
2358 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 72, NO. 4, APRIL 2026

One-to-One Correspondence Between Deterministic
Port-Based Teleportation and Unitary Estimation

Satoshi Yoshida , Yuki Koizumi, Michał Studziński , Marco Túlio Quintino , and Mio Murao

Abstract—Port-based teleportation is a variant of quantum
teleportation, where the receiver can choose one of the ports
in his part of the entangled state shared with the sender, but
cannot apply other recovery operations. We show that the optimal
fidelity of deterministic port-based teleportation (dPBT) using
N = n + 1 ports to teleport a d-dimensional state is equivalent
to the optimal fidelity of d-dimensional unitary estimation using
n calls of the input unitary operation. From any given dPBT,
we can explicitly construct the corresponding unitary estimation
protocol achieving the same optimal fidelity, and vice versa.
Using the obtained one-to-one correspondence between dPBT
and unitary estimation, we derive the asymptotic optimal fidelity
of port-based teleportation given by 1 − O(d4)N−2 ≤ F ≤

1−Ω(d4)N−2, which improves the previously known result given
by 1 − O(d5)N−2 ≤ F ≤ 1 − Ω(d2)N−2. We also show that the
optimal fidelity of unitary estimation for the case n ≤ d − 1
is F =

n+1
d2 , and this fidelity is equal to the optimal fidelity

of unitary inversion with n ≤ d − 1 calls of the input unitary
operation even if we allow indefinite causal order among the
calls.

Received 29 April 2025; revised 30 October 2025; accepted 17 January
2026. Date of publication 28 January 2026; date of current version 19 March
2026. The work of Satoshi Yoshida was supported in part by Japan Society for
the Promotion of Science (JSPS) KAKENHI under Grant 23KJ0734; in part by
FoPM, WINGS Program, The University of Tokyo; and in part by the DAIKIN
Fellowship Program, The University of Tokyo. The work of Yuki Koizumi was
supported by the FY2023 Study and Visit Abroad Program (SVAP 2023),
School of Science, The University of Tokyo. The work of Michał Studziński
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Gdańsk, 80-308 Gdańsk, Poland, and also with the International Centre for
Theory of Quantum Technologies, University of Gdańsk, 80-309 Gdańsk,
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I. INTRODUCTION

QUANTUM teleportation [1] is one of the fundamental
protocols in quantum information, which is widely used

in quantum communication [2] and quantum computation [3],
[4]. It also opens up a way to understand fundamental prop-
erties of quantum mechanics, such as quantum entanglement
[5]. In the original protocol of quantum teleportation, Alice
sends an unknown quantum state to Bob by using a shared
entanglement with the Bell measurement on the unknown state
and her share of the entangled state and classical communica-
tion. Depending on the outcome of Alice’s measurement, Bob
applies a Pauli operation on his part of the shared entangled
state to recover her state.

Port-based teleportation (PBT) [6], [7] is a variant of the
teleportation protocol, where Alice and Bob share an entangled
2N-qudit state, and each of Alice and Bob possesses N qudits
(called ports). Alice performs a joint measurement on an
unknown state and Alice’s N ports. Instead of applying a
Pauli operation, Bob can only choose a port from N ports
of the shared entanglement to recover Alice’s state. Since
Bob’s recovery operation commutes with parallel calls of the
same quantum operation applied to Bob’s ports, we can use
port-based teleportation to apply a quantum operation E to a
quantum state prepared after the application of E in the fol-
lowing way. We first apply a quantum operation E in parallel
to Bob’s ports (storage) and use it for port-based teleportation
of the quantum state ρ. As a result, Bob obtains the quantum
state E(ρ) (retrieval). Such a task is called storage-and-retrieval
[8], quantum learning [9], or universal programming [10],
[11]. Beyond storage-and-retrieval, port-based teleportation
has wide applications in quantum cryptography [12], Bell non-
locality [13], holography [14], [15], and higher-order quantum
transformations [16], [17], [18], [19]. Port-based teleportation
is also extended to the scenario where Alice’s state is given
by multi-qudit states (multi port-based teleportation) [20], [21]
and continuous-variable states [22].

Since the no-programming theorem prohibits a deterministic
and exact implementation of storage-and-retrieval [11], port-
based teleportation is also impossible in a deterministic and
exact way. This no-go theorem led researchers to consider
probabilistic or approximate protocol [6], [7], [23], [24], [25],
[26], [27], [28], [29], [30], [31], [32], [33], [34], [35], [36],
[37]. The former is called probabilistic port-based teleportation
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Fig. 1. This work shows the one-to-one correspondence between deterministic port-based teleportation (dPBT) and unitary estimation (see Thm. 1). Combining
this result with [9] and [18], we also show the one-to-one correspondence with deterministic storage-and-retrieval (dSAR) of unitary operation and deterministic
parallel unitary inversion. (a-1) In dPBT, Alice approximately teleports her unknown state ρ by sending the measurement outcome a of the joint measurement
on the target state ρ and half of a shared 2N-qudit entangled state φPBT. Bob chooses the port a of the other half to obtain a quantum state close to ρ. Its
circuit description is shown in (a-2). By using the one-to-one correspondence, its asymptotic optimal fidelity is shown to be FPBT(N, d) = 1 −Θ(d4N−2) (see
Cor. 3). (b) In unitary estimation, n calls of unitary operator U are applied in parallel to the resource state φest, and the output state is measured in a positive
operator-valued measure (POVM) measurement {MÛ dÛ}Û to obtain the estimated unitary Û. By using the one-to-one correspondence, its optimal fidelity is
shown to be Fest(n, d) = n+1

d2 for n ≤ d − 1 (see Cor. 4). (c) In dSAR, n calls of U are applied into a resource state ρSAR to obtain a program state ψU . In
a later moment, the action of U is retrieved by applying a quantum operation D on the joint system of the input state ρ and the program state ψU . (d) In
deterministic parallel unitary inversion, an operation E is applied before n calls of an unknown unitary operator U, and an operation D is applied just after,
in a way that the resulting composition is approximately U−1. For n ≤ d − 1, the parallel protocol achieves the optimal fidelity even if we consider the most
general protocol including the ones with indefinite causal order (see Thm. 5).

(pPBT), and the latter is called deterministic port-based tele-
portation (dPBT). The optimal success probability of pPBT is
explicitly given in [7] and [25], and it is known to be utilized to
achieve the optimal success probability of storage-and-retrieval
of unitary operation [8]. On the other hand, less is known for
the optimal fidelity of dPBT, and no closed formula is known
except for the qubit case [6]. Its asymptotic form is shown
in [28], but its lower and upper bounds do not coincide with
each other. Also, dPBT is known not to provide the optimal
fidelity of storage-and-retrieval of unitary operation [10], [18].

In this paper, we show a one-to-one correspondence of the
dPBT with another widely explored task called the unitary
estimation in the Bayesian framework [9], [10], [38], [39],
[40], [41], [42], [43], [44], [45], [46], [47], [48], [49], [50].
We show that the optimal fidelity of d-dimensional unitary
estimation using n calls of the input unitary operation is
equivalent to that of dPBT using N = n+ 1 ports to teleport a
d-dimensional state. Our proof is made in a constructive way,
once the optimal protocol for dPBT is given, we can explicitly
construct the corresponding unitary estimation protocol and
vice versa. Combining our results with previously known the
one-to-one correspondence between unitary estimation, deter-
ministic storage-and-retrieval (dSAR) [9] and deterministic
parallel unitary inversion [18], we then obtain a one-to-one
correspondence between the four tasks (see Fig. 1). Note that
this one-to-one correspondence does not imply that the optimal
dPBT protocol provides the optimal fidelity of dSAR; rather,
our result implies the opposite. If we use the dPBT protocol to

perform the dSAR using n calls of the input unitary operation
U, it provides the fidelity given by FPBT(n, d), which is strictly
smaller than FSAR(n, d) = FPBT(n + 1, d) from our one-to-one
correspondence.

The one-to-one correspondence proved here allows us to
translate previous results on the optimal fidelity of unitary
estimation to that of dPBT and vice versa. This allows us to
prove that the asymptotic fidelity of optimal dPBT is precisely
FPBT(N, d) = 1 − Θ(d4N−2), from a corresponding result for
unitary estimation [10], [50]. This result improves upon the
previous result [28] and gives a tight scaling with respect to
d. Also, results from dPBT [26], allow us to show that the
fidelity of unitary estimation is given by n+1

d2 for n ≤ d − 1.
Finally, we prove that the optimal fidelity of unitary inversion
using n calls of the input unitary operation is given by that
of unitary estimation for n ≤ d − 1 even when considering
adaptive circuits or protocols without a definite causal order
[51], [52], [53].

II. ONE-TO-ONE CORRESPONDENCE BETWEEN DPBT
AND UNITARY ESTIMATION

In dPBT, Alice wants to teleport an arbitrary qudit state
ρ ∈ L(A0) to Bob using a shared entangled 2N-qudit state
φPBT ∈ L(AN ⊗ BN), where L(X ) represents the set of linear
operators on a Hilbert space X , AN and BN are the joint
Hilbert spaces defined by AN =

NN
i=1Ai and BN =

NN
i=1 Bi

for A0 ' Ai ' Bi ' C
d. Alice measures the quantum state

ρ and half of the shared entangled state φPBT with a positive
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operator-valued measure (POVM) measurement {Πa}
N
a=1, and

sends the measurement outcome a to Bob. Bob chooses the
port a from the other half of the shared entangled state
φPBT, approximating Alice’s state ρ. The quantum state Bob
obtains is given by Λ(ρ), where Λ : L(A0) → L(B0) is the
teleportation channel [6], [54]

Λ(ρ) :=
NX

a=1

TrA0ANBa
[(Πa ⊗ 1BN )(ρ ⊗ φPBT)], (1)

with Ba :=
N

i,a Bi and 1 being the identity operator. The
performance of the dPBT protocol may be evaluated in terms
of channel fidelity [55] between a quantum channel with map
Λ : L(Cd) → L(Cd) and a unitary operator U : Cd → Cd,
quantity defined by

f (U,Λ) :=
1
d2

X
i

|Tr(KiU†)|2, (2)

where {Ki}i is the set of Kraus operators of Λ satisfying Λ(ρ) =P
i KiρK†i [56]. The performance of a dPBT protocol is then

the fidelity between the teleportation channel of Eq. (1) and
the identity channel represented by the identity operator 1d ∈

L(Cd), i.e,
FPBT := f (1d,Λ). (3)

Unitary estimation is the task to obtain the classical descrip-
tion of the estimated unitary Û of the input unitary operator
U ∈ SU(d), which can be called n times. We use the Bayesian
framework [38] to evaluate the performance of unitary esti-
mation, and we assume a Haar-random prior distribution of
the input unitary operator. The performance of an estimation
protocol is given by its average fidelity

F(ave)
est :=

Z
dU

Z
dÛ p(Û |U) f (Û,U), (4)

where p(Û |U) is the probability distribution of obtaining the
estimator Û given the input unitary operator U, dU and
dÛ are the Haar measures [57] on SU(d), f is the channel
fidelity, and U : L(Cd) → L(Cd) is the unitary operation
defined by U(·) := U(·)U†. The optimal fidelity is shown
to be implementable by a parallel covariant protocol [9].
In the parallel covariant protocol [see Fig. 1 (b)], the n-
fold unitary operator U⊗n is applied to the resource state
φest ∈ L(An ⊗ Bn), and the POVM measurement

˚
MÛdÛ

	
Û

is applied to obtain the estimated unitary Û, hence p(Û |U) =

tr
�
MÛ (U⊗n ⊗ 1An )φest(U⊗n ⊗ 1An )†

�
. Also, in the covariant

protocol, the average-case fidelity coincides with the worst-
case fidelity [38] F(wc)

est := infU
R

dÛ p(Û |U) f (Û,U).
In the following, we present a one-to-one correspondence

between dPBT and unitary estimation.
Theorem 1: The optimal fidelity of deterministic port-based

teleportation (dPBT) using N = n + 1 ports to teleport a d-
dimensional state [denoted by FPBT(N, d)] coincides with the
optimal fidelity of unitary estimation using n calls of an input
d-dimensional unitary operation [denoted by Fest(n, d)], i.e.,

FPBT(n + 1, d) = Fest(n, d) (5)

holds. In addition, given any dPBT protocol using N = n + 1
ports, we can construct a unitary estimation protocol with n

calls attaining the fidelity more than or equal to the fidelity of
the dPBT, and vice versa.

Proof Sketch: We show this theorem by explicitly con-
structing a unitary estimation protocol from any given dPBT
protocol and vice versa (see Fig. 2). We first convert any
given dPBT and unitary estimation protocols into covariant
protocol without decreasing the fidelity [9], [26], [30], [47],
as shown in (a)→(b) and (c)→(d) of Fig. 2 (see Appendixes
B and C for the details). The covariant protocol1 are protocols
with the resource states and the POVMs in specific forms
that are covariant with respect to certain representations of the
unitary group, see e.g., Def. 1 of [10]. The covariant dPBT
and unitary estimation protocols are shown to be parametrized
by non-negative weights ~w = {wµ}µ and ~v = {vα}α associated
with irreducible representations of the unitary group SU(d),
respectively, satisfying the normalization conditions given byX

µ

w2
µ =

X
α

v2
α = 1. (6)

In addition, the corresponding fidelities are given by

FPBT = ~wTMPBT(N, d)~w, (7)

Fest = ~vTMest(n, d)~v, (8)

using the teleportation matrix MPBT(N, d) [26] and the estima-
tion matrix Mest(n, d) [10], [43], [44], [47]. These two matrices
are shown to be related by introducing a matrix R(n, d) as
shown below:

MPBT(N, d) =
1
d2 R(N − 1, d)TR(N − 1, d), (9)

Mest(n, d) =
1
d2 R(n, d)RT(n, d). (10)

Then, we present an explicit recipe to convert between
covariant protocols for dPBT with N = n + 1 calls and
unitary estimation with n calls keeping the fidelity, given by
multiplying R(n, d) or R(n, d)T to the weight vectors ~w or ~v,
respectively, as shown in (b) ↔ (d) of Fig. 2. A detailed proof
of Thm. 1 is presented in Appendix D. �

III. ONE-TO-ONE CORRESPONDENCE BETWEEN FOUR
DIFFERENT TASKS

In [9], the optimal unitary estimation using n calls is shown
to be equivalent to the optimal deterministic storage-and-
retrieval (dSAR) protocol using n calls, and in [18], the optimal
unitary estimation using n calls is shown to be equivalent to the
optimal deterministic parallel unitary inversion protocol using
n calls. Combining these with Thm. 1 proved in this work,
we obtain the one-to-one correspondence among the optimal
fidelity of these four tasks (see Fig. 1). For completeness, we
now describe the task of dSAR and parallel unitary inversion.

The dSAR (see Fig. 1), also referred to as unitary learning,
considers the problem of storing the usage of an arbitrary
input unitary operation on some state in a way that the usage
of this operation may be retrieved in a later moment. When
the usage of the input operations is made in parallel, an

1A function f is called covariant with respect to the unitary representations
U,V of the group G if and only if f (Ug ·U

†
g ) = Vg f (·)V†g holds for all g ∈ G

[see, e.g., Eq. (1) in [58]].
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Fig. 2. Explicit construction of a unitary estimation protocol from any given dPBT protocol and vice versa. (a) General protocol for dPBT. (b) A covariant
protocol for dPBT is constructed by using Eqs. (74), (76) and (78) to the general protocol (a) [26], [30] (see the details in Appendix B). (c) General adaptive
protocol for unitary estimation. (d) A parallel covariant protocol for unitary estimation is constructed by using Eqs. (115), (119) and (120) to the general
protocol (c) [9] (see the details in Appendix C). This work shows a transformation between the covariant protocols for dPBT and unitary estimation given in
Eqs. (148) and (150). Combining this transformation with the constructions (a)→ (b) and (c)→ (d), we obtain a transformation between the sets of general
protocols for unitary estimation and dPBT.

assumption which can be made without loss in performance
[9], the task is described as follows. An arbitrary input unitary
operator U ∈ SU(d) is called n times on a resource state
φSAR ∈ L(A ⊗ In), where A is an auxiliary space and the
unitary operation U⊗n maps an input space In into an output
space On to obtain a program state

ψU :=
�
1 ⊗ U⊗n� φSAR

�
1 ⊗ U⊗n�† ∈ L(A ⊗On). (11)

Then, an arbitrary input state ρ ∈ L(P) is subjected to a
quantum operation D : L(P ⊗ A ⊗ On) → L(F), often
referred to as decoder [59], on the joint system of ρ and
ψU to obtain the output state ΛU(ρ) := D(ρ ⊗ ψU) ∈ F ,
which we desired to be approximately the state UρU†. The
performance of dSAR is evaluated by the average-case fidelity
given by F(ave)

SAR :=
R

dU f (U,ΛU), whose optimal value is
always attainable by a covariant protocol, and respects [10]
F(ave)

SAR = 1 − 1
2‖ΛU − U‖� for the covariant protocol, where

‖ · ‖� is the diamond norm [60], [61]. Reference [9] shows
that optimal dSAR protocol can always be implemented by
using an estimation protocol, i.e., Fest(n, d) = FSAR(n, d)
holds for optimal protocols. From our results, it implies that
FSAR(n, d) = FPBT(n + 1, d).

In the task of transforming unitary operations, one is
allowed to make n calls of unitary operation U(·) = U(·)U† :
L(Ii) → L(Oi), where i ∈ {1, . . . , n}, U ∈ SU(d) and we
aim to design a quantum circuit which aims to output an
operation Ug(·) := g(U) · g(U)†, where g : SU(d) → SU(d).
When the n calls of the input operation are made in parallel
(see Fig. 1), the task consists in finding an encoder operation
E : L(P) → L(A ⊗ In), where A is an auxiliary space and
In :=

Nn
i=1 Ii, and a decoder operation D : L(A ⊗On) → F ,

where On :=
Nn

i=1Oi, such that the resulting output operation

ΛU := D ◦
�
1A ⊗ U⊗n� ◦ E , (12)

is approximately the operation Ug, with 1A here being the
identity map in the auxiliary space. Similarly to dSAR, we
evaluate the performance of a given protocol in terms of its
average-case fidelity, F(PAR)

g :=
R

dU f (g(U),ΛU).
Unitary estimation protocols can always be used to trans-

form n calls of a unitary U into g(U) with some fidelity
F(ave)

est , for that one may simply estimate the unitary U as
Û and then to output g(Û). In [18], it is shown that if the
target function g : SU(d) → SU(d) is antihomomorphic,
i.e., g(UV) = g(V)g(U) holds for all U,V ∈ SU(d), unitary
estimation attains optimal performance for parallel unitary
transformations. Since unitary inversion g(U) = U−1 and
unitary transposition g(U) = UT are antihomomorphisms, it
follows from Thm. 1 that the optimal parallel unitary inversion
and parallel unitary transposition with n calls is precisely
FPBT(n + 1, d).

IV. APPLICATIONS

Thm. 1 allows us to translate results on unitary estimation
to results on dPBT, and vice versa. We now illustrate some
of these applications. This section utilizes the big-O notation
O(·), Ω(·) and Θ(·), defined as follows [62]:

f (x) = O(g(x))⇔ lim sup
x→∞

| f (x)
g(x)|

< ∞, (13)

f (x) = Ω(g(x))⇔ g(x) = O( f (x)), (14)
f (x) = Θ(g(x))⇔ f (x) = O(g(x)) and f (x) = Ω(g(x)). (15)

Intuitively, O(·) represents a lower bound, Ω(·) represents an
upper bound, and Θ(·) represents a tight bound.

Reference [10] shows a unitary estimation protocol asymp-
totically achieving Fest(n, d) ≥ 1 − O(d4)n−2. As shown in the
following lemma, this lower bound is tight:
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Lemma 2: The optimal fidelity of unitary estimation using
n calls of an input d-dimensional unitary operation is upper
bounded as

Fest(n, d) ≤ 1 −Ω(d4)n−2. (16)

Proof Sketch: Reference [50] shows a lower bound on the
query complexity n to achieve a diamond-norm error ε for
unitary estimation, given by n = Ω(d2)/ε. The proof is based
on constructing exp(Ω(d2)) unitary channels that are ε-distant
from each other and O(ε)-close to the identity channel in terms
of the diamond norm. We adapt their proof for the Bures
distance [63] induced from the channel fidelity instead of
the diamond norm to show this lemma. A detailed proof is
presented in Appendix E. �

Thanks to Thm. 1, we have the following corollary.
Corollary 3: The asymptotic fidelity of optimal dPBT is

given by

1 − O(d4)N−2 ≤ FPBT(N, d) ≤ 1 −Ω(d4)N−2. (17)

Corollary 3 may be compared with previous results [28]
which proved that

1 − O(d5)N−2 ≤ FPBT(N, d) ≤ 1 −Ω(d2)N−2. (18)

In particular, we can explicitly construct the dPBT protocol
whose fidelity scales with 1 − O(d4)N−2 by combining the
unitary estimation protocol in [10] with the obtained one-
to-one correspondence, which improves over the protocol
exhibiting the fidelity 1−O(d5)N−2 shown in [28]. This result
also gives a partial answer to an open problem raised in [28] to
determine h(d) := limN→∞ N2[1−FPBT(N, d)], which is shown
to be h(d) = Θ(d4) by Cor. 3.

Reference [26] shows that, when N ≤ d, optimal dPBT is
given by FPBT(N, d) = N

d2 . Hence, from Thm. 1, we obtain the
following corollary.

Corollary 4: When the number of the calls of the input
unitary operation, denoted by n, satisfies n ≤ d−1, the optimal
fidelity of unitary estimation is given by

Fest(n, d) =
n + 1

d2 . (19)

Also, in Appendix F, we show that the optimal resource
state for dPBT and unitary estimation are the same for the
case N = n + 1 ≤ d. Hence, the optimal resource state is
useful as a universal resource state for dPBT and unitary
estimation.

V. OPTIMAL UNITARY INVERSION FOR n ≤ d − 1

As previously mentioned, the task of transforming n calls
of an arbitrary unitary operation into its inverse is attainable
by an estimation strategy when only parallel uses of the
input operation are allowed. However, already when n = 2
calls are allowed, the performance of sequential circuits for
qubit unitary inversion outperforms parallel ones, and the
performance of processes without a definite causal order
[51], [52], [53] outperforms sequential ones [18]. Also, when
n = 4 calls are allowed, there exists a sequential circuit which
transforms an arbitrary qubit-unitary operation into its inverse
operation with fidelity one [64], which was recently extended

to an arbitrary dimension using n = O(d2) calls [65] (see
also [66]).

In Appendix G, we show an upper bound of the fidelity
of unitary inversion given by n+1

d2 for n ≤ d − 1 even if we
consider the most general protocols including the ones with
indefinite causal order. Corollary 4 implies that this bound is
achievable by an estimation-based strategy. More precisely, we
prove the following theorem.

Theorem 5: When n ≤ d − 1, the optimal fidelity of
d-dimensional unitary inversion with n calls of a unitary
operation is given by

F(PAR)
inv (n, d) = F(SEQ)

inv (n, d) = F(GEN)
inv (n, d) =

n + 1
d2 , (20)

where PAR, SEQ, and GEN refer to parallel, sequential, and
general protocols including the ones with indefinite causal
order, respectively.

VI. CONCLUSION

In this paper, we show the equivalence between the optimal
fidelity of dPBT for N = n + 1 and unitary estimation with
n calls of the unitary operation by giving an explicit transfor-
mation between the optimal protocols. Combining this result
with the previous results on the equivalence of the optimal
fidelity between unitary estimation and dSAR [9], and also
between parallel unitary inversion and unitary estimation [18],
we obtain a one-to-one correspondence among four important
quantum information tasks. Our correspondence result has
the potential to accelerate the research on dPBT and unitary
estimation since obtaining the optimal fidelity of dPBT in any
setting, i.e., asymptotic or finite, can be immediately translated
into that of unitary estimation, and vice versa. Here, we use
this one-to-one correspondence to derive the asymptotically
optimal dPBT protocol, a non-trivial result which improves
the scaling of the fidelity derived in a previous work [28].
In a related topic, we prove that when only n ≤ d − 1 calls
are available, deterministic unitary inversion can always be
obtained by an estimation protocol, showing that sequential
circuits and strategies without definite causal order are not
useful in the regime of n ≤ d − 1 calls.

Our proof of the one-to-one correspondence is based on
the covariant forms of dPBT and unitary estimation, which is
shown to be optimal in terms of fidelity. On the other hand,
[50] shows that a non-covariant adaptive protocol for unitary
estimation with no auxiliary system achieves the asymptot-
ically optimal performance in terms of the diamond-norm
distance. Since the transformation from a general protocol to
a covariant protocol may induce the increase of the resources
other than the number of calls n, e.g., the number of required
qudits or non-Clifford gates to run the protocols, and the
amount of entanglement in the resource states, the correspond-
ing dPBT protocol constructed by our methods may not be
implemented efficiently for some other notions of efficiency.
We leave it an open problem to construct a conversion between
the fidelities of unitary estimation and dPBT in terms of
resources other than the number of calls.
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APPENDIX

Appendix A reviews mathematical tools based on the Young
diagrams and the Schur-Weyl duality. Appendix B shows a
construction of a covariant protocol for deterministic port-
based teleportation (dPBT) from any given dPBT protocol,
following [6], [26], and [30]. The teleportation fidelity of
the obtained covariant protocol is also shown (see Lem. 10).
Appendix C shows a construction of a parallel covariant pro-
tocol, for unitary estimation from any given adaptive protocol
[9], [47]. The fidelity of the obtained covariant protocol is also
shown (see Lem. 11). Appendix D proves Thm. 1, stating
the one-to-one correspondence between dPBT and unitary
estimation, by constructing a transformation between covariant
protocols for dPBT and unitary estimation. Appendix E shows
the asymptotically optimal fidelity of unitary estimation using
the previous results from [10] and [50] (Lem. 2). Appendix F
shows an optimal protocol for unitary estimation for n ≤ d−1
corresponding to Cor. 4. Appendix G proves Thm. 5, stating
that estimation-based protocol for unitary inversion is optimal
for n ≤ d − 1 even when we consider indefinite causal order
[51], [52], [53].

Appendix A Review of the Schur-Weyl Duality, Young
Diagrams, and the Young-Yamanouchi Basis

This section reviews mathematical tools based on the
Young diagrams and the Schur-Weyl duality. We suggest the
standard textbooks, e.g. [68], [69], [70], for more detailed
reviews.

A Young diagram is defined in association with a partition
of n for a non-negative integer n. A partition of n is a non-
decreasing sequence of positive integers (α1, . . . , αd) for any
non-negative integer d with α1 ≥ · · · ≥ αd > 0 which sums up
to
Pd

i=1 αi = n. A partition of n can be represented as a Young
diagram with n boxes, which has αi boxes in the i-th row. For
instance, (2, 1) can be represented as a Young diagram given
by

α = . (21)

We call d, the number of positive integers in the sequence
associated with the Young diagram α, to be the depth of each
Young diagram. We denote the set of Young diagrams with n
boxes and at most depth d by Yd

n, i.e.,

Yd
n :=

n
(α1, . . . , αd′ ) |

0≤d′≤d,α1≥···≥αd′>0,Pd′
i=1 αi=n

o
. (22)

For a Young diagram α, we define the following two sets:

α+ � :=
˚
(α1, . . . , αi + 1, . . . , αd)

ˇ̌
i∈{1,...,d}

s.t. αi−1≥αi+1

	
∪ {(α1, . . . , αd, 1)},

α − �

:=

8̂<̂
:
˚
(α1, . . . , αi − 1, . . . , αd)

ˇ̌ i∈{1,...,d}
s.t. αi−1≥αi+1

	
(αd > 1)˚

(α1, . . . , αi − 1, . . . , αd)
ˇ̌ i∈{1,...,d−1}

s.t. αi−1≥αi+1

	
∪{(α1, . . . , αd−1)} (αd = 1)

,

(23)

where α0 and αd+1 are taken to be α0 = ∞ and αd+1 = 0, and
α + �(α − �) represents the set of Young diagrams adding a
box to (removing a box from) α. For instance, for the Young
diagram α given in Eq. (21), α+ � and α − � are given by

α+ � =

8<: , ,

9=; , (24)

α − � =

�
,

�
. (25)

For a Young diagram α with n boxes, we consider a sequence
of Young diagrams given by

(α(0) = ∅, α(1), . . . , α(n−1), α(n) = α), (26)

where ∅ is the Young diagram with zero boxes and α(i) satisfies
α(i+1) ∈ α(i) + �. A sequence of Young diagrams can be
represented by a standard Young tableau, which is given by
filling i on the box of the Young diagram α that is added
when we obtain α(i) from α(i−1). The Young diagram to be
filled with numbers is called the frame of a corresponding
standard tableau. For instance, a sequence�

∅, , ,

�
(27)

is represented by a standard tableau

1 2
3

, (28)

with the frame

. (29)

The number of the standard tableaux with frame α, denoted
by mα, is given by the hook-length formula:

mα =
n!Q

(i, j)∈α hookλ(i, j)
. (30)

Here, (i, j) represents a box in the i-th row and the j-th column
in the Young diagram α, hookλ(i, j) is defined by

hookλ(i, j) := αi + α′j−i− j + 1, (31)

and αi and α′j are the numbers of boxes in the i-th row and
the j-th column of α, respectively. We denote the set of the
standard tableaux with frame α by

STab(α) := {sα1 , . . . s
α
mα
}, (32)

where each standard tableau is indexed by a ∈ {1, . . . ,mα}

and the a-th standard tableau is denoted by sαa . For a Young
diagrams α and a standard tableau sαa with frame α associated
with a sequence (26), a standard tableau with frame µ ∈ α+�
is referred to be obtained by adding a box n + 1 to sαa , when
its associated sequence is given by

(α(0) = ∅, α(1), . . . , α(n−1), α(n) = α, α(n+1) = µ). (33)

We denote the index of thus obtained standard tableau with
frame µ by aαµ ∈ {1, . . . ,mµ} so that the standard tableau itself
is represented by sµaαµ . We also call sαa to be the standard tableau
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obtained by removing a box n + 1 from sµaαµ . For instance, in
the case of

α = , sαa =
1 2
3

, (34)

α+ �=

8<:µ = , ν = , λ =

9=; , (35)

the standard tableaux obtained by adding a box 4 to sαa are
given by

sµaαµ =
1 2 4
3

, sνaαν =
1 2
3 4

, sλaαλ =

1 2
3
4

. (36)

We consider the following representations on (Cd)⊗n of the
special unitary group SU(d) and the symmetric group Sn:

SU(d) 3 U 7→ U⊗n ∈ L(Cd)⊗n, (37)

Sn 3 σ 7→ Vσ ∈ L(Cd)⊗n, (38)

where L(X ) is the set of linear operators on a Hilbert space
X , and Vσ is a permutation operator defined as

Vσ |i1 · · · in〉 :=
ˇ̌
iσ−1(1) · · · iσ−1(n)

˛
(39)

for the computational basis {|i〉}di=1 of Cd. Then, these repre-
sentations are decomposed simultaneously as follows:

(Cd)⊗n =
M
α∈Yd

n

Uα ⊗ Sα, (40)

U⊗n =
M
α∈Yd

n

Uα ⊗ 1Sα
, (41)

Vσ =
M
α∈Yd

n

1Uα
⊗ σα, (42)

where α runs in the set Yd
n defined in Eq. (22), SU(d) 3 U 7→

Uα ∈ L(Uα) is an irreducible representation of SU(d), and
Sn 3 σ 7→ σα ∈ L(Sα) is an irreducible representation of Sn.
This relation shows that any operator commuting with U⊗n

for all U ∈ SU(d) can be written as a linear combination
of {Vσ}σ∈Sn , which is called the Schur-Weyl duality. The
orthogonal projector onto Uα⊗Sα is called the Young projector
[21], denoted by Pα. The dimension of Uα, denoted by dα, is
given by the hook-content formula:

dα =
Y

(i, j)∈α

d + j − i
hookλ(i, j)

. (43)

The dimension of Sα is given by mα, which is the number
of the standard tableaux with frame α given in Eq. (30). The
dimension mα satisfies the following Lemma.

Lemma 6: For any given Young diagram α with n boxes,X
µ∈α+�

mµ = (n + 1)mα (44)

holds.
Proof: Since the irreducible representations α and µ ∈ α+�

are related by
IndSn+1

Sn
Sα =

M
µ∈α+�

Sµ, (45)

where IndG
Hπ represents the induced representation for a finite

group G, its subgroup H and a representation π of the group
H. Then, we obtainX

µ∈α+�

mµ = dim
M
µ∈α+�

Sµ = dim IndSn+1
Sn
Sα (46)

=
|Sn+1|

|Sn|
dimSα = (n + 1)mα. (47)

�
Due to Schur’s lemma, any operator commuting with U⊗n

can be written as a linear combination of the operators Eα
ab

defined by [21]

Eα
ab := 1Uα

⊗ |α, a〉〈α, b|Sα
, (48)

for a, b ∈ {1, . . . ,mα}, where {|α, a〉} is an orthonormal basis of
Sα. In particular, we take the Young-Yamanouchi basis [71],
[72] (or Young’s orthogonal form [70]) of Sα. Each element
in the Young-Yamanouchi basis {|α, a〉} is associated with the
standard tableaux sαa in the set STab(α) [see Eq. (32)]. The
Young-Yamanouchi basis is a subgroup-adapted basis, i.e.,
the action of Sn ⊂ Sn+1 on the Young-Yamanouchi basis
{|µ, i〉} for µ ∈ Yd

n+1 is unitarily equivalent to the action
of Sn on the Young-Yamanouchi basis {|α, a〉} for α ∈ Yd

n
as follows:

〈µ, i|σµ |µ, j〉 = δα,β 〈α, a|σα |β, b〉 ∀σ ∈ Sn, (49)

where sαa and sβb are the standard tableaux obtained by remov-
ing a box n + 1 from sµi and sµj , respectively.

The basis {Eµ
i j} satisfies the following Lemmas (see, e.g.,

[21], [64] for the proofs):
Lemma 7: The basis {Eµ

i j} satisfies

(Eµ
i j)
∗ = Eµ

i j, (50)

Tr Eµ
i j = dµδi, j, (51)

Eµ
i jE

ν
kl = δµ,νδ j,kEµ

il, (52)

where X∗ is the complex conjugate of X in the computational
basis and δi, j is the Kronecker delta defined as δi,i = 1 and
δi, j = 0 for i , j.

Lemma 8: Let aαµ be the index of a standard tableau sµaαµ
obtained by adding a box n + 1 to a standard tableau sαa for
α ∈ Yd

n and µ ∈ α+ �. Then, Eα
ab ⊗ 1d can be written as

Eα
ab ⊗ 1d =

X
µ∈α+�

Eµ
aαµbαµ

, (53)

where 1d is the identity operator on Cd.
Lemma 9: Let sαa and sβb be the standard tableaux obtained

by removing a box n + 1 from sµi and sµj , respectively, for
µ, ν ∈ Yd

n+1. The partial trace of Eµ
i j in the last system is given

by

Trn+1 Eµ
i j = δα,β

dµ
dα

Eα
ab. (54)

Appendix B Covariant Protocol for dPBT

This section shows that any dPBT protocol can be con-
verted into a canonical form of the protocol, which we call
the covariant protocol, without decreasing the teleportation
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fidelity, following [6], [26], and [30] (see Eqs. (74), (76) and
(78) and Figs. 2 (a) and (b)). The teleportation fidelity of the
covariant protocol is shown in Lem. 10, which is shown in
[26] and [30].

We consider a general protocol for dPBT given by Eq. (1) of
the main text. We take an eigendecomposition of the resource
state φPBT given by2

φPBT =
X

k

|φ(k)〉〈φ(k)|, (55)

ˇ̌
φ(k)˛ = (O(k)

AN ⊗ 1BN )
NO

a=1

ˇ̌
φ+
˛
AaBa

, (56)

where O(k) is a linear operator on AN satisfying the nor-
malization condition

P
k Tr[O(k)†O(k)] = dN , and

ˇ̌
φ+
˛

is the
maximally entangled state defined by

ˇ̌
φ+
˛

:= 1√
d

Pd
i=1 |ii〉

using the computational basis {|i〉}di=1 of Cd. Using this expres-
sion, the teleportation fidelity (3) is written by

f (1d,Λ)

=
1
d2

NX
a=1

X
k

Tr[(O(k)
AN ⊗ 1A0 )σa(O(k)

AN ⊗ 1A0 )†Πa] (57)

=
1
d2

NX
a=1

Tr(Π̃aσa), (58)

where σa and Π̃a are defined by

σa :=
1

dN−1

�
1Aa
⊗ |φ+〉〈φ+|AaA0

�
, (59)

Π̃a :=
X

k

(O(k)
AN ⊗ 1A0 )†Πa(O(k)

AN ⊗ 1A0 ), (60)

and Aa is defined by Aa :=
N

i,aAi. The set of operators
{Π̃a}

N
a=1 defined in Eq. (60) corresponds to the set of operators

{Πa}
N
a=1 satisfying Πa ≥ 0 and

P
a Πa = 1 if and only if

Π̃a ≥ 0,
X

a

Π̃a = XAN ⊗ 1A0 , (61)

where X is defined by

X :=
X

k

O(k)†O(k). (62)

Therefore, the optimal channel fidelity for a resource state
given by Eqs. (55) and (56) is written as the following
semidefinite programming (SDP):

max
1
d2

NX
a=1

Tr(Π̃aσa),

s.t. Π̃a ≥ 0,
X

a

Π̃a = XAN ⊗ 1A0 , Tr(X) = dN . (63)

Since the operator σa satisfies the unitary group symmetry and
symmetric group covariance given by

[U⊗N
AN ⊗ U∗A0

, σa] = 0 ∀U ∈ SU(d), (64)

2We consider a slightly more general setting where the resource state
is a mixed state than a usual setting where the resource state is a pure
state. This extra argument is given to explicitly provide a covariant protocol
corresponding to any given dPBT protocol.

[(Vπ)AN ⊗ 1A0 ]σa[(Vπ)AN ⊗ 1A0 ]† = σπ(a) ∀π ∈ SN , (65)

where Vπ is the permutation operator defined in Appendix A
and ∗ denotes the complex conjugate in the computational
basis, we obtain

max
1
d2

NX
a=1

Tr(Π̃aσa) = max
1
d2

NX
a=1

Tr(Π̃′aσa), (66)

where Π̃′a is SU(d)×SN-twirled operator defined by

Π̃′a :=
1

N!

X
π∈SN

Z
SU(d)

dU[(U⊗NVπ)AN ⊗ U∗A0
]

× Ππ−1(a)[(U⊗NVπ)AN ⊗ U∗A0
]†. (67)

The set of operators {Π̃′a}a satisfies Π̃′a ≥ 0 and
PN

a=1 Π̃′a =

X′AN ⊗ 1A0 for the operator X′ defined by

X′ :=
1

N!

X
π∈SN

Z
SU(d)

dU(U⊗NVπ)X(U⊗NVπ)†, (68)

satisfying the unitary group and symmetric group symmetry
given by

[U⊗N , X′] = 0 ∀U ∈ SU(d), (69)
[Vπ, X′] = 0 ∀π ∈ SN . (70)

Therefore, X′ can be written as

X′ = dN
X
µ

w2
µ

dµmµ
Pµ, (71)

where wµ is defined by

wµ :=

r
Tr(X′Pµ)

dN =

r
Tr(XPµ)

dN , (72)

and Pµ is the Young projector (see Appendix A). Since the
operator X can be written by the resource state φPBT as

X = dN[TrAN (φ∗PBT)]BN→AN , (73)

where the subscript BN → AN represents a relabelling the
space from BN to AN , we obtain

wµ =
p

Tr[φ∗PBT[(Pµ)AN ⊗ 1BN ]]. (74)

Thus, the solution of the SDP (63) is upper bounded by the
following SDP:

max
1
d2

NX
a=1

Tr(Π̃aσa),

s.t. Π̃a≥0,
X

a

Π̃a = X′AN⊗1A0 ,Tr(X′)=dN ,X′ is given by Eq.(71).

(75)

which corresponds to the SDP (63) for a pure resource state
given by ˇ̌̌

φ̃(~w)
PBT

E
:= (O(~w)

AN ⊗ 1BN )
NO

a=1

ˇ̌
φ+
˛
AaBa

, (76)

O(~w)
AN :=

√
dN

X
µ∈Yd

N

wµp
dµmµ

Pµ. (77)
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Reference [30] shows that the SDP (75) gives the optimal
value when the POVM is given by the square-root measure-
ment (or the pretty good measurement) [73], [74], [75] for the
state ensemble {(1/N, σa)}Na=1:

Πa = σ−1/2σaσ
−1/2, (78)

σ :=
X

a

σa. (79)

We call the dPBT protocol with the resource state given in (76)
and the POVM given in (78) the covariant protocol since they
are covariant with respect to representations of the symmetric
group SN and the unitary group SU(d) as follows:

(U⊗N
AN ⊗ U∗⊗N

BN )
ˇ̌̌
φ̃(~w)

PBT

E
=

ˇ̌̌
φ̃(~w)

PBT

E
∀U ∈ SU(d),

(80)

[(Vπ)AN ⊗ (Vπ)BN ]
ˇ̌̌
φ̃(~w)

PBT

E
=

ˇ̌̌
φ̃(~w)

PBT

E
∀π ∈ SN , (81)

(U⊗N
AN ⊗ U∗A0

)Πa(U⊗N
AN ⊗ U∗A0

)† = Πa ∀U ∈ SU(d),
(82)

[(Vπ)AN ⊗ 1A0 ]Πa[(Vπ)AN ⊗ 1A0 ]† = Ππ(a) ∀π ∈ SN , (83)

which can be shown using Eqs. (64), (65), and (77).
In conclusion, any dPBT protocol can be converted into a

covariant protocol using the resource state defined in Eqs. (74)
and (76) and the square-root measurement defined in Eq. (78)
without decreasing the teleportation fidelity [see Fig. 2 (b)].
The teleportation fidelity for the obtained covariant protocol
is given by the following Lemma.

Lemma 10: [26], [30] The fidelity of d-dimensional dPBT
for N ports is given by

FPBT(N, d) = ~wTMPBT(N, d)~w, (84)

using a vector ~w = (wµ)µ∈Yd
N

satisfying wµ ≥ 0 for all µ ∈ Yd
N

and
P

µ∈Yd
n

w2
µ = 1. The |Yd

N |× |Yd
N | matrix MPBT(N, d) defined

by

(MPBT(N, d))µν =
1
d2 #[(µ − �) ∩ (ν − �)], (85)

where µ − � and ν − � are defined in Eq. (23), and #(X) is
the cardinality of a set X. In particular, the optimal fidelity of
dPBT is given by

FPBT(N, d) = max
‖~w‖=1

~wTMPBT(N, d)~w, (86)

which equals to the maximal eigenvalue of MPBT(N, d).
Proof: See the details in [30]. �

Appendix C Parallel Covariant Protocol for Unitary
Estimation

This section shows that any general adaptive protocol
for unitary estimation can be converted into a canonical
form of the protocol, which we call the parallel covari-
ant protocol [9], [47] without decreasing the fidelity [see
Eqs. (115), (119) and (120) and Figs. 2 (c) and (d)].
The fidelity of the parallel covariant protocol is shown
in Lem. 11.

Reference [9] shows that the optimal fidelity of dSAR can
be achieved by a covariant parallel “measure-and-prepare”
protocol. We show a similar construction to convert any unitary
estimation protocol into a covariant parallel protocol. This
construction is based on the Choi representation of quantum
operations and quantum supermaps [76], [77], [78].

We briefly review the Choi representation. We consider
a quantum operation Λ : L(I) → L(O), where I and
O are the Hilbert spaces corresponding to the input and
output systems, and L(X ) is the set of linear operators on
a linear space X . The Choi matrix JΛ ∈ L(I ⊗ O) is
defined by

JΛ :=
X

i, j

|i〉〈 j|I ⊗ Λ(|i〉〈 j|)O, (87)

where {|i〉}i is the computational basis of I, and the subscripts
I and O represent the Hilbert spaces where each term is
defined. The Choi matrix of the unitary operation U(·) =

U(·)U† is given by JU = |U〉〉〈〈U |, where |U〉〉 is the dual ket
defined by

|U〉〉 :=
X

i

|i〉 ⊗ U |i〉 . (88)

In the Choi representation, the composition of a quantum
operation Λ with a quantum state ρ and that of quantum
operations Λ1,Λ2 are represented in a unified way using a
link product ∗ as

Λ(ρ) = JΛ ∗ ρ, (89)
JΛ2◦Λ1 = JΛ1 ∗ JΛ2 , (90)

where the link product ∗ for A ∈ L(X ⊗Y) and B ∈ L(Y ⊗Z)
is defined as [78]

A ∗ B := TrY [(ATY ⊗ 1Z )(1X ⊗ B)], (91)

and ATY is the partial transpose of A over the subspace Y .
The most general protocol for the unitary

estimation within the quantum circuit framework is
given by [9], [78]

p(Û |U) = Tr
�
MÛ(UIn→On ⊗ 1Xn ) ◦ Λn−1

◦ · · · ◦ Λ1 ◦ (UI1→O1 ⊗ 1X1 ) ◦ φ
�
, (92)

where Ii and Oi for i ∈ {1, . . . , n} are Hilbert spaces defined by
Ii ' Oi ' C

d, Xi for i ∈ {1, . . . , n} are auxiliary Hilbert spaces,
Λi are completely positive and trace preserving (CPTP) maps
whose input and output spaces are given by Λi : L(Oi⊗Xi)→
L(Ii+1 ⊗ Xi+1), φ is a quantum state on the Hilbert space
I1⊗X1, and {MÛdÛ}Û is a POVM on the Hilbert space On⊗Xn

[see Fig. 2 (c)]. In the Choi representation, Eq. (92) can be
written as

p(Û |U) = TÛ ∗ [J⊗n
U ]InOn , (93)

where {TÛdÛ}Û is called a quantum tester [79], [80], [81],
[82] defined by

TÛ := φ ∗ JΛ1 ∗ · · · ∗ JΛn−1 ∗ MT
Û ∈ L(In ⊗On), (94)

and In and On are the joint Hilbert spaces defined by In :=Nn
i=1 Ii and On :=

Nn
i=1Oi, respectively. The quantum tester
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satisfies the positivity and normalization conditions given by
[79], [80], [81], [82]

TÛ ≥ 0, Tr
�Z

dÛTÛ

�
= dn. (95)

In terms of the quantum tester {TÛdÛ}Û , the average-case
fidelity of unitary estimation is given by

F(ave)
est =

1
d2

Z
dU

Z
dÛTÛ ∗ J⊗n

U |Tr(Û†U)|2. (96)

Since

(V⊗n
In ⊗W⊗n

On )TÛ(V⊗n
In ⊗W⊗n

On )† ∗ J⊗n
U = TÛ ∗ J⊗n

WT◦U◦V
∀V ,W ∈ SU(d) (97)

holds, we obtain

F(ave)
est =

1
d2

Z
dU

Z
dÛT ′Û ∗ J⊗n

U |Tr(Û†U)|2, (98)

where T ′
Û

is a SU(d)-twirled operator given by

T ′Û :=
Z

dV
Z

dW(V⊗n
In ⊗W⊗n

On )TWTÛV (V⊗n
In ⊗W⊗n

On )†. (99)

Therefore, the average-case fidelity of the original adaptive
protocol can be achieved by any protocol having the proba-
bility distribution given by

p̃(Û |U) := T ′Û ∗ J⊗n
U . (100)

We show that a parallel protocol can implement the prob-
ability distribution (100) using an argument shown in [79],
[80], and [82]. Defining T ′ by

T ′ :=
Z

dÛT ′Û (101)

=

Z
dÛ

Z
dV
Z

dW(V⊗n
In ⊗W⊗n

On )TÛ(V⊗n
In ⊗W⊗n

On )†,

(102)

the operator T ′ satisfies the following SU(d) symmetry:

[V⊗n
In ⊗W⊗n

On ,T ′] = 0 ∀V ,W ∈ SU(d). (103)

From Eq. (95), T ′ satisfies the following positivity and nor-
malization conditions:

T ′ ≥ 0, Tr(T ′) = dn. (104)

We define a quantum state
ˇ̌
φ′est

˛
and a POVM {M′

Û
dU} by

[79], [80], and [82]ˇ̌
φ′est

˛
:=
√

T ′T|1〉〉InOn , (105)

M′Û := (T ′−1/2T ′ÛT ′−1/2)T, (106)

where the normalization condition of
ˇ̌
φ′est

˛
can be checked as

follows:

Tr[|φ′est〉〈φ
′
est|]

= T ′ ∗ |1〉〉〈〈1|InOn (107)

=

Z
dÛ

Z
dV
Z

dW(V⊗n
In ⊗W⊗n

On )

× TWTÛV (V⊗n
In ⊗W⊗n

On )† ∗ |1〉〉〈〈1| (108)

=

Z
dÛ

Z
dV
Z

dW p(WTÛV |WTV) (109)

= 1. (110)

The probability distribution given in Eq. (100) can be imple-
mented by measuring the quantum state (1In⊗U⊗n

On )
ˇ̌
φ′est

˛
with

the POVM {M′
Û

dÛ}Û since

Tr[M′Û(1In ⊗ U⊗n
On )|φ′est〉〈φ

′
est|(1In ⊗ U⊗n

On )†]

= Tr
h
(T ′−1/2T ′ÛT ′−1/2)T(1In ⊗ U⊗n

On )
√

T ′T

× |1〉〉〈〈1|InOn

√
T ′T(1In ⊗ U⊗n

On )†
i

(111)

= Tr[T ′TÛ (1In ⊗ U⊗n
On )|1〉〉〈〈1|InOn (1In ⊗ U⊗n

On )†] (112)

= T ′Û ∗ J⊗n
U (113)

holds, where we use Eq. (103) in Eq. (112).
Due to the unitary group symmetry (103),

√
T ′T can be

written as
√

T ′T =
M
α,β∈Yd

n

1Uα,1 ⊗ 1Uβ,2 ⊗

�p
Xαβ

�
Sα,1Sβ,2

, (114)

where (Uα,1,Sα,1), (Uβ,2,Sβ,2) are the Hilbert spaces given by
the decomposition (40) for On and In, respectively, and Xαβ is
a positive semidefinite matrix. Therefore,

ˇ̌
φ′est

˛
can be written

as ˇ̌
φ′est

˛
=

ˇ̌̌
φ̃(~v)

est

E
:=
M
α∈Yd

n

vα
√

dα
|Wα〉〉, (115)

|Wα〉〉 :=
dαX
s=1

|α, s〉Uα,1
⊗ |α, s〉Uα,2

⊗ |arb〉Sα,1Sα,2
, (116)

where vα and |arb〉 are given by

vα :=

vuutdα
mαX

i, j=1

〈α, i| ⊗ 〈α, i| Xαα |α, j〉 ⊗ |α, j〉, (117)

|arb〉 :=
√

dα
vα

p
Xαα

mαX
i=1

|α, i〉Sα,1
⊗ |α, i〉Sα,2

. (118)

As shown in Lem. 11, |arb〉 does not affect the fidelity
of unitary estimation, so it can be chosen arbitrarily. The
coefficient vα is given from T as

vα =
p

Tr[T |1〉〉〈〈1|InOn (Pα)In ⊗ (Pα)On ], (119)

where Pα is the Young projector (see Appendix A). The
optimal POVM for the probe state (115) is given by the
covariant form [47]:

MÛ := |ηÛ〉〈ηÛ |, (120)ˇ̌
ηÛ

˛
:=
M
α∈Yd

n

[(Ûα)Uα,1 ⊗ 1Sα,1Uα,2Sα,2 ]
p

dα|Wα〉〉, (121)

where Ûα is the irreducible representation α of Û. By
relabelling the Hilbert spaces In and On as An and Bn,
respectively, the obtained protocol is given as Fig. 2 (d).
We call the unitary estimation protocol with the probe
state given in (115) and the POVM given in (120) the
parallel covariant protocol since they are covariant with
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respect to representations of the unitary group SU(d) as
follows:

(V⊗n
An ⊗ V∗⊗n

Bn )
ˇ̌̌
φ̃(~v)

est

E
=

ˇ̌̌
φ̃(~v)

est

E
∀V ∈ SU(d), (122)

(V⊗n
An ⊗W⊗n

Bn )MÛ(V⊗n
An ⊗W⊗n

Bn )† = MVÛWT

∀V ,W ∈ SU(d). (123)

In conclusion, any given protocol for unitary estimation
can be converted into a parallel covariant protocol for the
probe state given by Eqs. (115) and (119) and the covariant
POVM given in Eq. (120). Note that this construction can also
be applied to the case when the original unitary estimation
protocol is given by an indefinite causal order protocol [51],
[52], [53]. The average-case fidelity of the parallel covariant
protocol for unitary estimation is given as the following
Lemma.

Lemma 11 [10]: The fidelity of the parallel covariant
protocol using the probe state (115) and the POVM (120) for
d-dimensional unitary estimation using n calls is given by

Fest(n, d) = ~vTMest(n, d)~v, (124)

using a vector ~v = (vα)α∈Yd
n

satisfying vα ≥ 0 for all α ∈ Yd
n

and
P

α∈Yd
n

v2
α = 1. The |Yd

n |× |Yd
n | matrix Mest(n, d) is defined

by

(Mest(n, d))αβ =
1
d2 #[(α+ �) ∩ (β+ �) ∩ Yd

n+1], (125)

where α+ � and β+ � are defined in Eq. (23). In particular,
the optimal fidelity of unitary estimation is given by

Fest(n, d) = max
‖~v‖=1

~vTMest(n, d)~v, (126)

which equals to the maximal eigenvalue of Mest(n, d).
Proof: 3 From Eq. (115) and (121), the probability distri-

bution of obtaining the estimator Û is

p(Û |U)

= Tr[MÛ(U⊗n ⊗ 1⊗n
d )|φ̃(~v)

est〉〈φ̃
(~v)
est|(U

⊗n ⊗ 1⊗n
d )†] (127)

=

ˇ̌̌̌ X
α∈Yd

n

vα〈〈Wα|[(Ûα)Uα,1 ⊗ 1Sα,1 ⊗ 1Uα,2 ⊗ 1Sα,2 ]†

× [(Uα)Uα,1 ⊗ 1Sα,1 ⊗ 1Uα,2 ⊗ 1Sα,2 ]|Wα〉〉

ˇ̌̌̌2
(128)

=

ˇ̌̌̌
ˇ̌X
α∈Yd

n

vα
dαX
s=1

〈α, s| Û†αUα |α, s〉

ˇ̌̌̌
ˇ̌
2

(129)

=

ˇ̌̌̌
ˇ̌X
α∈Yd

n

vαχα(Û†U)

ˇ̌̌̌
ˇ̌
2

, (130)

where χα(U) is the character of the irreducible representation
α defined by χα(U) := Tr(Uα). The fidelity is given by

Fest(n, d)

=

Z
dU

Z
dÛ

1
d2

ˇ̌
Tr(Û†U)

ˇ̌2 ˇ̌̌̌ˇ̌X
α∈Yd

n

vαχα(Û†U)

ˇ̌̌̌
ˇ̌
2

(131)

3The proof presented in [10] contains small inconsistencies; hence, for
completeness, we present a full proof here.

=
1
d2

Z
dU

Z
dÛ

ˇ̌̌̌
ˇ̌χ(Û†U)

X
α∈Yd

n

vαχα(Û†U)

ˇ̌̌̌
ˇ̌
2

, (132)

where χ is defined by χ(U) := Tr(U), which corresponds to
the character of the irreducible representation �. Since the
characters satisfy the following properties:

χ(V)χα(V) =
X

µ∈α+�∩Yd
n+1

χµ(V) ∀V ∈ SU(d), (133)Z
dVχµ(V)χν,∗(V) = δµ,ν ∀µ, ν ∈ Yd

n, (134)

the average-case fidelity is given by

Fest(n, d)

=
1
d2

Z
dU

Z
dÛ

ˇ̌̌̌
ˇ̌X
α∈Yd

n

vα
X
µ∈α+�

χα(Û†U)

ˇ̌̌̌
ˇ̌
2

(135)

=
1
d2

Z
dU

Z
dÛ

X
α,β∈Yd

n

vαvβ

×
X
µ∈α+�

X
ν∈β+�

χα(Û†U)χβ,∗(Û†U) (136)

=
1
d2

Z
dU

24X
α,β∈Yd

n

vαvβ
X
µ∈α+�

X
ν∈β+�

δµ,ν

35 (137)

=
1
d2

24 X
α,β∈Yd

n

vαvβ
X
µ∈α+�

X
ν∈β+�

δµ,ν

35 . (138)

The third equality follows from the invariance of the Haar
measure given by dÛ = d(Û†U) [57]. The fourth equality
arises from the normality of the Haar measure, i.e.,

R
dU = 1,

which explicitly demonstrates that average-case fidelity coin-
cides with the worst-case fidelity for the covariant protocol.
Rearranging this equation, the fidelity Fest(n, d) is expressed
with the estimation matrix Mest(n, d) defined in Eq. (125) as

Fest(n, d) = ~vTMest(n, d)~v, (139)

where ~v is a unit vector supported by Yd
n. �

Appendix D Proof of Thm. 1: One-to-One Correspondence
Between dPBT and Unitary Estimation

In this section, we prove the main theorem of this paper.

Proof of Thm. 1: We prove this Theorem by constructing
a transformation between covariant protocols for dPBT using
N = n + 1 ports and unitary estimation using n calls of the
input unitary operation, which does not decrease the fidelity.
Since the covariant protocol is shown to achieve the optimal
fidelity for dPBT [26], [30], the transformation from dPBT to
unitary estimation shows

FPBT(n + 1, d) ≤ Fest(n, d). (140)

Similarly, since the parallel covariant protocol is shown to
achieve the optimal fidelity for unitary estimation [9], [47],
the transformation from unitary estimation to dPBT shows

Fest(n, d) ≤ FPBT(n + 1, d). (141)
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Therefore, we obtain

FPBT(n + 1, d) = Fest(n, d). (142)

In addition, since an explicit construction of the covariant
protocols for dPBT and unitary estimation from any given
protocol are shown in Appendixes B and C, this transformation
shows a transformation between any given dPBT protocol and
unitary estimation protocol. Below, we show the transforma-
tion between the covariant protocols for dPBT and unitary
estimation.

As shown in Lemmas 10 and 11, the fidelity of the covariant
dPBT and untiary estimation protocols are given by

FPBT(N, d) = ~wTMPBT(N, d)~w, (143)

Fest(n, d) = ~vTMest(n, d)~v. (144)

Reference [26] shows that the matrix MPBT(n + 1, d) in Eq.
(85) can be written as

MPBT(n + 1, d) =
1
d2 RT(n, d)R(n, d), (145)

where R(n, d) is a |Yd
n |× |Yd

n+1| matrix defined by

(R(n, d))α,µ =

(
1 (µ ∈ α+ �)
0 (otherwise)

∀α ∈ Yd
n, µ ∈ Y

d
n+1. (146)

From Eq. (125), the matrix Mest(n, d) can also be written as

Mest(n, d) =
1
d2 R(n, d)RT(n, d). (147)

Thus, from a given covariant protocol for dPBT parametrized
by ~w, one can obtain a parallel covariant protocol for unitary
estimation parametrized by

~v :=
R(n, d)~w
‖R(n, d)~w‖

(148)

without decreasing the fidelity since

~vTMest(n, d)~v
~wTMPBT(N, d)~w

=
~wTRT(n, d)R(n, d)RT(n, d)R(n, d)~w

~wTRT(n, d)R(n, d)~w ~wTRT(n, d)R(n, d)~w
≥ 1 (149)

holds, where we use ~w~wT ≤ 1. Similarly, from a given parallel
covariant protocol for unitary estimation parametrized by ~v,
one can obtain a covariant protocol for dPBT parametrized by

~w :=
RT(n, d)~v
‖RT(n, d)~v‖

(150)

without decreasing the fidelity since

~wTMPBT(N, d)~w
~vTMest(n, d)~v

=
~vTR(n, d)RT(n, d)R(n, d)RT(n, d)~v

~vTR(n, d)RT(n, d)~v~vTR(n, d)RT(n, d)~v
≥ 1 (151)

holds, where we use ~v~vT ≤ 1. �

Appendix E Proof of Lem. 2: Asymptotically Optimal
Fidelity of Unitary Estimation

Reference [10] shows a unitary estimation protocol achiev-
ing the fidelity given by

Fest(n, d) ≥ 1 − O(d4)n−2. (152)

This section shows that this scaling is tight, as shown below:
Theorem 12: Suppose there exists a sequence of protocols,

for d ∈ {2, . . .}, ε < 1
200 and an unknown unitary operator

U ∈ SU(d), using nd,ε calls of U,U†, cU := |0〉〈0|⊗1d+|1〉〈1|⊗
U, cU† := |0〉〈0| ⊗ 1d + |1〉〈1| ⊗ U† to obtain the estimator Û
satisfying f (Û,U) > 1 − ε2 with probability Prob[ f (Û,U) >
1 − ε2] ≥ 2

3 . Then, nd,ε must satisfy nd,ε ≥ Ω(d2)/ε.

Proof of Lem. 2: If unitary estimation achieves the average-
case channel fidelity Fest(n, d) = 1 − 1

3 ε
2 using n calls of the

input unitary operator U ∈ SU(d), the probability of obtaining
the estimator Û satisfying f (Û,U) > 1 − ε2 should be ≥ 2

3
since

Fest(n, d) ≤ 1 − Prob[ f (Û,U) ≤ 1 − ε2]ε2 (153)

= 1 − [1 − Prob[ f (Û,U) > 1 − ε2]]ε2 (154)

holds. Then, from Thm. 12, we obtain n ≥ Ω(d2)/ε, i.e., ε ≥
Ω(d2)/n. Therefore, we have the following upper bound on
the fidelity of unitary estimation:

Fest(n, d) = 1 −
1
3
ε2 ≤ 1 −Ω(d4)n−2. (155)

�

Reference [50] shows a lower bound on the diamond-norm
error of unitary estimation, which is given as follows:

Proposition 13 (Theorem 1.2 in [50]): Suppose there exists
a sequence of protocols, for d ∈ {2, . . .}, ε < 1

8 and an unknown
unitary operator U ∈ SU(d), using nd,ε calls of U,U†, cU :=
|0〉〈0| ⊗ 1d + |1〉〈1| ⊗ U, cU† := |0〉〈0| ⊗ 1d + |1〉〈1| ⊗ U† to
obtain the estimator Û satisfying ‖Û−U‖� < ε with probability
Prob[‖Û−U‖� < ε] ≥ 2

3 . Then, nd,ε must satisfy nd,ε ≥ Ω(d2)/ε.

To extend Proposition 13 for the worst-case fidelity as
shown in Thm. 12, we first review the proof shown in [50]. It
first shows a lower bound on the query complexity of unitary
estimation with a constant error given by Ω(d2). The proof
of this lower bound uses the reduction of unitary estimation
to the discrimination task among the set of unitaries Nd in
which the different unitary operator has a constant distance.
The construction of such a set is shown in Proposition 15, and
the lower bound of the query complexity of the discrimination
task is shown in Proposition 16. Then, we consider the unitary
estimation with the error ε. Since the error ε on U ∈ SU(d)
can be translated to a constant error on U1/α for α = Θ(ε),
the unitary estimation with the error ε can be translated to
the estimation of R ∈ SU(d) with a constant error using Rα.
To uniquely define Rα for α ∈ [−1, 1], we restrict R to be a
Hermitian unitary (Definition 14). It is shown that any protocol
using n calls of Rα can be simulated by using Θ(αn) calls of
cR (Lem. 17). By combining this result with the lower bound
on the query complexity of unitary estimation with a constant
error, we obtain Θ(αn) = Ω(d2), i.e., n = Θ(d2/ε).
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Definition 14 (Definition 4.4 in [50]): A unitary R ∈ SU(d)
is called a reflection if R2 = 1d holds. For a reflection R ∈
SU(d) and α ∈ [−1, 1], we define

Rα :=
1
2

(1d + R) + e−iπα 1
2

(1d − R). (156)

Proposition 15 (Proposition 4.1 in [50]): There exists a
sequence of sets of reflections Nd = {Ux}

Nd
x=1 ⊂ SU(d) for

d ∈ {2, . . .} with Nd ≥ exp(d2/64) such that

‖Ux − Uy‖� ≥
1
4
∀x , y. (157)

Proposition 16 (Proposition 4.2 + Lemma 4.3 in [50]): Let
Nd = {Ux}

Nd
x=1 ⊂ SU(d) be a set of unitary operators defined

for d ∈ {2, . . .}. Suppose there exists a sequence of protocols
for d ∈ {2, . . .} using nd queries of the input unitary operator
Ux for unknown x ∈ {1, . . . ,Nd} to obtain the estimator x̂ with
the success probability

1
Nd

NdX
x=1

Prob[x̂ = x|x] ≥ exp(−cnd) (158)

for d ≥ 100/c′ ≥ 1 and Nd ≥ exp(c′d2) for some constants
c, c′ > 0. Then, nd should satisfy

nd ≥ c′′d2 (159)

for some constant c′′ that depends only on c and c′.

Lemma 17 (Lemma 4.5 in [50]): For a reflection R ∈ SU(d)
and U := Rα, let C ∈ SU(D) be a unitary operator implemented
by a quantum circuit using n queries to U or U†. Then, there
exists a unitary operator CR ∈ SU(2nD) implemented by a
quantum circuit with n auxiliary qubits using 50 + 100αn
queries to cR such that

CR(|ψ〉 ⊗ |0〉⊗n) = ν
ˇ̌fout

˛
+
ˇ̌
Φ⊥
˛
, (160)

where
ˇ̌fout

˛
is a normalized vector satisfying

ˇ̌fout

˛
−C |ψ〉




2 ≤ exp(−99απn − 20), (161)

for the 2-norm ‖ · ‖2 defined by ‖ |ψ〉 ‖2 :=
√
〈ψ〉, ν ∈ C is a

complex number satisfying

|ν| ≥ 0.99 exp(−απn/2), (162)

and
ˇ̌
Φ⊥
˛

satisfies (1D ⊗ 〈0|⊗n)
ˇ̌
Φ⊥
˛
= 0.

We extend Proposition 15 for the case of channel fidelity. To
this end, we define the Bures distance [63] dB(U,V) between
two unitary operators U,V ∈ SU(d) by

dB(U,V) :=
p

1 − f (U,V), (163)

which satisfies the following properties:

dB(U,W) ≤ dB(U,V) + dB(V ,W), (164)
dB(U,V) = dB(AUB, AVB) ∀A, B ∈ SU(d), (165)

dB(U,V) ≥
1
√

2d
min
φ∈U(1)

‖U − φV‖tr, (166)

where U(1) is the set of complex numbers with a unit norm,
‖ · ‖tr is the trace norm defined by

‖ρ‖tr := Tr
p
ρ†ρ. (167)

The inequality (166) is shown below. First, the Bures distance
dB(U,V) is given by

dB(U,V) =
1
√

2d
min
φ∈U(1)

‖U − φV‖F, (168)

where ‖ · ‖F is the Frobenius norm defined by

‖ρ‖F :=
p

Tr(ρ†ρ). (169)

Then, the inequality (166) holds since

‖ρ‖F =

vuut dX
i=1

λ2
i ≥

vuut1
d

 
dX

i=1

λi

!2

=
‖ρ‖tr
√

d
, (170)

where λi ≥ 0 are singular values of ρ. Then, we show the
following Proposition:

Proposition 18: There exists a sequence of sets of reflections
Nd = {Ux}

Nd
x=1 ⊂ SU(d) for d ∈ {2, . . .} with Nd ≥ exp(d2/288)

such that
dB(Ux,Uy) ≥

1
100

∀x , y. (171)

Proof: We construct the sequence of the sets Nd similarly to
the proof of Proposition 15 in [50]. For d ∈ {2, 3}, Nd defined
by

Nd := {1d, X2 ⊕ 1d−2} (172)

satisfies the properties shown in Proposition 18, where X2 is
a Pauli X matrix defined by X2 := |+〉〈+| − |−〉〈−| for |±〉 :=
(|0〉 ± |1〉)/

√
2. We construct Nd for d ≥ 4 as shown below.

We define r and b by

r :=
�

d − 1
3

�
≥ d/6, b := d − 2r ≥ r ∀d ≥ 4. (173)

There exists a sequence of sets of 2r-dimensional density
operators Dr = {ρx}

Nd
x=1, where Dr ≥ exp(r2/8) and ρx has

rank r, exactly half of the eigenvalues are 1/r and the other
half are zero, and

‖ρx − ρy‖tr ≥
1
4
∀x , y (174)

as shown in Lemma 8 of [83]. Defining the set of reflections

Nd := {Ux := Vx ⊕ 1b := (2rρx − 12r) ⊕ 1b}
Nd
x=1, (175)

Nd satisfies the properties shown in Proposition 18 as shown
below. The number of elements in Nd satisfies

Nd ≥ exp(r2/8) ≥ exp(d2/288) ∀d ≥ 4. (176)

The Bures distance between two different elements Ux,Uy ∈

Nd is given by

dB(Ux,Uy)

≥
1
√

2d
min
φ∈U(1)

‖Ux − φUy‖tr (177)

=
1
√

2d
min
φ∈U(1)

‖(Vx − φVy) ⊕ (1 − φ)1b‖tr (178)
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≥
1
√

2d
min
φ∈U(1)

max{‖φ12r − V†y Vx‖tr, ‖(1 − φ)1b‖tr} (179)

≥
1
√

2d
min
φ∈U(1)

max{‖12r − V†y Vx‖tr − ‖(φ − 1)12r‖tr,

‖(1 − φ)1b‖tr} (180)

=
1
√

2d
min
φ∈U(1)

max{‖12r − V†y Vx‖tr − 2r|φ − 1|,

b|φ − 1|} (181)

≥
1
√

2d

b
2r + b

‖12r − V†y Vx‖tr (182)

=
1
√

2d

b
2r + b

‖Vy − Vx‖tr (183)

=
2r
√

2d

b
2r + b

‖ρy − ρx‖tr (184)

≥
r

2
√

2d

b
2r + b

(185)

≥
1

36
√

2
(186)

≥
1

100
. (187)

�

Proof of Thm. 12: We show Thm. 12 following a similar
argument for the proof of Proposition 13 shown in [50]. The
proof shown here is almost the same as shown in [50], but we
put a proof here for completeness.

Suppose there exists a quantum circuit A using nd,ε queries
to the oracles cU and cU† to obtain the estimator Û satisfying
f (Û,U) > 1 − ε2, i.e., dB(Û,U) < ε for ε < 1/200. If U is
given by U = Rα for α = b 1

200ε c
−1, we can obtain the estimator

R̂ := Û1/α satisfying dB(R̂,R) < 1/200 with probability ≥ 2
3

since

dB(R̂,R) = dB(Û1/α,U1/α) (188)

≤

1/αX
p=1

dB(Û pU1/α−p, Û p−1U1/α−p+1) (189)

=
1
α

dB(Û,U) <
ε

α
≤

1
200

(190)

holds.
Next, we show that the quantum circuit A can be simulated

with a black-box access to ccR. Suppose a quantum circuit
A consists of a unitary operator C ∈ SU(D) followed by a
quantum measurement M [56]. Using Lem. 17, we obtain
a unitary operator CR using n′d,ε = 50 + 100αnd,ε queries to
ccR satisfying Eq. (160). We define a quantum circuit AR,
which first measures the output state of auxiliary qubits in the
computational basis. If the measurement outcome is (0, . . . , 0),
we perform the measurement M on the target system and
declare failure otherwise. From Eq. (162), the postselection
probability is given by

|ν|2 ≥ 0.992 exp(−απnd,ε). (191)

We denote the probability distribution of the measurement
outcome of A and AR conditioned on the postselection by a

and aR, respectively. Then, from Eq. (161), the total variation
distance distTV(a, aR) of a and aR is given by [84]

distTV(a, aR) ≤ 4


ˇ̌fout

˛
−C |ψ〉




2

≤ 4 exp(−99απnd,ε − 20). (192)

Thus, the success probability for AR to obtain the estimator R̂
satisfying dB(R̂,R) < 1/200 is given by

ProbAR [dB(R̂,R) < 1/200]
= ProbAR [post selection]

× ProbAR [dB(R̂,R) < 1/200|post selection] (193)

≥ 0.992 exp(−απnd,ε)

×
�
ProbA[dB(R̂,R) < 1/200] − distTV(a, aR)

�
(194)

≥ 0.992 exp(−απnd,ε)

×
�

2
3
− 4 exp(−99απnd,ε − 20)

�
(195)

≥
1
2

exp(−απnd,ε). (196)

If we have a promise that R is taken from a set N ⊂ SU(d),
we can discriminate an element ccR in ccN := {ccR|R ∈ N } ⊂
SU(4d) with probability ≥ 1

2 exp(−απnd,ε) ≥ exp(δ2 − δ1n′d,ε)
using n′d,ε = 50+ 100αnd,ε queries to ccR for constants δ1 ≥ 0
and δ2 ∈ R that do not depend on d and ε. From Proposition
16, we obtain

n′d,ε = Ω(d2), (197)

i.e.,

nd,ε =
n′d,ε − 50

100α
≥ Ω(d2)/ε (198)

holds. �

Appendix F Proof of Cor. 4: Optimal Unitary Estimation
Protocol for n ≤ d − 1

In this section, we explicitly construct the optimal unitary
estimation protocol for n ≤ d − 1 shown in Cor. 4. To this
end, we apply the transformation shown in Appendix D to the
optimal covariant dPBT protocol shown in [6] and [26].

The optimal deterministic port-based teleportation using N
ports to teleport a d-dimensional state for the case of N ≤ d
is constructed in [26], which shows the following fidelity:

FPBT(N, d) =
N
d2 , (199)

where the optimal resource state is the covariant state (76)
parametrized by ~w given as

wµ =
mµ
√

N!
, (200)

where mµ is the multiplicity of the irreducible representation
µ of the unitary group (see Appendix A). By using the one-to-
one correspondence between the unitary estimation and PBT
shown in Thm. 1, we obtain the optimal unitary estimation
with the covariant probe state (115) parametrized by ~v given
as

vα ∝
X
µ

(R(n, d))α,µwµ (201)
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∝
X
µ∈α+�

mµ (202)

= Nmα, (203)

where we used Lem. 6. Since
P

α∈Yd
n

m2
α = n! = (N −1)! holds

for n ≤ d − 1, we obtain

vα =
mα
√

n!
. (204)

The optimal fidelity of the unitary estimation is given by

Fest(d, n) = FPBT(d,N = n + 1) =
n + 1

d2 . (205)

Appendix G Proof of Thm. 5: Optimality of Parallel Unitary
Inversion for n ≤ d − 1

In this section, we show Thm. 5, stating that parallel
protocol achieves the optimal fidelity of unitary inversion
among the most general transformation of quantum operations
including the ones with indefinite causal order. To this end, we
first review the framework of quantum supermaps representing
the transformation of quantum operations. Then, we show the
proof of Thm. 5.

The quantum supermap [59], [78] is given as a linear map
C :

Nn
i=1[L(Ii) → L(Oi)] → [L(P) → L(F)], where Ii

and Oi are the Hilbert spaces representing the input and
output systems of the i-th input quantum operation, P and
F are the Hilbert spaces representing the input and output
systems of the output quantum operation. Since the quantum
supermaps should preserve the completely positive (CP) and
trace-preserving (TP) maps, it satisfies the completely CP
preserving (CCPP) condition [16], [85] given by

(C ⊗ I)(Λ)is CP ∀CP maps Λ, (206)

and TP preserving (TPP) condition [16], [85] given by

C(Λ)is TP ∀ TP maps Λ. (207)

There exist quantum supermaps satisfying both the CCPP and
TPP conditions but not implementable within the quantum
circuit framework [78], [86], called quantum supermaps with
indefinite causal order [51], [52], [53]. The most general
quantum supermap including the one with indefinite causal
order can be represented by the Choi matrix [78] C ∈

L(P ⊗ In ⊗ On ⊗ F) satisfying C ≥ 0, LGEN(C) = 0 and
Tr(C) = dn, where LGEN is a linear map corresponding to
the TPP condition, and In and On are the joint Hilbert
spaces defined by In :=

Nn
i=1 Ii and On :=

Nn
i=1Oi,

respectively.
Using the framework of the quantum supermap, we show

Thm. 5.

Proof of Thm. 5: Since the optimal fidelity of parallel
unitary inversion is the same as that of unitary estimation [18],
we obtain

F(PAR)
inv (n, d) =

n + 1
d2 (208)

for n ≤ d − 1 from Cor. 4. We conclude the proof of Thm.
5 by showing an upper bound on the optimal fidelity for
indefinite causal order protocol. To this end, we introduce a

semidefinite programming (SDP) to obtain the optimal fidelity
of unitary inversion. The optimal fidelity of deterministic
unitary inversion using general protocols is given by the
following SDP [18]:

max Tr(CΩ)
s.t. L(P ⊗ In ⊗On ⊗ F) 3 C ≥ 0,

LGEN(C) = 0,
Tr(C) = dn. (209)

where Ω ∈ L(P⊗In⊗On⊗F) is a positive operator called the
performance operator. The performance operator Ω is given by

Ω :=
1
d2

Z
dUd |Ud〉〉〈〈Ud |

⊗n
InOn ⊗ |Ud〉〉〈〈Ud |FP , (210)

where dUd is the Haar measure on SU(d), |Ud〉〉 is the dual vec-
tor of Ud ∈ SU(d) given in Eq. (88), and the subscripts InOn

and PF represent the Hilbert spaces where the corresponding
operators act. As shown in [18] and [64], the performance
operator Ω satisfies the unitary group symmetry given by

[Ω,U⊗n+1
InF ⊗ V⊗n+1

OnP ] = 0 ∀U,V ∈ SU(d). (211)

Thus, it can be represented by a linear combination of
{(Eµ

i j)InF ⊗ (Eν
kl)OnP }µ,ν∈Yd

n+1,i, j∈{1,...,mµ},k,l∈{1,...,mν}
using the oper-

ator Eµ
i j defined in Eq. (48), as follows [18], [64]4:

Ω =
1
d2

X
µ∈Yd

n+1

mµX
i, j=1

(Eµ
i j)InF ⊗ (Eµ

i j)OnP

dµ
. (212)

In addition, the performance operator Ω satisfies the symmetric
group symmetry given by

[Ω, (Vσ)In ⊗ (Vσ)On ⊗ 1PF ] = 0 ∀σ ∈ Sn, (213)

where Vσ is the representation of the symmetric group defined
in Eq. (39). The dual problem of the SDP (209) is given by
[81]

min λ
s.t. W ∈ L(P ⊗ In ⊗On)

Ω ≤ λ(W ⊗ 1F ),

TrOi W = TrIiOi W ⊗
1Ii

d
∀i ∈ {1, . . . , n},

Tr W = dn, (214)

and any feasible solution of the dual problem (214) gives an
upper bound of the optimal fidelity of deterministic unitary
inversion using general protocols.

We construct a feasible solution of the dual SDP (214)
with

λ =
n + 1

d2 , (215)

which shows that the optimal fidelity of unitary inversion using
general protocols is bounded by

F(GEN)
inv (n, d) ≤

n + 1
d2 . (216)

4Note that [64] defines dµ and mµ in the opposite notation.
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Since F(PAR)
inv (n, d) ≤ F(SEQ)

inv (n, d) ≤ F(GEN)
inv (n, d) hold, we

obtain
n + 1

d2 = F(PAR)
inv (n, d) ≤ F(SEQ)

inv (n, d)

≤ F(GEN)
inv (n, d) ≤

n + 1
d2 , (217)

i.e., F(PAR)
inv (n, d) = F(SEQ)

inv (n, d) = F(GEN)
inv (n, d) = n+1

d2 holds.
Due to the unitary group and symmetric group symmetries
(211) and (213) of the performance operator Ω, the constraints
in the dual SDP (214) is invariant under the twirling operations
given by

W 7→
Z

dU
Z

dV(U⊗n
In ⊗ V⊗n+1

OnP )W(U⊗n
In ⊗ V⊗n+1

OnP )†, (218)

W 7→
1
n!

X
σ∈Sn

[(Vσ)In ⊗ (Vσ)On ⊗ 1P ]

×W[(Vσ)In ⊗ (Vσ)On ⊗ 1P ]†. (219)

Thus, without loss of generality, we can assume that W
satisfies the unitary group and symmetric group symmetries
given by

[W,U⊗n
In ⊗ V⊗n+1

OnP ] = 0 ∀U,V ∈ SU(d), (220)
[W, (Vσ)In ⊗ (Vσ)On ⊗ 1P ] = 0 ∀σ ∈ Sn. (221)

We assume the following ansatz on W:

W =
X
α∈Yd

n

X
µ∈α+�

wαµ

mαX
a,b=1

(Eα
ab)In ⊗ (Eµ

aαµbαµ
)OnP , (222)

where wαµ ≥ 0. Note that the operator (Eµ
aαµbαµ

)OnP is well-
defined for all µ ∈ α+� since α+� ⊂ Yd

n+1 holds for all α ∈
Yd

n when n ≤ d−1. The ansatz (222) satisfies the unitary group
symmetry (220) by definition of the operators Eα

ab. The ansatz
(222) also satisfies the symmetric group symmetry (221) since

[(Vσ)In ⊗ (Vσ)On ⊗ 1P ]W[(Vσ)In ⊗ (Vσ)On ⊗ 1P ]†

=
X
α∈Yd

n

X
µ∈α+�

wαµ(1Uα
)In ⊗ (1Uµ

)OnP

⊗ (σα|α, a〉〈α, b|σ†α)Sα
⊗ (σµ|µ, aαµ〉〈µ, b

α
µ |σ
†
µ)Sµ

(223)

=
X
α∈Yd

n

X
µ∈α+�

wαµ

mαX
a,b=1

(1Uα
)In ⊗ (1Uµ

)OnP

⊗ (|α, a〉〈α, b|)Sα
⊗ (|µ, aαµ〉〈µ, b

α
µ |)Sµ

(224)

= W (225)

holds, where we use the equality
mαX
a=1

σα |α, a〉 ⊗ σµ
ˇ̌
µ, aαµ

˛
=

mαX
a=1

σα |α, a〉 ⊗ σ∗µ
ˇ̌
µ, aαµ

˛
(226)

=

mαX
a=1

|α, a〉 ⊗
ˇ̌
µ, aαµ

˛
, (227)

which is derived from the fact that σµ is a real matrix in
the Young-Yamanouchi basis5 and the action of σ ∈ Sn onˇ̌
µ, aαµ

˛
is unitarily equivalent to the action of σ on |α, a〉 as

5See, e.g., [70].

shown in Eq. (49). Due to the permutation symmetry (221),
the constraints of the dual SDP (214) hold if

Ω ≤ λ(W ⊗ 1F ), (228)

TrOn W = TrInOn W ⊗
1In

d
, (229)

Tr W = dn. (230)

The right-hand side of the inequality (228) is given by

λ(W ⊗ 1F )

= λ
X
α∈Yd

n

X
µ,ν∈α+�

wαµ

mαX
a,b=1

(Eν
aαν bαν

)InF ⊗ (Eµ
aαµbαµ

)OnP (231)

≥ λ
X
α∈Yd

n

X
µ∈α+�

wαµ

mαX
a,b=1

(Eµ
aαµbαµ

)InF ⊗ (Eµ
aαµbαµ

)OnP (232)

= λ
X

µ∈Yd
n+1

X
α∈µ−�

wαµ

mαX
a,b=1

(Eµ
aαµbαµ

)InF ⊗ (Eµ
aαµbαµ

)OnP (233)

= λ
X

µ∈Yd
n+1

X
α∈µ−�

mαwαµ(1Uµ
)InF ⊗ (1Uµ

)OnP

⊗ |φα,µ〉〈φα,µ|SµSµ
, (234)

where
ˇ̌
φα,µ

˛
∈ Sµ ⊗ Sµ is defined byˇ̌
φα,µ

˛
:=

1
√

mα

mαX
a=1

ˇ̌
µ, aµ

˛
Sµ
⊗
ˇ̌
µ, aµ

˛
Sµ
. (235)

On the other hand, the left-hand side of the inequality (228)
is given by

Ω =
1
d2

X
µ∈Yd

n+1

mµX
i, j=1

(Eµ
i j)InF ⊗ (Eµ

i j)OnP

dµ
(236)

=
1
d2

X
µ∈Yd

n+1

1
dµ

(1Uµ
)InF ⊗ (1Uµ

)OnP ⊗ |φµ〉〈φµ|SµSµ
, (237)

where
ˇ̌
φµ
˛
∈ Sµ ⊗ Sµ is defined byˇ̌

φµ
˛

:=
1
√mµ

mµX
i=1

|µ, i〉Sµ
⊗ |µ, i〉Sµ

. (238)

Since
ˇ̌
φµ
˛

=
P

α∈µ−� cα,µ
ˇ̌
φα,µ

˛
and

P
α∈µ−� |cα,µ|

2 = 1 holds
for cα,µ :=

p
mα/mµ, we have the following inequality:X

α∈µ−�

|φα,µ〉〈φα,µ| ≥ |φµ〉〈φµ|. (239)

Therefore, by taking wαµ as

wαµ =
mµ

(n + 1)mαdµ
, (240)

and λ as in Eq. (215), we obtain the inequality (228) as shown
below:

λ(W ⊗ 1F )

≥
1
d2

X
µ∈Yd

n+1

mµ

dµ

X
α∈µ−�

(1Uµ
)InF ⊗ (1Uµ

)OnP

⊗ |φα,µ〉〈φα,µ|SµSµ
(241)
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≥
1
d2

X
µ∈Yd

n+1

1
dµ

(1Uµ
)InF ⊗ (1Uµ

)OnP ⊗ |φµ〉〈φµ|SµSµ
(242)

= Ω. (243)

The constraint (229) is confirmed as follows. By defining
τ := (n, n + 1) ∈ Sn+1, TrOn W is given by

TrOn W

= [TrP [(1In ⊗ (Vτ)OnP )W(1In ⊗ (Vτ)OnP )†]]On→P , (244)

where subscript On → P represents the relabelling of the
Hilbert spaces. This is further calculated as

TrOn W

=
1

n + 1

X
α∈Yd

n

X
µ∈α+�

mµ

mαdµ

mαX
a,b=1

(Eα
ab)In

⊗ [TrP [Vτ(E
µ
aµbµ )V

†
τ ]OnP ]On→P (245)

=
1

n + 1

X
α∈Yd

n

X
µ∈α+�

mµ

mαdµ

mαX
a,b=1

mµX
i, j=1

(Eα
ab)In

⊗ [τµ]iaµ [τ
†
µ]bµ j[TrP (Eµ

i j)OnP ]On→P (246)

=
1

n + 1

X
α∈Yd

n

X
µ∈α+�

mµ

mα

mαX
a,b=1

mµX
i, j=1

(Eα
ab)In

⊗
X
β∈µ−�

dβX
c,d=1

[τµ]cβµaαµ
[τ†µ]bαµdβµ

(Eβ
cd)On−1P

dβ
(247)

=
X
α,β∈Yd

n

mαX
a,b=1

dβX
c,d=1

Aαβ
abcd(Eα

ab)In ⊗ (Eβ
cd)On−1P , (248)

where [τµ]i j := 〈µ, i| τµ |µ, j〉, aαµ represents the index of the
standard tableaux sµaαµ obtained by adding a box n + 1 to the
standard tableaux sαa , and the coefficient Aαβ

abcd is defined by

Aαβ
abcd :=

1
n + 1

X
µ∈(α+�)∩(β+�)

mµ

mα
[τµ]cβµaαµ

[τ†µ]bαµdβµ
. (249)

To proceed with the calculation, we show the following
Lemma for the coefficient Aαβ

abcd:
Lemma 19: When n ≤ d − 1 holds, coefficient Aαβ

abcd defined
by Eq. (249) is given by

Aαβ
abcd =

1
n

X
λ∈(α−�)∩(β−�)

mλX
p,q=1

mβ

mλ
δa,pλαδb,qαλδc,pλβ

δd,qλβ
. (250)

We prove Lem. 19 in the end of this section. Using this
relation, TrOn W is further calculated as

TrOn W

=
1
n

X
α,β∈Yd

n

X
λ∈(α−�)∩(β−�)

mλX
p,q=1

mβ

mλ

�
Eα

pλαqλα

�
In

⊗

�
Eβ

pλβqλβ

�
On−1P

dβ
(251)

=
1
n

X
λ∈Yd

n−1

X
β∈λ+�

mβ

mλdβ

mλX
p,q=1

X
α∈λ+�

�
Eα

pλαqλα

�
In

⊗

�
Eβ

pλβqλβ

�
On−1P

(252)

=
1
n

X
λ∈Yd

n−1

X
β∈λ+�

mβ

mλdβ

mλX
p,q=1

X
α∈λ+�

�
Eλ

pq

�
In−1

⊗

�
Eβ

pλβqλβ

�
On−1P

⊗ 1In . (253)

Thus, the constraint (229) holds.
The constraint (230) is satisfied since

Tr W =
1

n + 1

X
α∈Yd

n

X
µ∈α+�

mµdα (254)

=
X
α∈Yd

n

mαdα (255)

= dim
M
α∈Yd

n

Uα ⊗ Sα (256)

= dim(Cd)⊗n (257)
= dn (258)

holds, where we use Lem. 6 in Appendix A.
Therefore, (λ,W) given in Eqs. (215), (222) and (240) is

a feasible solution of the dual SDP (214). As shown above,
this gives a matching upper bound on the optimal fidelity of
unitary inversion using general protocols, which completes the
proof. �

Proof of Lem. 19: We first consider the operator {Eβ
cd} for

β ∈ YD
n and c, d ∈ {1, . . . ,mβ} defined on (CD)⊗n+1 for D ≥

n + 1. For τ = (n, n + 1) ∈ Sn+1,

Trn+1[Vτ(E
β
cd ⊗ 1CD )V†τ ] = Trn Eβ

cd ⊗ 1CD (259)

holds. The left-hand side is calculated as

Trn+1[Vτ(E
β
cd ⊗ 1CD )V†τ ]

=
X
µ∈β+�

Trn+1[Vτ(E
µ

cβµdβµ
)V†τ ] (260)

=
X
µ∈β+�

mµX
i, j=1

[τµ]icβµ
[τ†µ]dβµ j Trn+1(Eµ

i j) (261)

=
X
µ∈β+�

X
α∈µ−�

mαX
a,b=1

[τµ]aαµcβµ
[τ†µ]dβµbαµ

dµ
dα

Eα
ab (262)

=
X
α∈YD

n

X
µ∈(α+�)∩(β+�)

mαX
a,b=1

[τµ]aαµcβµ
[τ†µ]dβµbαµ

dµ
dα

Eα
ab (263)

=
X
α∈YD

n

X
µ∈(α+�)∩(β+�)

mαX
a,b=1

[τµ]cβµaαµ
[τ†µ]bαµdβµ

dµ
dα

Eα
ab. (264)

Here, we use the relation τT
µ = (τ†µ)∗ = τ∗µ = τµ. The right-hand

side is calculated as

Trn Eβ
cd ⊗ 1CD

=
X
λ∈β−�

mλX
p,q=1

dβ
dλ
δc,pλβ

δd,qλβ
Eλ

pq ⊗ 1CD (265)

=
X
λ∈β−�

mλX
p,q=1

X
α∈λ+�

dβ
dλ
δc,pλβ

δd,qλβ
Eα

pλαqλα
(266)
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=
X
α∈YD

n

X
λ∈(α−�)∩(β−�)

mλX
p,q=1

dβ
dλ
δc,pλβ

δd,qλβ
Eα

pλαqλα
. (267)

Therefore, we obtainX
µ∈(α+�)∩(β+�)

dµ
dα

[τµ]cβµaαµ
[τ†µ]bαµdβµ

=
X

λ∈(α−�)∩(β−�)

dβ
dλ
δa,pλαδb,qαλδc,pλβ

δd,qλβ
. (268)

Due to the hook-content formula (43) shown in Appendix A
for the dimensions of the irreducible representations of the
unitary group and the symmetric group,

lim
D→∞

1
D

dµ
dα

= lim
D→∞

(n + 1)
D + i − j

D
mµ

mα
= (n + 1)

mµ

mα
, (269)

lim
D→∞

1
D

dβ
dλ

= lim
D→∞

n
D + k − l

D
mβ

mλ
= n

mβ

mλ
(270)

hold, where (i, j)((k, l)) is the position of the box added to
α(β) to obtain µ(ν). Therefore, we obtain

Aαβ
abcd =

1
n + 1

X
µ∈(α+�)∩(β+�)

mµ

mα
[τµ]cβµaαµ

[τ†µ]bαµdβµ
(271)

=
1
n

X
λ∈(α−�)∩(β−�)

mβ

mλ
δa,pλαδb,qαλδc,pλβ

δd,qλβ
. (272)

�
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[52] O. Oreshkov, F. Costa, and Č. Brukner, “Quantum correlations with no
causal order,” Nature Commun., vol. 3, no. 1, p. 1092, Oct. 2012, doi:
10.1038/ncomms2076.

[53] G. Chiribella, G. M. D’Ariano, P. Perinotti, and B. Valiron, “Quantum
computations without definite causal structure,” Phys. Rev. A, Gen.
Phys., vol. 88, no. 2, Aug. 2013, Art. no. 022318. [Online]. Available:
https://link.aps.org/doi/10.1103/PhysRevA.88.022318

[54] M. Horodecki, P. Horodecki, and R. Horodecki, “General teleportation
channel, singlet fraction, and quasidistillation,” Phys. Rev. A, Gen. Phys.,
vol. 60, no. 3, pp. 1888–1898, Sep. 1999. [Online]. Available: https://
link.aps.org/doi/10.1103/PhysRevA.60.1888

[55] M. Raginsky, “A fidelity measure for quantum channels,” Phys.
Lett. A, vol. 290, nos. 1–2, pp. 11–18, 2001, doi: 10.1016/s0375-
9601(01)00640-5.

[56] M. A. Nielsen and I. Chuang, Quantum Computation and Quantum
Information. Cambridge, U.K.: Cambridge Univ. Press, 2010, doi:
10.1017/CBO9780511976667.

[57] A. A. Mele, “Introduction to Haar measure tools in quantum informa-
tion: A beginner’s tutorial,” Quantum, vol. 8, p. 1340, May 2024, doi:
10.22331/q-2024-05-08-1340.

[58] A. S. Holevo, “A note on covariant dynamical semigroups,” Rep.
Math. Phys., vol. 32, no. 2, pp. 211–216, Apr. 1993, doi: 10.1016/0034-
4877(93)90014-6.

[59] G. Chiribella, G. M. D’Ariano, and P. Perinotti, “Transforming quantum
operations: Quantum supermaps,” EPL Europhysics Lett., vol. 83, no. 3,
p. 30004, Aug. 2008, doi: 10.1209/0295-5075/83/30004.

[60] A. Y. Kitaev, “Quantum computations: Algorithms and error correction,”
Russian Math. Surveys, vol. 52, no. 6, pp. 1191–1249, Dec. 1997, doi:
10.1070/rm1997v052n06abeh002155.

[61] J. Watrous, “Notes on super-operator norms induced by Schatten
norms,” Quantum Inf. Comput., vol. 5, no. 1, pp. 57–67, Jan. 2005, doi:
10.26421/qic5.1-6.

[62] S. Arora and B. Barak, Computational Complexity: A Modern
Approach. Cambridge, U.K.: Cambridge Univ. Press, 2009, doi: 10.1017/
CBO9780511804090.

[63] K. Zyczkowski and I. Bengtsson, Geometry of Quantum States.
Cambridge, U.K.: Cambridge Univ. Press, 2006, doi: 10.1017/
CBO9780511535048.

[64] S. Yoshida, A. Soeda, and M. Murao, “Reversing unknown qubitunitary
operation, deterministically and exactly,” Phys. Rev. Lett., vol. 131,
no. 12, Sep. 2023, Art. no. 120602. [Online]. Available: https://
link.aps.org/doi/10.1103/PhysRevLett.131.120602

[65] Y.-A. Chen, Y. Mo, Y. Liu, L. Zhang, and X. Wang, “Quantum algorithm
for reversing unknown unitary evolutions,” 2024, arXiv:2403.04704.

[66] T. Odake, S. Yoshida, and M. Murao, “Analytical lower bound on
query complexity for transformations of unknown unitary operations,”
Phys. Rev. Lett., vol. 135, no. 23, Dec. 2025, Art. no. 230603. [Online].
Available: https://link.aps.org/doi/10.1103/drp2-rzzw

[67] A. Kay, “Tutorial on the quantikz package,” 2018, arXiv:1809.03842.
[68] W. Fulton, Young Tableaux: With Applications to Representation Theory

and Geometry. Cambridge, U.K.: Cambridge Univ. Press, 1997, doi:
10.1017/CBO9780511626241.

[69] H. Georgi, Lie Algebras in Particle Physics: From Isospin to Unified
Theories. Boca Raton, FL, USA: CRC Press, 2000, doi: 10.1201/
9780429499210.

[70] T. Ceccherini-Silberstein, F. Scarabotti, and F. Tolli, Representation
Theory of the Symmetric Groups: The Okounkov-Vershik Approach,
Character Formulas, and Partition Algebras, vol. 121. Cambridge, U.K.:
Cambridge Univ. Press, 2010, doi: 10.1017/CBO9781139192361.

[71] A. Young, “On quantitative substitutional analysis,” Proc. London Math.
Soc., vol. 34, no. 1, pp. 196–230, 1932, doi: 10.1112/plms/s2-34.1.196.

[72] T. Yamanouchi, “On the construction of unitary irreducible representa-
tions of the symmetric group,” Proc. Physico-Math. Soc. Japan. 3rd Ser.,
vol. 19, pp. 436–450, Mar. 1937, doi: 10.11429/ppmsj1919.19.0 436.

[73] V. P. Belavkin, “Optimal multiple quantum statistical hypothesis testing,”
Stochastics, vol. 1, nos. 1–4, pp. 315–345, Jan. 1975, doi: 10.1080/
17442507508833114.

[74] A. S. Kholevo, “On asymptotically optimal hypothesis testing in quan-
tum statistics,” Theory Probab. Its Appl., vol. 23, no. 2, pp. 411–415,
Mar. 1979, doi: 10.1137/1123048.

[75] P. Hausladen and W. K. Wootters, “A ‘pretty good’ measurement
for distinguishing quantum states,” J. Modern Opt., vol. 41, no. 12,
pp. 2385–2390, Dec. 1994, doi: 10.1080/09500349414552221.

[76] M.-D. Choi, “Completely positive linear maps on complex matrices,”
Linear Algebra Appl., vol. 10, no. 3, pp. 285–290, Jun. 1975, doi:
10.1016/0024-3795(75)90075-0.

[77] A. Jamiołkowski, “Linear transformations which preserve trace and
positive semidefiniteness of operators,” Rep. Math. Phys., vol. 3, no. 4,
pp. 275–278, Dec. 1972, doi: 10.1016/0034-4877(72)90011-0.

[78] G. Chiribella, G. M. D’Ariano, and P. Perinotti, “Quantum circuit
architecture,” Phys. Rev. Lett., vol. 101, no. 6, Aug. 2008, Art. no.
060401, doi: 10.1103/physrevlett.101.060401.

http://dx.doi.org/10.1088/1367-2630/acdab4
http://dx.doi.org/10.1088/1367-2630/acdab4
http://dx.doi.org/10.1007/s11005-024-01800-4
https://link.aps.org/doi/10.1103/PhysRevA.64.050302
https://link.aps.org/doi/10.1103/PhysRevA.64.050302
https://link.aps.org/doi/10.1103/PhysRevLett.87.270404
https://link.aps.org/doi/10.1103/PhysRevLett.87.270404
https://link.aps.org/doi/10.1103/PhysRevA.65.012316
https://link.aps.org/doi/10.1103/PhysRevA.65.012316
http://dx.doi.org/10.1080/09500340110118449
https://link.aps.org/doi/10.1103/PhysRevA.69.050303
https://link.aps.org/doi/10.1103/PhysRevA.70.030301
https://link.aps.org/doi/10.1103/PhysRevA.69.022303
https://link.aps.org/doi/10.1103/PhysRevLett.93.180503
https://link.aps.org/doi/10.1103/PhysRevA.72.042338
https://link.aps.org/doi/10.1103/PhysRevA.72.042338
http://dx.doi.org/10.1016/j.physleta.2006.01.043
https://link.aps.org/doi/10.1103/PhysRevA.75.022326
http://dx.doi.org/10.1109/FOCS57990.2023.00028
http://dx.doi.org/10.1088/1751-8113/40/12/s12
http://dx.doi.org/10.1088/1751-8113/40/12/s12
http://dx.doi.org/10.1038/ncomms2076
https://link.aps.org/doi/10.1103/PhysRevA.88.022318
https://link.aps.org/doi/10.1103/PhysRevA.60.1888
https://link.aps.org/doi/10.1103/PhysRevA.60.1888
http://dx.doi.org/10.1016/s0375-9601(01)00640-5
http://dx.doi.org/10.1016/s0375-9601(01)00640-5
http://dx.doi.org/10.1017/CBO9780511976667
http://dx.doi.org/10.22331/q-2024-05-08-1340
http://dx.doi.org/10.1016/0034-4877(93)90014-6
http://dx.doi.org/10.1016/0034-4877(93)90014-6
http://dx.doi.org/10.1209/0295-5075/83/30004
http://dx.doi.org/10.1070/rm1997v052n06abeh002155
http://dx.doi.org/10.26421/qic5.1-6
http://dx.doi.org/10.1017/CBO9780511804090
http://dx.doi.org/10.1017/CBO9780511804090
http://dx.doi.org/10.1017/CBO9780511535048
http://dx.doi.org/10.1017/CBO9780511535048
https://link.aps.org/doi/10.1103/PhysRevLett.131.120602
https://link.aps.org/doi/10.1103/PhysRevLett.131.120602
https://link.aps.org/doi/10.1103/drp2-rzzw
http://dx.doi.org/10.1017/CBO9780511626241
http://dx.doi.org/10.1201/9780429499210
http://dx.doi.org/10.1201/9780429499210
http://dx.doi.org/10.1017/CBO9781139192361
http://dx.doi.org/10.1112/plms/s2-34.1.196
http://dx.doi.org/10.11429/ppmsj1919.19.0%5F436
http://dx.doi.org/10.1080/17442507508833114
http://dx.doi.org/10.1080/17442507508833114
http://dx.doi.org/10.1137/1123048
http://dx.doi.org/10.1080/09500349414552221
http://dx.doi.org/10.1016/0024-3795(75)90075-0
http://dx.doi.org/10.1016/0034-4877(72)90011-0
http://dx.doi.org/10.1103/physrevlett.101.060401


YOSHIDA et al.: ONE-TO-ONE CORRESPONDENCE BETWEEN dPBT AND UNITARY ESTIMATION 2377

[79] G. Chiribella, G. M. D’Ariano, P. Perinotti, and A. Lvovsky, “Optimal
covariant quantum networks,” AIP Conf. Proc., vol. 1110, no. 1,
pp. 47–56, 2009, doi: 10.1063/1.3131375.

[80] G. Chiribella, G. M. D’Ariano, and P. Perinotti, “Memory effects in
quantum channel discrimination,” Phys. Rev. Lett., vol. 101, no. 18,
2008, Art. no. 180501, doi: 10.1103/physrevlett.101.180501.

[81] J. Bavaresco, M. Murao, and M. T. Quintino, “Strict hierarchy between
parallel, sequential, and indefinite-causal-order strategies for channel
discrimination,” Phys. Rev. Lett., vol. 127, no. 20, Nov. 2021, Art. no.
200504, doi: 10.1103/physrevlett.127.200504.

[82] J. Bavaresco, M. Murao, and M. T. Quintino, “Unitary channel dis-
crimination beyond group structures: Advantages of sequential and
indefinite-causal-order strategies,” J. Math. Phys., vol. 63, no. 4, Apr.
2022, Art. no. 042203, doi: 10.1063/5.0075919.

[83] J. Haah, A. W. Harrow, Z. Ji, X. Wu, and N. Yu, “Sample-
optimal tomography of quantum states,” in Proc. 48th Annu. ACM
Symp. Theory Comput. (STOC), Jun. 2016, pp. 913–925, doi: 10.1109/
TIT.2017.2719044.

[84] E. Bernstein and U. Vazirani, “Quantum complexity theory,” in Proc.
25th Annu. ACM Symp. Theory Comput., 1993, pp. 11–20, doi: 10.1145/
167088.167097.

[85] G. Gour, “Comparison of quantum channels by superchannels,” IEEE
Trans. Inf. Theory, vol. 65, no. 9, pp. 5880–5904, Sep. 2019, doi:
10.1109/TIT.2019.2907989.

[86] J. Wechs, H. Dourdent, A. A. Abbott, and C. Branciard, “Quantum
circuits with classical versus quantum control of causal order,” PRX
Quantum, vol. 2, no. 3, Aug. 2021, Art. no. 030335, doi: 10.1103/
prxquantum.2.030335.

Satoshi Yoshida received the M.Sc. degree in physics from The University
of Tokyo, Japan in 2023, where he is currently pursuing the Ph.D. degree.
His research interests include higher-order quantum computation, quantum
learning, fault-tolerant quantum computation, and group theoretical analysis
of quantum information processing.

Yuki Koizumi is currently pursuing the M.Sc. degree with the Department of
Applied Physics, Graduate School of Engineering, The University of Tokyo.
His research interests include quantum information processing and quantum
computation, with a particular focus on fault-tolerant quantum algorithms,
quantum learning theory, and related applications in quantum physics.
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