).AN ® U,*AU]
neG Su(@)

X M1 (U Vi) av @ Uy 17 (67)

The set of operators {IT/}, satisfies IT, > 0 and ZaN:] I =
X'yn ® 1 4, for the operator X" defined by

Z/ dUUNVHX(UBNV,)E,  (68)
SU(d)

7r€6

satisfying the unitary group and symmetric group symmetry
given by

[U®N,X'1=0 VYU e SUW), (69)
[Vi,X'1=0 VrmeGy. (70)
Therefore, X’ can be written as
2
_ N W
=d Z dﬂmﬂpﬂ, (71)
u
where w,, is defined by
Tr(X’P,) Tr(XP,)

and P, is the Young projector (see Appendix A). Since the
operator X can be written by the resource state ¢ppr as

= d"[Tr v ($ppr)lsv o av,

where the subscript BY — AN represents a relabelling the
space from BY to A", we obtain

wy = \/Tr[(f);;BT[(PI_l)_AN ® 1gv]l.

Thus, the solution of the SDP (63) is upper bounded by the
following SDP:

(73)

(74)

max — Z Tr(l,0,),

s.t.11,> o,Zna =X/ w®1L 4, TrX)=d" X'is given by Eq.71).

(75)

which corresponds to the SDP (63) for a pure resource state
given by

Bogr) = (O ®]15N)®|¢ s, (76)
0% = Va¥ >~ —E— (77)

\/_

ueyd,
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Reference [30] shows that the SDP (75) gives the optimal
value when the POVM is given by the square-root measure-
ment (or the pretty good measurement) [73], [74], [75] for the
state ensemble {(1/N, o)} :

(78)
(79)

We call the dPBT protocol with the resource state given in (76)
and the POVM given in (78) the covariant protocol since they
are covariant with respect to representations of the symmetric
group Gy and the unitary group SU(d) as follows:

W3 @ USY) [dgh) = |dor) VU € SUG),
(80)
[(V)as ® (Vo] [#) = @) Vre &, 81)

(UN @ UL LU @ Uy =TI, YU € SU@),
(82)

[(V)av ® Lo T [(Vi)av ® 14,17 =Ty Ve Gy, (83)

which can be shown using Egs. (64), (65), and (77).

In conclusion, any dPBT protocol can be converted into a
covariant protocol using the resource state defined in Egs. (74)
and (76) and the square-root measurement defined in Eq. (78)
without decreasing the teleportation fidelity [see Fig. 2 (b)].
The teleportation fidelity for the obtained covariant protocol
is given by the following Lemma.

Lemma 10: [26], [30] The fidelity of d-dimensional dPBT
for N ports is given by

Fppr(N, d) = w' Mppr(N, d)W, (84)

using a vector w = (wﬂ)l@f?fV satisfying w, > 0 for all u € Yf’v
and ZHEW wﬁ = 1. The |Y;1V| X |Y§f,| matrix Mppt(N,d) defined
by

(MpeT(N, d))yy =

1
ZHu-on -, (85)

where ¢ — 0O and v — O are defined in Eq. (23), and #(X) is
the cardinality of a set X. In particular, the optimal fidelity of
dPBT is given by

Fppr(N,d) = max %" Mpgr(N, d)W, (86)
[IWll=1
which equals to the maximal eigenvalue of Mpgr(N, d).
Proof: See the details in [30]. ]

Appendix C Parallel Covariant Protocol for Unitary
Estimation

This section shows that any general adaptive protocol
for unitary estimation can be converted into a canonical
form of the protocol, which we call the parallel covari-
ant protocol [9], [47] without decreasing the fidelity [see
Egs. (115), (119) and (120) and Figs. 2 (c) and (d)].
The fidelity of the parallel covariant protocol is shown
in Lem. 11.
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Reference [9] shows that the optimal fidelity of dSAR can
be achieved by a covariant parallel “measure-and-prepare”
protocol. We show a similar construction to convert any unitary
estimation protocol into a covariant parallel protocol. This
construction is based on the Choi representation of quantum
operations and quantum supermaps [76], [77], [78].

We briefly review the Choi representation. We consider
a quantum operation A LX) — L(O), where Z and
O are the Hilbert spaces corresponding to the input and
output systems, and £(X) is the set of linear operators on
a linear space X. The Choi matrix Jy € L(Z ® O) is
defined by

Ia =) liXilz @ AdiX Do,

ij

87

where {|i)}; is the computational basis of Z, and the subscripts
7 and O represent the Hilbert spaces where each term is
defined. The Choi matrix of the unitary operation U(-) =
UGUT is given by Ji; = |[UXU]|, where |U) is the dual ket
defined by

Uy =) _1HeUli. (88)
In the Choi representation, the composition of a quantum
operation A with a quantum state p and that of quantum
operations A, A, are represented in a unified way using a
link product * as

A(p) = Jp *p,
Jason, = JIn, % In,s

where the link product * for A € L(X®)) and Be L(YV® Z)
is defined as [78]

(89)
(90)

A% B:=Try[(A™ ® 1z)(1x ® B)], 91)

and ATV is the partial transpose of A over the subspace ).

The most general protocol for the  unitary
estimation within the quantum circuit framework is
given by [9], [78]

p(OIU) = Tt[My(Uz,~0, ® 1x,) © Apy

o---0AjoUz 0, ®1X1)°¢], 92)

where Z; and O; for i € {1,...,n} are Hilbert spaces defined by
T, ~0; ~C X, foriefl,..., n}are auxiliary Hilbert spaces,
A; are completely positive and trace preserving (CPTP) maps
whose input and output spaces are given by A; : L(O;®X;) —
L(Zi11 ® Xiy1), ¢ is a quantum state on the Hilbert space
7,®X,, and {M@dU}U is a POVM on the Hilbert space O, ®X,
[see Fig. 2 (c)]. In the Choi representation, Eq. (92) can be
written as

p(O10) = Ty = I 1m0, (93)

where {T(/dU}U is called a quantum tester [79], [80], [81],
[82] defined by

Ty i=¢xJp 5k Ja,, x My € LT"®O", (94)

n—1

and 7" and O" are the joint Hilbert spaces defined by Z" =
R, Z; and O" := Q. O;, respectively. The quantum tester
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satisfies the positivity and normalization conditions given by

[791, [80], [811, [82]
Tr U dUTU] =d".

In terms of the quantum tester {T;dU},, the average-case
fidelity of unitary estimation is given by

Ty >0, (95)

F&9 = o / dU / dUTy + J2 Te(OT U2, (96)
Since
(VeI @ WENT g (VEi @ WEN + J5 = Ty * T 1o
YV,WeSud) 97)
holds, we obtain
F&° = d2 dU / ATy, = J T UTU)P,  (98)
where TZ? is a SU(d)-twirled operator given by
= / av / dW(VEE @ Wa) Ty (Var @ Wa)'. (99)

Therefore, the average-case fidelity of the original adaptive
protocol can be achieved by any protocol having the proba-
bility distribution given by

pONW) =T}, « I (100)

We show that a parallel protocol can implement the prob-
ability distribution (100) using an argument shown in [79],
[80], and [82]. Defining 7’ by

T = /dUTb

= / a0 / av / AW(VE! @ WENT (VS @ W',
(102)

(101)

the operator T’ satisfies the following SU(d) symmetry:

(V3@ WE.,T'1=0 YV,W e SU®). (103)

From Eq. (95), T’ satisfies the following positivity and nor-
malization conditions:

T">0, Tr(T')=d". (104)

We define a quantum state
[79], [80], and [82]

i) and a POVM (M}, dU} by

L) = VT Do,

— —1/2 71—1/2\T
My, = (T PT T,

(105)
(106)

L) can be checked as

follows:
Tr[l¢es X Pes]
=T+ [1)X1lzmor (107)
= de/dv/dW(V%:?@W@’z)
X Tyrpy (Vi @ WoT s [IX1] - (108)
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= / do [ v / dWp(WTOVIWTV) (109)
=1. (110)

The probability distribution given in Eq. (100) can be imple-
mented by measurmg the quantum state (17 ®US,) W’est) with
the POVM {M’ dU}U since

T M, (122 ® UG)Ipes X Begl (12 ® UG
—Tr[(T’ 2 T (e @ UZ) VT

< L1 Izion VT (172 ® U%*] (111)
= Te[T} (1 ® UG mor (1 ® UG'] (112)
=Ty Jy' (113)

holds, where we use Eq. (103) in Eq. (112).
Due to the unitary group symmetry (103), V7' can be
written as

\/FT = @ ]lz,{ml ® ]11/1/3,2 ® ( \/Xaﬁ) s

Sa1Sp2
a,BeY?

(114)

where (Uo,1, So,1), Upo,Spp) are the Hilbert spaces given by
the decomposition (40) for O" and 7", respectively, and X,z is
a positive semidefinite matrix. Therefore, |¢. ) can be written

as
[0 = [2) = EB Wa). (115)
aeYd "
do
Wod =Y la, sk, ®la, sy, ® larb)s, s,,,  (116)
s=1
where v, and |arb) are given by
Vo = |do Y (@il ® (il Xoolon @, ), (117)
ij=1
Vd, . .
Jarb) := == /Xoa )l i)s,, ® e s, - (118)
@ i=1

As shown in Lem. 11, |arb) does not affect the fidelity
of unitary estimation, so it can be chosen arbitrarily. The
coeflicient v, is given from T as

= VTITIIX 1|20 (Po)zr ® (Pa)or],

where P, is the Young projector (see Appendix A). The
optimal POVM for the probe state (115) is given by the
covariant form [47]:

(119)

My = IngXnol, (120)
o) = B0, ® Ls, 4250 VdulWad,  (121)
aeY?d

where U, is the irreducible representation @ of U. By
relabelling the Hilbert spaces Z" and O" as A" and B",
respectively, the obtained protocol is given as Fig. 2 (d).
We call the unitary estimation protocol with the probe
state given in (115) and the POVM given in (120) the
parallel covariant protocol since they are covariant with
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respect to representations of the unitary group SU(d) as
follows:

(VL@ Vi) 1?1} = ~§2> YV € SU(d), (122)
(V@ WENMp(VE @ Weh)™ = My pyr
YV, W e SU(d). (123)

In conclusion, any given protocol for unitary estimation
can be converted into a parallel covariant protocol for the
probe state given by Eqgs. (115) and (119) and the covariant
POVM given in Eq. (120). Note that this construction can also
be applied to the case when the original unitary estimation
protocol is given by an indefinite causal order protocol [51],
[52], [53]. The average-case fidelity of the parallel covariant
protocol for unitary estimation is given as the following
Lemma.

Lemma 11 [10]: The fidelity of the parallel covariant
protocol using the probe state (115) and the POVM (120) for
d-dimensional unitary estimation using n calls is given by

Fe(n,d) = V" Meg(n, d)¥, (124)

using a vector ¥V = (Va)aeye satisfying v, > 0 for all a € YZ
and Zaew v(zl = 1. The |YZ| X |YZ| matrix Mg (n,d) is defined
by

1
(Mesi(n, d))op = —#[(@ + D) N (B+ D) N Y41 (125)

where @ + O and 8 + O are defined in Eq. (23). In particular,
the optimal fidelity of unitary estimation is given by

Feg(n,d) = r%lax ?TMesl(n’ dyv,
[I#l=1

(126)

which equals to the maximal eigenvalue of M. (n,d).
Proof: 3 From Eq. (115) and (121), the probability distri-
bution of obtaining the estimator U is

p(O1U)

= Tr[M(U" & 1§ @I(U™" & 15 (127)
= Y velWallOalyy,, ® Ls,, ® Iy, ® Ls,.,1°
aeY?
2
< (U, ® 1s,, ® Ly, ® Ls,, IWa)|  (128)
2
dnr
=12 va ) (@ s\ UiUslass) (129)
aeYd  s=1
2
=Y v @0 (130)
aeYd

where y“(U) is the character of the irreducible representation
a defined by y*(U) := Tr(U,). The fidelity is given by

Few(n,d)
2

1 X
_ /dU/dUd—z T 00| vax* (@0

¢

(131)

3The proof presented in [10] contains small inconsistencies; hence, for
completeness, we present a full proof here.
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2
1 N s s
- d—zde/dU (OTU) > vax"(00)| (132)
aeY?
where y is defined by y(U) := Tr(U), which corresponds to
the character of the irreducible representation O. Since the
characters satisfy the following properties:

XV (V) = Z X*(V) YV eSu@), (133)
,ueaJrDﬂY;/Jrl
/ AV* (VY (V) = 8 Y, v € Y9, (134)
the average-case fidelity is given by
Feq(n,d)
2
1 N A
=5 dU/dU Y ve Y X"OTU) (135)
aeY?d  pea+O
1 N
:d—Z/dU/dUZvavﬁ
a,BeY?
x Y Y x"Uun O (136)
MEa~+DO vep+0
1
T e Y Ya.|  aw
" pea+0 vef+0o
1
=5 Zmﬁewvavﬁ D) G (138)

pEa+0 vef+-0

The third equality follows from the invariance of the Haar
measure given by dU = d(U'U) [57]. The fourth equality
arises from the normality of the Haar measure, i.e., f dU =1,
which explicitly demonstrates that average-case fidelity coin-
cides with the worst-case fidelity for the covariant protocol.
Rearranging this equation, the fidelity Feg(n,d) is expressed
with the estimation matrix Mg (n,d) defined in Eq. (125) as

Fes(n, d) = V" Mey(n, d)V, (139)

where ¥ is a unit vector supported by Y¢. m}

Appendix D Proof of Thm. 1: One-to-One Correspondence
Between dPBT and Unitary Estimation

In this section, we prove the main theorem of this paper.

Proof of Thm. I: We prove this Theorem by constructing
a transformation between covariant protocols for dPBT using
N = n+ 1 ports and unitary estimation using n calls of the
input unitary operation, which does not decrease the fidelity.
Since the covariant protocol is shown to achieve the optimal
fidelity for dPBT [26], [30], the transformation from dPBT to
unitary estimation shows

Fpgr(n + 1,d) < Fey(n, d). (140)

Similarly, since the parallel covariant protocol is shown to
achieve the optimal fidelity for unitary estimation [9], [47],
the transformation from unitary estimation to dPBT shows

Feg(n,d) < Fegr(n + 1,d). (141)
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Therefore, we obtain

Fppr(n+ 1,d) = Feg(n, d). (142)

In addition, since an explicit construction of the covariant
protocols for dPBT and unitary estimation from any given
protocol are shown in Appendixes B and C, this transformation
shows a transformation between any given dPBT protocol and
unitary estimation protocol. Below, we show the transforma-
tion between the covariant protocols for dPBT and unitary
estimation.

As shown in Lemmas 10 and 11, the fidelity of the covariant
dPBT and untiary estimation protocols are given by

Fppr(N,d) = W' Mpgr(N, d)W,
Feq(n,d) = ¥ Meg(n, d)V.

(143)
(144)

Reference [26] shows that the matrix Mpgr(n 4+ 1,d) in Eq.
(85) can be written as

1
Mpgr(n + 1,d) = d—zRTm, dR(n,d), (145)
where R(n,d) is a IYdI x [Y4 +1| matrix defined by
1
R doy =10 HETTD yyevd yevd | (146)

0 (otherwise)

From Eq. (125), the matrix Ms(n,d) can also be written as

1
Me(n,d) = —R(n, AR (n,d).

(147)
Thus, from a given covariant protocol for dPBT parametrized
by W, one can obtain a parallel covariant protocol for unitary
estimation parametrized by

L. R, dw

== —— 148
V= R, )l (148)

without decreasing the fidelity since

17‘leesl(n, d)?
W Mpgr(N, d)W
WIR (n, d)R(n, )R (n, d)R(n, d)W

= >1
WIRT(n, d)R(n, d)w WTRT(n, d)R(n,d)w —

(149)

holds, where we use ww' < 1. Similarly, from a given parallel
covariant protocol for unitary estimation parametrized by ¥,
one can obtain a covariant protocol for dPBT parametrized by

L R(n, d)¥
P R T (150)

without decreasing the fidelity since
W' Mpgr(N, d)w
VT Meg(n, d)v
VTR(n, d)R"(n, d)R(n, d)R" (n, d)V 51
”TR(n AR (n, YWR(n, )R (n, d)vV ~

(151)

holds, where we use W' < 1. O
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Appendix E Proof of Lem. 2: Asymptotically Optimal
Fidelity of Unitary Estimation

Reference [10] shows a unitary estimation protocol achiev-
ing the fidelity given by

Feu(n,d) > 1 - 0(d*n>. (152)

This section shows that this scaling is tight, as shown below:

Theorem 12: Suppose there exists a sequence of protocols,
for d € {2,...}, € < ﬁ and an unknown unitary operator
U € SU(d), using ny, calls of U, UT,cU = [0)0|®14+[1){1|®
U,cU" = [0)0|® 1, + [1X1]® U' to obtain the estimator U
satisfying f(U,U) > 1 — €* with probability Prob[f(U,U) >
1 — €%] > 2. Then, ny, must satisfy ng. > Q(d?)/e.

Proof of Lem. 2: If unitary estimation achieves the average-
case channel fidelity Fegy(n,d) =1 — e using n calls of the
input unitary operator U € SU(d), the probabihty of obtaining
the estimator U satisfying f(U,U) > 1 — € should be > %
since

Feq(n,d) < 1 —=Prob[f(U,U) < 1 - €]€ (153)
=1—[1 —Prob[f(U,U) > 1 - €*]]€* (154)

holds. Then, from Thm. 12, we obtain n > Q(d?)/e, i.e., € >
Q(d?)/n. Therefore, we have the following upper bound on
the fidelity of unitary estimation:

- QdHn.

1
Feg(n,d) =1 - 362 <1 (155)

]

Reference [50] shows a lower bound on the diamond-norm
error of unitary estimation, which is given as follows:

Proposition 13 (Theorem 1.2 in [50]): Suppose there exists
a sequence of protocols, ford € {2,...}, € < % and an unknown
unitary operator U € SU(d), using ny, calls of U,U",cU =
00| ® 14 + 1)1 ® U,cU' = IO)(OI @1, + 11| ® U to
obtain the estimator U satisfying I -U||, < e with probability
Prob[|\-U|, < €] > 2. Then, ng must satisfy ng > Q(d*)/e.

To extend Proposition 13 for the worst-case fidelity as
shown in Thm. 12, we first review the proof shown in [50]. It
first shows a lower bound on the query complexity of unitary
estimation with a constant error given by Q(d?). The proof
of this lower bound uses the reduction of unitary estimation
to the discrimination task among the set of unitaries Ny in
which the different unitary operator has a constant distance.
The construction of such a set is shown in Proposition 15, and
the lower bound of the query complexity of the discrimination
task is shown in Proposition 16. Then, we consider the unitary
estimation with the error €. Since the error € on U € SU(d)
can be translated to a constant error on U'® for @ = ©(e),
the unitary estimation with the error € can be translated to
the estimation of R € SU(d) with a constant error using R®.
To uniquely define R* for @ € [—1, 1], we restrict R to be a
Hermitian unitary (Definition 14). It is shown that any protocol
using n calls of R” can be simulated by using ®(an) calls of
cR (Lem. 17). By combining this result with the lower bound
on the query complexity of unitary estimation with a constant
error, we obtain ®@(an) = Q(d?), i.e., n = O(d?/e).
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Definition 14 (Definition 4.4 in [50]): A unitary R € SU(d)
is called a reflection if R> = 1, holds. For a reflection R €
SU(d) and «a € [—1, 1], we define

1 e 1
R® = 5Ma+R)+ e"’“’z(ld -R). (156)

Proposition 15 (Proposition 4.1 in [50]): There exists a
sequence of sets of reflections Ny = {Ux}ivi’1 c SuU(d) for
d € {2,...} with N; > exp(d?/64) such that

o, - Uyl >
X yllo = 4

Vx # y. (157)

Proposition 16 (Proposition 4.2 + Lemma 4.3 in [50]): Let
Ny ={U }Nf‘ 1 € SU(d) be a set of unitary operators defined
for d € {2,...}. Suppose there exists a sequence of protocols
for d € {2, ..} using ny queries of the input unitary operator
U, for unknown x € {1,..., N;} to obtain the estimator & with
the success probability

Na

1
— Z Prob[x = x|x] > exp(—cny)

x=1

(158)

for d > 100/c’ > 1 and N; > exp(c’d*) for some constants
¢,c’ > 0. Then, n; should satisfy

ng > c"d* (159)

for some constant ¢” that depends only on ¢ and ¢’.

Lemma 17 (Lemma 4.5 in [50]): For a reflection R € SU(d)
and U = R%, let C € SU(D) be a unitary operator implemented
by a quantum circuit using n queries to U or U'. Then, there
exists a unitary operator Cx € SU(2"D) implemented by a
quantum circuit with n auxiliary qubits using 50 + 100an
queries to cR such that

Cr(ly) ®10)*") = v |out) 4 |®*), (160)
where |6Tft) is a normalized vector satisfying
[ lout) = C ||, < exp(=99amn — 20), (161)

for the 2-norm || - ||, defined by |[[Y) | = V{(¢¥), v € Cis a
complex number satisfying

[v] = 0.99 exp(—ann/2), (162)

and |®*) satisfies (1p ® (0*") |@*) = 0.

We extend Proposition 15 for the case of channel fidelity. To
this end, we define the Bures distance [63] dg(U, V) between
two unitary operators U, V € SU(d) by

dg(U, V)= 1= f(U,V), (163)
which satisfies the following properties:
dB(U3 W) < dB(U’ v) + dB(V’ W)& (164)
dp(U,V) =dg(AUB,AVB) VA,B < SU(@), (165)
1
dp(U,V) > —— min [|U — ¢V||, 166
B(UV) = —= min U= Vil (166)
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where U(1) is the set of complex numbers with a unit norm,
|| - |l is the trace norm defined by

lloll == Tr +/p'p. (167)

The inequality (166) is shown below. First, the Bures distance
dg(U,V) is given by

dg(U,V) = \/—Z—CZ¢II}JII%)IIU PVlle, (168)
where || - || is the Frobenius norm defined by
lelle = /Tr(o%p). (169)
Then, the inequality (166) holds since
ol = cE
where A; > 0 are singular values of p. Then, we show the

following Proposition:

Proposition 18: There exists a sequence of sets of reflections
Ny = {Ux}gi1 C SU(d) for d € {2,...} with N; > exp(d*/288)
such that 1
dp(Uy,Uy) > — 100

Proof: We construct the sequence of the sets Ay similarly to
the proof of Proposition 15 in [50]. For d € {2, 3}, N defined

by

Vx # y. (171)

Ny ={14s, X, ® 1,4} 172)

satisfies the properties shown in Proposition 18, where X, is
a Pauli X matrix defined by X, := [+){(+| — |[-){—| for |£) =
10y £ 11))/ V2. We construct Ny for d > 4 as shown below.
We define r and b by

-1
ri= LdTJ >d/6, b=d-2r>r Vd=4. (173)

There exists a sequence of sets of 2r-dimensional density
operators D, = {px}f;’ ,» where D, > exp(r?/8) and p, has
rank r, exactly half of the eigenvalues are 1/r and the other
half are zero, and

llox = py Vx#y (174)

1

"”tr = Z
as shown in Lemma 8 of [83]. Defining the set of reflections
Ny = Qrox - L)@ L, (175)

Ny satisfies the properties shown in Proposition 18 as shown
below. The number of elements in N satisfies

Ny > exp(r?/8) > exp(d*/288) Vd > 4.

U, =V, ®1, =

(176)

The Bures distance between two different elements U,, U, €
Ny is given by

dB(Uxa Uy)

1
> — \/_d¢ U(l} 1U, ¢Uy||tr a7
- m1n (Ve = ¢Vy) @ (1 — @)1yl (178)

\/_d
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2:fggg%mmm¢hr—WWMMMU—¢ﬂum} (179)
Zzigﬁmﬂmw ViVille = 1166 = D T2l
(1 =) Lplle}  (180)
=V%£%ymwm ViVille — 2rl¢p — 11,
bl¢ - 11} (181)
Z%QZIEM”_WWM (182)
:;;uz ibnv Ville (183)
= 5r—2 ey ~Pelle (184)
z 2J§d2rib (185)
= ﬁ (186)
1
= 700" (187)

O

Proof of Thm. 12: We show Thm. 12 following a similar
argument for the proof of Proposition 13 shown in [50]. The
proof shown here is almost the same as shown in [50], but we
put a proof here for completeness.

Suppose there exists a quantum circuit .4 using N, queries
to the oracles cU and cU" to obtain the estimator U satisfying
f(U,L{) >1-¢6% ie., dB(U, U) < € for € < 1/200. If U is
given by U = R® for @ = LzoloeJ_]’ we can obtain the estimator
R := UV satisfying dg(R,R) < 1/200 with probability > 3
since

dp(R,R) = dp(U"*, U'™) (188)
l/a
< ZdB(f/PU”“‘P, gr-tyte-rtly (189)
pl
- d(U U< €<t (190)
T o'k @ =200
holds.

Next, we show that the quantum circuit .4 can be simulated
with a black-box access to ccR. Suppose a quantum circuit
A consists of a unitary operator C € SU(D) followed by a
quantum measurement M [56]. Using Lem. 17, we obtain
a unitary operator Cg using n), = 50 + 100an, . queries to
ccR satistfying Eq. (160). We define a quantum circuit Ag,
which first measures the output state of auxiliary qubits in the
computational basis. If the measurement outcome is (0,...,0),
we perform the measurement M on the target system and
declare failure otherwise. From Eq. (162), the postselection
probability is given by

v* = 0.99 exp(—anng.). (191)
We denote the probability distribution of the measurement
outcome of A and Ag conditioned on the postselection by a
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and ag, respectively. Then, from Eq. (161), the total variation
distance distry(a,ag) of a and ag is given by [84]
distry(a, ag) < 4 |||out) - C )|,

< 4exp(=99anny e — 20). (192)

Thus, the success probability for A to obtain the estimator R
satisfying dg(R, R) < 1/200 is given by

Prob 4, [dp(R, R) < 1/200]

= Prob 4,[post selection]

x Prob 4, [dg(R, R) < 1/200|post selection] (193)
> 0.99° exp(—anng)

x [Prob4[dp(R,R) < 1/200] — distry(a,ag)]  (194)
> 0.99° exp(—anng.e)

2
X |:§ —4exp(-99anng e — 20)] (195)
1

> 3 exp(—annge). (196)

If we have a promise that R is taken from a set N' ¢ SU(d),
we can discriminate an element ccR in cc = {ccRIR e N} C
SU(4d) with probability > 5 exp(-amnge) = exp(6, — 61n),)
using ”Zz,e =50+ 100an, ¢ queries to ccR for constants §; > 0
and 9, € R that do not depend on d and €. From Proposition
16, we obtain

. = Qd), (197)
ie.,
n’d € 2
= —>Q 1
ng, 1000 (d)/e (198)
holds. o

Appendix F Proof of Cor. 4: Optimal Unitary Estimation
Protocol for n <d — 1

In this section, we explicitly construct the optimal unitary
estimation protocol for n < d — 1 shown in Cor. 4. To this
end, we apply the transformation shown in Appendix D to the
optimal covariant dPBT protocol shown in [6] and [26].

The optimal deterministic port-based teleportation using N
ports to teleport a d-dimensional state for the case of N < d

is constructed in [26], which shows the following fidelity:
N
E,
where the optimal resource state is the covariant state (76)
parametrized by w given as

Fppr(N,d) = (199)

(200)

where m,, is the multiplicity of the irreducible representation
p of the unitary group (see Appendix A). By using the one-to-
one correspondence between the unitary estimation and PBT
shown in Thm. 1, we obtain the optimal unitary estimation
with the covariant probe state (115) parametrized by ¥ given
as

Vo 0 Y (R(n, d)) g, (201)
u
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< > my (202)
MEa+O
= Nmy, (203)
where we used Lem. 6. Since Y, yo m2 = n! = (N—1)! holds
for n < d -1, we obtain
My
Vo = ——. (204)
V!
The optimal fidelity of the unitary estimation is given by
n+1
Fes(d,n) = Fegr(d,N =n+1) = R (205)

Appendix G Proof of Thm. 5: Optimality of Parallel Unitary
Inversion for n < d — 1

In this section, we show Thm. 5, stating that parallel
protocol achieves the optimal fidelity of unitary inversion
among the most general transformation of quantum operations
including the ones with indefinite causal order. To this end, we
first review the framework of quantum supermaps representing
the transformation of quantum operations. Then, we show the
proof of Thm. 5.

The quantum supermap [59], [78] is given as a linear map
C: Q@LILT) — LO) - [LP) — LF)). where T,
and O; are the Hilbert spaces representing the input and
output systems of the i-th input quantum operation, P and
F are the Hilbert spaces representing the input and output
systems of the output quantum operation. Since the quantum
supermaps should preserve the completely positive (CP) and
trace-preserving (TP) maps, it satisfies the completely CP
preserving (CCPP) condition [16], [85] given by

(C®I)(A)is CP YCP maps A, (206)
and TP preserving (TPP) condition [16], [85] given by
C(A)is TP ¥ TP maps A. (207)

There exist quantum supermaps satisfying both the CCPP and
TPP conditions but not implementable within the quantum
circuit framework [78], [86], called quantum supermaps with
indefinite causal order [51], [52], [53]. The most general
quantum supermap including the one with indefinite causal
order can be represented by the Choi matrix [78] C €
LP®TI"® O"Q F) satisfying C > 0, Lgen(C) = 0 and
Tr(C) = d", where Lgpy is a linear map corresponding to
the TPP condition, and Z" and O" are the joint Hilbert
spaces defined by ZI" ®,Z; and O" X, O,
respectively.

Using the framework of the quantum supermap, we show
Thm. 5.

Proof of Thm. 5: Since the optimal fidelity of parallel
unitary inversion is the same as that of unitary estimation [18],

we obtain L1
(PAR) n
F; inv ( d) d2

(208)

for n < d -1 from Cor. 4. We conclude the proof of Thm.
5 by showing an upper bound on the optimal fidelity for
indefinite causal order protocol. To this end, we introduce a
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semidefinite programming (SDP) to obtain the optimal fidelity
of unitary inversion. The optimal fidelity of deterministic
unitary inversion using general protocols is given by the
following SDP [18]:

max Tr(CQ)
st. LP®IT"®O"®@F)>C =0,
Lcen(C) =0

Tr(C) = (209)

where Q € L(PR®Z"®O"®F) is a positive operator called the
performance operator. The performance operator Q is given by

1
Q= dzded|Ud>X<Ud|®'lo»t®|Ud>X<Ud|_7:7>, (210)

where dU, is the Haar measure on SU(d), |U,) is the dual vec-
tor of U, € SU(d) given in Eq. (88), and the subscripts Z"O"
and PF represent the Hilbert spaces where the corresponding
operators act. As shown in [18] and [64], the performance
operator ( satisfies the unitary group symmetry given by

QU @ VEET=0 VYU,V e SU®@). (211)

Thus, it can be represented by a linear combination of
(E ) F @ (Efompl, Ve, i jellm) klell...m,) USINg the oper-

-------------

ator Efj defined in Eq. (48), as follows [18], [64]*:

dzzz

ueyd ij=1

(EZ)IHI ® (E,J)o P

(212)
n+1
In addition, the performance operator Q satisfies the symmetric
group symmetry given by

[93 (V(T)I" ® (VO')O” ® ]173]:] =

where V; is the representation of the symmetric group defined
in Eq. (39). The dual problem of the SDP (209) is given by
[81]

0 VoeG, (213)

min A
st. We LPRI"® O
Q<AWR1xr),

1z,
Tro, W = Trr,o, W ® %
TTW=4d",

Vie{l,...,n),

(214)

and any feasible solution of the dual problem (214) gives an
upper bound of the optimal fidelity of deterministic unitary
inversion using general protocols.

We construct a feasible solution of the dual SDP (214)
with

n+1
4’

which shows that the optimal fidelity of unitary inversion using
general protocols is bounded by

1=

(215)

1
FON(, ) < n+ ‘

1nv dZ

(216)

“Note that [64] defines dy, and my, in the opposite notation.
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< FON d) hold, we

mnv

< Fa%Mm.d) <

mv

Since F f:éR)(n d) <
obtain

n+1 1
— = = FP® (0, d) < FS*V(n, d)
n+1

F(GEN) d) < i
(n.d) < —5

217)

mv

e, FIm,d) = FOm,d) = FS™n,d) = "5 holds.
Due to the unitary group and symmetric group symmetries
(211) and (213) of the performance operator €2, the constraints
in the dual SDP (214) is invariant under the twirling operations

given by

W / du / dV(U @ VEEhWUS @ VEIEHT,  (218)
1
W — ) (Vo) @ (Voor ® 1p]
oes,
WI(Ve)z ® (Vo)or ® 1p] . (219)

Thus, without loss of generality, we can assume that W
satisfies the unitary group and symmetric group symmetries
given by

(W, U2 ® Vg’i;;'] =0 VU,V e SU@d), (220)
W,(Va)z: @ (Ve )on ®1p]l =0 VYo eG,. (221)
We assume the following ansatz on W:
my
W= > wau ) (Er®(Epyop,  (222)
aeYd pca+0 a,b=1

where wy, > 0. Note that the operator (Eauh[,)or:'p is well-
defined for all u € @+ 0O since a+0O C Y holds for all a €
Y¢ when n < d—1. The ansatz (222) satlsﬁes the unitary group
symmetry (220) by definition of the operators EY,. The ansatz

(222) also satisfies the symmetric group symmetry (221) since
[(Vo)zr ® (Vo)or @ 1pIWI(Ve)zr @ (Vo )or ® 1p]
=Y > Wau(lu)p @ (Iy)orp
aeY?d pea+0
® (Tala, a)a, bloh)s, ® (ol a2y, beloh)s, (223)

My

- Z Z Wap Z(]lud)zn ® (Iy,)orp

aeYd pea+0o ab=1
® (lo, a)a, bs, ® (u, a,)u, byDs, (224)
=W (225)

holds, where we use the equality

My my
Z oola,a)® 0y, i,u, aﬁ) = Z Oy la,a)® 0'; U, al‘f) (226)
a=1 a=1

gy

fal), (227)

= Z la, a) ®

a=1
which is derived from the fact that o, is a real matrix in
the Young-Yamanouchi basis® and the action of o € &, on
u, a/‘j) is unitarily equivalent to the action of o on |a,a) as

5See, e.g., [70].
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shown in Eq. (49). Due to the permutation symmetry (221),
the constraints of the dual SDP (214) hold if

Q< AWR1x), (228)
17,

2, 229

p (229)

TrW =d". (230)

The right-hand side of the inequality (228) is given by

AW 1r)
=AY ) wau Y (Erp)mF® (Efyy)omm  (231)
aeYd pvea+o a,b=1
24 Y Wau ) (B )mr @ By o (232)
aEYg peEa+O a,b=1
— “ u
=) D e ) (Egpg)r7 @ (Egrporp (233)
HEY, | @u=8 a.b=1
=1 ) Y Mawau(ley)zir ® (Iyy)orp
peyd, | aeu-a
® |¢a,p><¢a/,p|8;,$# s (234)
where |¢q,) € S, ® S, is defined by
|Gau) = Z pety)s, ® |1 ay)s - (235)

On the other hand, the left-hand side of the inequality (228)
is given by

E n E n
d2 Z Z( ,j)l']-'®( ,,)o 236)
yEYn+] i,j=1
dz > 7 (11u )27 ® Ly )orp ® ) duls,s,. (237)
/‘EYn+1

where |¢,) € S, ® S, is defined by

|#u) = i)s, ® I i)s, - (238)

Since |@u) = Y peu 0 Cap |¢W) and )", olcaul” = 1 holds

for cqy = /mq/my, we have the following inequality:
D 1oy X Gyl = 16,00l (239)
aeu—0
Therefore, by taking w,, as
el (240)

Wap = n+ 1)madﬂ’

and A as in Eq. (215), we obtain the inequality (228) as shown
below:

/l(W® 17)
> d2 Z Z (g, )z r ® (Mg )orp
”eyd H a€p—0

® |¢a,,u><¢a,,u|8#5u (241)
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\%

1 1
= 2 7)rr e y)op ®1)ds,s,  (242)

HEY]

I
©

(243)

The constraint (229) is confirmed as follows. By defining
T:=(mn+1)€S,q, Trp, W is given by

TI‘O" w
= [Trp[(1z ® (V) orp)W(lz ® (Vo)orp) 1o,-ps

where subscript O, — P represents the relabelling of the
Hilbert spaces. This is further calculated as

(244)

TI‘O w
ab)I”
aeYd peato T dy a,b=1
® [Trp[V.(E, by Wiloplo,—p (245)
m my My
'u ah)I"
aeYd}l5¢7+D Ma ”ah 1i,j=1
® [7)ia, 7] ]b,, J[Trp(EDorplo,~p (246)
mp My
= SDIDMLDY Z(anzn
a€Y? pea+0 Ma ab=11,j=1
(EL )On 17)
® ) Z[T# et T (247)
pep—0 c,d=1
Z Z ZAabcd ab)T" ®(Efd)0n—l7>, (248)

aﬁe\‘ft/ah 1c,d=1

where [7,]i; = (il 7, lu, j), a; represents the index of the
standard tableaux s" obtained by adding a box to the

standard tableaux s%, and the coefficient Aabc 4 1s defined by

1 my,
b
Adbea = 7577 )

/16((1+D)ﬂ(ﬁ+l])

[T,l]c T A wd- (249

To proceed with the calculation, we show the following
Lemma for the coefficient AafL 4
Lemma 19: When n < d -1 holds, coefficient Agfc 4 defined

by Eq. (249) is given by

Z Z mﬁ5apa5bqw5 15‘1’(1;.

Ae(e—O)N(B-0) p,g=1

Aaﬁ — l

abcd (250)

We prove Lem. 19 in the end of this section. Using this
relation, Trp, W is further calculated as

TI'(') w

PP Zmﬁ(pnqn)n

(1/36)‘{11 Ae(e—O)N(B-0) p,g=1
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B
® (Ep;q;})on-]p (252)
mﬁ
= Z Z Z Z pq -1
,leyd ﬁe/lJrD pq 1 acd+0O
(Eﬁ ) ®lz. (253)
Pﬂqu On-1p
Thus, the constraint (229) holds.
The constraint (230) is satisfied since
TTW=—— Z > md, (254)
aeY” pea+o
- Z Mad, (255)
3¢
= dim P U, ® S, (256)
aeY?
= dim(C%®" (257)
=d" (258)

holds, where we use Lem. 6 in Appendix A.

Therefore, (4, W) given in Egs. (215), (222) and (240) is
a feasible solution of the dual SDP (214). As shown above,
this gives a matching upper bound on the optimal fidelity of
unitary inversion using general protocols, which completes the
proof. m}

Proof of Lem. 19: We first consider the operator {Ef 4} for
B € YP and c,d € {1,...,mg} defined on (C?)*"*! for D >
n+1l.Fort=mn+1)e Sy,

Ty 1 [Ve(Ely ® 1co)Vi] = Tr, ELy @ leo (259)
holds. The left-hand side is calculated as
T4 1 [Ve(Eoy ® 1co) V]
=y Tt [Ve(ELy )V (260)
HEB+D
ny,
= D ) sl T (E) (261)
peB+oi,j=1
d Q
=2 2 Z Tl g B (262)
HEB+0O acu—0 a,b=1
=> > Z EAPIG 1 L E;,, (263)
QEYDﬂE(a+D)ﬂ(ﬂ+D)ab 1
=> > Z [Tl L7, ],,ndﬁ 7 (264)

€YD pe(e+o)N(B+0) a,b=1

Here, we use the relation T
side is calculated as

= (t})* = 7}, = 7,. The right-hand

Trn Efd ® ]1@1)

=y Z ﬁdt,,ladan ® Leo (265)
Aef— I:Ipq 1
- S S B, 266
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Therefore, we obtain
dy ¥
D gyl
pe(a+o)N(B+0o)
dp
= ) OupOngepSug (268)

Ae(e—O)N(B-0O)
Due to the hook-content formula (43) shown in Appendix A

for the dimensions of the irreducible representations of the
unitary group and the symmetric group,

. ld, D+i-jm, my,
2 Da, T AT, T, G0
1 D+k-1
9 i g2 T (270)
D—oo Dd/l D—oo D my, my

hold, where (i, j)((k,[)) is the position of the box added to
a(B) to obtain u(v). Therefore, we obtain
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