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Abstract

We consider the problem of certifying measurement incompatibility in a
prepare-and-measure (PM) scenario. We present different families of sets of
qubit measurements which are incompatible, but cannot lead to any quantum
over classical advantage in PM scenarios. Our examples are obtained via a
general theorem which proves a set of qubit dichotomic measurements can
have their incompatibility certified in a PM scenario if and only if their incom-
patibility can be certified in a bipartite Bell scenario where the parties share a
maximally entangled state. Our framework naturally suggests a hierarchy of
increasingly stronger notions of incompatibility, in which more power is given
to the classical simulation by increasing its dimensionality. For qubits, we give
an example of measurements whose incompatibility can be certified against
trit simulations, which we show is the strongest possible notion for qubits in
this framework.
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1. Introduction

Measurement incompatibility, the existence of measurements that cannot be carried out sim-
ultaneously on a single system, is a defining feature of quantum theory. It represents a radical
departure from classical theory and underpins central aspects in quantum foundations, such
as the resolution of the Heisenberg microscope [1], fundamental bounds in interferometry [2],
and Fine’s theorem [3]. More recently, measurement incompatibility has found various uses in
quantum information theory [4] as a key ingredient for quantum information protocols, such
as quantum key distribution [5, 6], channel verification [7], device-independent entanglement
certification [8], EPR steering [9-15], Bell nonlocality [16, 17], temporal correlations [18—
20], Random Access Coding [21], state discrimination tasks [22-26], distributed sampling
[27], contextuality [28, 29], and programmability [30].

Incompatibility is defined at the abstract level of Hilbert spaces, as a relational property
between operator measures. In practice, however, neither these abstract objects nor the rela-
tions between them, are directly observable. We only have access to the outcome statist-
ics. While incompatibility can be formulated operationally, its direct detection hinges on the
assumption that appropriately chosen sets of trusted test-states can be prepared.

Another feature of quantum theory is the ability to establish correlations between dis-
tant parties that defy classical explanations either by measuring quantum messages, as in the
prepare-and-measure (PM) scenario [31-34], or by performing local measurements on pre-
shared entangled states, as in the Bell scenario [16, 35]. In the Bell scenario, reaching such
non-classical correlations is known to require incompatible measurements and, hence, can be
used to certify incompatibility in a device-independent way, a fact studied extensively [36-39].

Here, we analyse the problem of certifying measurement incompatibility in a PM scenario.
This problem has appeared in some previous works, either implicitly or explicitly [40—44].
Here, we provide arigorous definition for the phenomenon, consistent with the previous works,
and discuss some important properties. Focusing in particular on the simplest case of qubit
measurements, we show that various fundamental results in the literature [40, 42, 45, 46] can
be linked to our scenario, providing a better structural understanding of the concept of PM
certifiable incompatibility, together with classical models and witnessing techniques for the
phenomenon.

The paper is structured as follows. We present basic definitions and discuss their operational
role in the second section. In the third section, we summarize the central correlation scenarios:
the PM and the Bell scenario. In the fourth section, we illustrate incompatibility in the PM
scenario against classical simulation protocols. More precisely, we show that all sets of qubit
measurements have a four-dimensional classical model and show that the sets of qubit meas-
urements which have a two-dimensional classical model also have a local model when used
in a Bell scenario with a maximally entangled state. We further provide examples of meas-
urement sets illustrating this. Our notion of incompatibility naturally suggests a hierarchy of
increasingly stronger notions of incompatibility, corresponding to the dimensionality of the
underlying classical simulation. For qubits, we show that all measurements can be simulated
with quart models, and give an example of incompatible measurements that can be certified
incompatible assuming trit models. We conclude the paper in the fifth section with discussion
and open questions.
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Figure 1. Operational definition of joint measurability. Joint measurability asks whether
there exists a single POVM {E }  from which the original set of POVMs {By, }, can
be classically post-processed.

2. Joint measurability

A quantum measurement is modelled as a positive operator-valued measure (POVM), i.e. a
collection {By,}, C L(Cy) for which By, > 0 and }, By, = 1. Here the index y labels the
choice of measurement and b is the corresponding outcome. A central concept for sets of
measurements { By, }p,, is joint measurability. This asks whether there exists some further
POVM from which the set can be post-processed, cf figure 1. More formally, we have the
following definition:

Definition 1 (Joint measurability (JM)). A set of quantum measurements { By, }, is jointly
measurable (JM) if there exists a POVM {E) } » and probability distributions {p(-|y, A) }y» such
that

Byy =Y p(bly,\)Ex,  Vb,y (1)
A

A set of measurements which is not jointly measurable is called incompatible. The POVM
{Ex} 2 is called a joint or mother POVM.

This definition of joint measurability, formulated at the level of relations between operators
in Hilbert space, is entirely formal. Nonetheless, in the context of quantum theory, our obser-
vations are limited to the outcome statistics of measurements. To make the definition more
operational practical, consider a bipartite correlation experiment involving two parties, Alice
and Bob. Bob possesses a device capable of implementing the various measurements {By|, }
based on some independently chosen input y. In each round of the experiment, Alice sends a
trusted quantum state p, based on some input x. Such PM experiments are characterized by a
set of conditional probabilities {p(b|x,y) } sy referred to as the correlations in the experiment.
Quantum theory predicts that given these states and measurements, p(b|x,y) = tr[p.By|y].

If the preparation device of Alice is completely trusted, we can give the practical, but equi-
valent definition of joint measurability:

Definition 1* (Joint measurability (JM), practical) A set of quantum measurements {B;,‘y}byy
is jointly measurable (JM) if for every set of trusted preparations {p, }, we can write:

p(blpwy) =Y _palalp) ps (bly.a), ()
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where pg(b|y,a) are classical post-processings and one requires p4(a|px) to be linear in the
second argument. From Fréchet-Riesz representation theorem, it then follows that p (a|py) =
tr(pyE,) for some POVM {E,},.

This equivalent definition is advantageous as it directly connects to what we can observe,
namely outcomes of experiments. Specifically, it asserts that the joint measurability of the set of
quantum measurements is confirmed if, for any conceivable set of trusted preparations {py },,
the observed probabilities p(b|p,,y) can be expressed as a combination of the probabilities
pa(alpy) related to a mother POVM {E, }, and classical post-processing pg(b|y,a). However,
it is important to note that this definition assumes perfect trust in Alice’s device, implying that
the device precisely prepares the states {py }x.

Nonetheless, it is easy to see that the requirement of perfectly trusted preparations is not
needed to check the incompatibility of various incompatible measurements. For example, con-
sider that the preparations of Alice are noisy, i.e. instead of sending the states p,, she sends
the states np, + (1 —n) %. This is equivalent to assuming that the measurements performed by
Bob are noisy. For any set of d-dimensional measurements {By,}, and 7 € [0, 1], we define
the set of white noisy measurements {BZ|y}.V as

1
BZ‘y =By, + (1—mn) Etr (Bb|y) , Vb,y. 3)

For any set of incompatible measurements {BZ‘V}_V, the noisy set {BZly }y is still incompat-
ible up to some level of noise 7). This can be seen by noting that the set of jointly measurable
sets of measurements is closed [47]. As a standard example, one can consider the pair of noisy
spin measurements in the directions x and z. The spin measurements are given by B} =
[+)(+],B_j1 = |=){(=|, B4]2=10)(0] and B_|, = |1)(1|. The resulting noisy measurements
BZ‘y are jointly measurable for 7 < 1/v/2 with the mother POVM E; ; = (A +n(iog+joz)),
where i,j € {—1,1}, and otherwise incompatible [48]. The post-processing is simply margin-
alisation, i.e. summing over the index j gives the noisy x measurement and summing over i
gives the noisy z measurement. The critical value of 7 at which a set of measurements {BZ|v}-V
becomes jointly measurable serves as a simple metric for noise robustness.

This raises the question of whether we can get a stronger certificate of joint measurability,
by lifting the level of trust on Alice’s preparations.

3. Device-independent certification of joint measurability

If Alice’s preparations p, are completely untrusted, can the parties certify the incompatib-
ility of a set of measurements {By,, },? The usual approach to analysing the PM scenario
(semi-)device-independently, assumes some limitation on the kind of states Alice can send,
or, equivalently, the systems supported by the channel connecting the parties [49]. Indeed, if
the message p, can encode perfect information about the input x, the parties can reproduce any
correlations p. To have a non-trivial scenario, we can limit the information that p, can contain
about x. A natural and common approach is to limit the dimension d of the Hilbert space of p,,
and to allow for shared randomness between the sender and the receiver. Note that for our pur-
poses, this dimension is naturally equal to the dimension of the space that the measurements
{By|y}y act on.
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By definition, to certify that a set of measurements {By|, }, is incompatible entails proving
that the correlations cannot be created by performing a single mother POVM plus classical
post-processing. In a PM scenario with a single measurement setting all correlations can be
simulated with classical systems of dimension n equal to the dimension d of the measurement
[40]. Thus, showing incompatibility with untrusted state preparations is equivalent to demon-
strating that, for some set of states, the resulting correlations p cannot be classically simulated.
We refer to the correlations in a PM experiment p as classical or PM,, if p can be explained by
Alice communicating n-dimensional classical systems:

Definition 2 ( PM,). A set of probabilities {p(b|x,y)}sr, can be obtained in a PM scen-
ario with n-dimensional classical communication if there exists probability distributions p,
pa(-|x,A), pg(+la,y,A), where a € 1,...,n such that

p(blx,y) = pxY_palalx,\)ps(bla,y,\) )
A a=1

for all b, x,y.

The smallest n for which given PM correlations do have PM,, model is sometimes called
the signalling dimension [50]. This leads to the following definition:

Definition 3 (PMp-JM). A set of measurements { By, },, By, € L(Cy) is PM,-JM if, for every
set of quantum states {py }., where p, € L(C,), the set with probabilities given by

p(blx,y) = tr (pcBy)y) Q)

is PM,,.

Note that in the above definitions, we can allow the dimension 7 of the classical simulation
to be different from the dimension d of the measurements. This enables us to formulate stronger
statements about the incompatibility of a set of measurements when n > d.

An important consequence of the above definition is that for semi-device-independent
applications based on a trusted dimension d =n, a set of PM,,-JM measurements, even if
incompatible, do not serve as a resource. This is because such applications rely on achiev-
ing a quantum—classical advantage in fixed-dimensional communication, which, by definition,
cannot be generated using measurements within PM,,-JM.

In [42], the authors employ a computational polytope approximation method to demonstrate
the existence of qubit measurements that are not jointly measurable (JM) but are PM,-JM. In
the next section, we will analytically prove this result by presenting several explicit examples
of qubit measurements that are incompatible (not JM) but PM,-JM.

Another natural correlation experiment which can be used to certify the incompatiblity
of quantum measurements is the Bell scenario. Here, Alice and Bob, who both receive an
input, respectively x and y, produce outcomes a and b, see figure 2. The parties can exchange
physical systems before the experiment, but are not allowed to communicate after receiving
their inputs. A Bell experiment is described by the conditional probabilities {p(a, b|x,y) }a p.x,y»
referred to as correlations. The most general correlations allowed by quantum theory, are
obtained by Alice and Bob performing quantum measurements, respectively {A,}. and
{By|y}y on a shared quantum state psp. The correlations are given by the Born rule p(a, b|x,y) =
tr[paBAalx @ Bp|y]-

If the correlations p can be described by Alice and Bob exchanging classical systems before
the experiment, we call p Bell local. More precisely, we have the following definition:

5
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Figure 2. Left: The prepare-and-measure scenario for a qubit message and a dichotomic
measurement. Right: The Bell scenario where Alice and Bob share a ¢ state and per-
form dichotomic measurements. The set of measurements that violate the 2-dimensional
classical model and the local hidden variable model, respectively, are equivalent.

Definition 4 (Bell locality). A set of probabilities {p(a, b|x, )}, x.y is Bell local if there exists
probability distributions py, pa(:|x,A), and p(-|y, A) such that

pla,blx,y) = papa(alx,\)ps (bly, ) (©6)
A

for all a,b,x,y.
This naturally leads to the following definition:

Definition 5 (Bell-JM and Bell*" -JM). A set of measurements {By|y}y» Bp)y € L(Cy) is Bell-
IM if for every quantum state psp € L(Cy ® C4) and every set of measurements {Aa‘x}a’x the
set with probabilities given by

p(a,blx,y) = tr (papAajx @ By)y) @

is Bell local.
The set of measurements By, € L(Cy) is Bell*" -IM if for every set of measurements
{Agjx}a,x the set with probabilities given by

p (aab|x7y) =t (|¢j ><¢;}_ |Au\x ® Bb|y) 3

is Bell local, where |¢:,'> = % Zfl;é |if) is the maximally entangled state.

The relationship between JM and Bell-JM has been analysed in [12, 13], which present
examples of measurements which are not JM but are Bell?"-JM in a scenario where Alice’s
measurements are dichotomic. Later, [S1] shows an example of measurements which are not
JM but are Bell-JM in a scenario where Alice’s measurements are dichotomic. Finally, [52]
and [53] showed that there exists sets of qubit measurements which are not JM, but they are
Bell-JM, regardless of what Alice measures.

4. Main results

In this section, we establish and demonstrate results pertaining to the certification of joint
measurability in both PM and Bell correlations, with a specific focus on qubit scenarios. To
commence, we have the following theorem [46]:
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Theorem 1 (PM;-JM for qubits). Any set of qubit measurements { By, }, is PMy-JM.

Proof. Reference [46] shows that all qubit correlations in a PM scenario can be simulated
with two classical bits. In our language, this implies that all sets with quantum probabilities
p(blx,y) = tr(p.By),) are PMy where {p,} is a set of qubit states. O

Consequently, the following theorem represents the strongest form of incompatibility in
PM qubit systems concerning classical simulability:

Theorem 2 (PM3-JM for qubits). There exists sets of qubit measurements {Bbly}y which are
not PM3;-JM.

Proof. Consider a PM scenario where the eigenvectors of the Pauli matrices are prepared and
24 different qubit projective-measurements are performed. The PVMs are chosen such that
their representation on the Bloch sphere are the vertices of a snub cube. We refer to appendix A
for the explicit construction. The resulting correlations have been proven to not be simulable by
any classical trit strategy [46]. Therefore, the set of measurements performed is not PM3-JM.
Hence, there exist qubit measurements {By,, }, which are not PM3-JM. O

Our subsequent theorem strongly builds upon the results and methodologies outlined in
[45], which establishes a one-to-one connection between specific full-correlation dichotomic
Bell scenarios and dichotomic PM scenarios.

Theorem 3 (PM,-JM and Bell*" -JM for qubits). Let {BZ"y }y be a set of qubit noisy projective
measurements, that is, By, € L(C,) and we can write Bg"‘ =1y |y )dy] + (1 —1y) %,for some

qubit pure state |¢y) and 1y € [0, 1]. The set of noisy measurements {BZl‘y byis Bell®" -IM if and
only if it is PM»-JM.

The proof of theorem 3 is presented in appendix B. We note that the measurements used in
the above theorem are exactly the ones, whose POVM elements {BZ“}}M admit a Bloch vector

representation similar to quantum states, that is, we can write Bgl"v = %(]l +l_;y - &), where

b, € R? is a vector with Euclidean norm HEVH =y < l,and by - & := blo, + blo, + blo..

We notice that the proof is constructive in the following sense: let { By, } be a set of meas-
urements which are not PMy, i.e. there exist a set of states {p,}, such that tr(p,By,) ¢ PM,.
Then, the behaviour p(ab|xy) = tr(d);Aa‘x ® By)y) ¢ Bell, where Ag|, := pyand A, :=1 — p,.
Conversely, if for the set of measurements {A,, }, we have p(ablxy) = tr(¢; Agpx @ By),) &
Bell for some {Bjy|,},, it holds that tr(p,By|,) ¢ PM,, with the states p, = Ag|,. We now dis-
cuss some consequences of theorem 3.

Corollary 1. Let {X",Y" ,Z"} be the three noisy Pauli measurements. This set is JM iff n < %

and PM»-JM iff n < % Hence, this yields a simple example that PM, — JM does not imply
JM even for qubits.

Proof. We start by noticing that, for the CHSH Bell inequality, if Alice and Bob share a max-
imally entangled state and Alice has 1 white noisy Pauli measurements, it is possible to obtain
a CHSH violation if and only if > 1/+/2. To finish the proof, we simply notice that in dicho-
tomic full correlations scenarios where one party has three measurements, the only non-trivial
Bell inequality is the CHSH [54]. O
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bly
PM, —JM iff n < K% where K3 is the real Grothendieck constant of order three, which is

known to respect [55] 0.6875 < g- < 0.6961.

Corollary 2. Let {H" } be the set of all noisy projective qubit measurements. This set is

Let {HZ‘?} be the set of all qubit noisy projective planar measurements, i.e. measurements

whose Bloch vectors lie in a plane. This set is PMy — JM iff n < Kiz where Ky = \/2 is the real
Grothendieck constant of order two.

Proof. The two-qubit isotropic state gbf{ = |(;5;' ><¢2‘ ‘ +(1—n) % violates a Bell inequality
with projective measurements if and only if n > K% [56, 57]. That is, if n > KL
measurements such that tr(r,zb;f H2I L ® Hfl ),) violates a Bell inequality. To finish the first part of
the proof, we just notice that tr(¢; 1L}, ®II}) ) = tr(¢* 11} @ 1T}] ).

To prove the result for planar measurement, we notice that the two-qubit maximally
entangled state violates a Bell inequality with projective planar measurements if and only if

1

n> gz [571. O

- there exists

We notice that, although stated differently, corollary 2 is equivalent to lemmas 2 and 3 from
[45], and that the relationship between the Grothendieck constant with Bell and PM scenarios
has been extensively discussed in [45, 55-60].

We notice that corollary 2 provides various examples of qubit measurements which are not
JM but are PM,-JM. For example, any set of 7-noisy planar measurements with n =1/ V2
is PM,-JM. However, if a set of 77 = 1/1/2 noisy planar measurements includes two Pauli
measurements and a non-Pauli one, i.e. one measurement has a Bloch vector not parallel to
the other two, it is not JM. This provides several examples of incompatible measurements
which cannot be certified in a PM scenario. Also, since 0.6875 < K{ any set of 7-noisy qubit
measurements with 7 < 0.6875 cannot be certified in PM scenario.

By using the connection between PM,-JM and Bell?”-JM together with a known character-
ization of joint measurability [48], we get the following operator-inequality based connection
between the three concepts.

Theorem 4. Let {BZW}Y be a pair of qubit white noisy projective measurements, that is 'y €
{0,1}. The set {BZly}y is IM iff it is Bell-JM, iff it is PM>-JM, and iff || B] + B} || + ||Bj — B} || <
2, where By := Boy, — By,

Proof. The claim on JM follows from the known criterion of Busch [48] together with a suit-
able argument using the CHSH operator, cf appendix C, and theorem 3. 0

5. Discussions and open questions

A crucial question in quantum communications is under which trust assumptions we can certify
quantum properties. A common and natural approach is to limit the dimension of the Hilbert
space, but various other alternative assumptions have been studied [61]. This work presents
such analysis for measurement resources in a PM setting, concentrating on a dimension-
bounded generalisation of joint measurability. An important aspect of this generalisation is
that sets of measurements simulable with certain dimensionality are effectively useless for
various semi-device independent applications, such as random access codes. Here, we perform
a case study for qubit measurements. These examples showcase the impact of trust assump-
tions on incompatibility witnesses (cf corollaries 1 and 2). This leads to a nested structure of
the different sets of PM,,-JM (cf figure 3).
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x (3)

x(2)

PM,-JM

PM-JM
= Bell?"-IM

= all POVM

PM;-JM

Figure 3. Schematic illustrating the relations between the different PM,,-JM sets of
qubit measurements. The numbers indicate the following examples: (1) A set of POVMs
having a joint measurement. (2) 3 noisy Pauli measurements with a visibility % <n<
% (see corollary 1). (3) Example provided in the proof of theorem 2. (?) Our results
leave the existence of examples of PM3-JM that are not PM,-JM as an open question.

The present work suggests several interesting directions for future research. For example,
a major open question is to establish a hierarchy between the set of PM,, and Bell-local meas-
urements beyond the simple case of qubits and the ¢ state. More precisely, given a set of
arbitrary d-dimensional measurements, does {By|,}, € PM,, imply {By, }, € Bell-Local? Or,
does {By), }, € Bell-Local imply {B,}, € PM,? The intimate connection between the Bell
and PM scenarios [62, 63] might naively suggest the existence of such a hierarchy. Notably,
an invertible map exists between correlations in a Bell scenario and a subset of PM scenarios
with preparations satisfying appropriate equivalences [64], see also [15]. However, the role of
classical simulation dimensions in this relationship remains unclear.

In the context of qubits, the set of all possible POVMs is PMy-JM, implying that qubit
measurement incompatibility cannot be certified in a scenario where Alice can transmit two
classical bits to Bob. The extension of this concept to qudits prompts intriguing questions. For
instance, consider the set of all qutrit measurements {Bj|, }5,,. Is there a classical dimension
n € N such that {By, }, is PM,-JM?

For qubits, does Bell? -IM imply Bell-JM in general? This question was already addressed
in various previous references, e.g. [12, 13, 51-53], but it seems very hard to solve.

Another interesting direction is to generalise the definition of PM,,-JM, by asking for the
existence of a simulation with dimension n only on average (see [65] appendix C), i.e. can the
correlations be simulated by probabilistically choosing a simulation A of dimension d, with
probability py such that d = ), pxdx? This promotes d, as a measure of joint measurability,
to a continuous quantity*. A further interesting question is to investigate how PM,,-JM relates
to signaling dimension of channels [66], classical simulation of temporal correlations [67],
and how it generalizes to GPTs [34, 68].

More broadly, one could study the impact of different trust assumptions on incompatibility
and other measurements resources. For example, can one formulate an analogue of energy
bounds for measurements and how does a distrust assumption affect measurement simulability
[69-71].

4 While it was proven in [46] that bit simulation strategies for the set of all qubit correlations have measure zero, for
trit simulations this is still an open problem.
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Appendix A. Construction of snub cube POVM

In the following the construction of a set of projective qubit measurements is presented whose
Bloch representation are the vertices of a snub cube.

The 24 vertices of a snub cube can be written as the even permutations of ﬁ(il , i%, +1)
with an even number of plus signs and its odd permutations with an odd number of plus signs

where 7~ 1.84 is the tribonacci constant and N = /1 + t% + #2. From this the corresponding
quantum qubit states can be constructed by

B I14+z x—iy
Moy, = x+iy 1—z

where (x,y,z) are the coordinates of a chosen vertex and i = y/—1. The projective measure-
ments are constructed such that one outcome projects onto the state 7, , . and the other outcome
projects onto its complement 1 — 17, ..

Appendix B. Proof of theorem 3

The idea of the proof is to show an explicit bijective map between qubit PM strategies and Bell
strategies with a pair of maximally entangled qubit pairs. Before presenting this construction,
we establish some notation. We define the (full) correlator in a Bell scenario

Cy:=p(a=Dblx,y) —p(a#blx,y). (B1)

In a dichotomic Bell scenario with measurements {A,;}4. and {By,}s,,, we define the
observables

Ay ::AO\X_AIL\H (B2)
B_V = BO\y_Bl|y- (B3)

With these definitions, if the parties share the state p, the correlator is given by

Cl, =t (pA,@B,) . (B4)
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Furthermore, for p = |¢} )(¢; | we have the identity

C¢+fl

o = —w(ATB,) (BS)

where T denotes the transpose of a matrix w.r.t. the computational basis. Also, if the observable
Ay and By respect tr(A,) = tr(By) = 0, if we know the value of C{, = tr(pA, ® By), we can

_1)a®bce ™
always recover the probabilities via the identity p(a,b|x,y) = %, where a ® b is

the addition modulo two. A proof of this identity follows from direct calculation.
Similarly, in the dichotomic PM-scenario we define the (single) correlator as

Py =p(b=0|xy)—p(b=1|xy). (B6)

If Alice sends the states p, and Bob performs measurements By, the correlator is given by

P,y :=tr(p:By) . (B7)
Notice that since p(b = O|x,y) + p(b = 1|x,y) = 1, if we know the value of P, := tr(p,By), we
can always recover the probabilities via the identity p(b = O|x,y) = #

We are now ready to state lemma 1, which employs ideas from lemmas II.1, 1I.2, and II.3
from [60].

Lemma 1. Let Py, := tr(p.By) be qubit correlations in a dichotomic PM scenario where Alice
has Ny inputs and Bob has Np inputs with® tr(By) = 0. Let us define the new correlator Py, in
a scenario where Alice includes the states given by 1 — p,. That is, Alice and Bob have 2N,
and Npg inputs respectively, and

Py, :=tr(pBy) = Py, Vxe{l,...,Ns},Vye{l,...,Ng}
(B8)
Pl :=tr (1= px—ny)) By) = —P—ny)y Vx € {Na+1,...,2N4},Vy € {1,...,Np}.
(B9)
We now define the POVMs

Ao = py, (B10)
Ay i=1-pl. (B11)

X

The probabilities p(a,b|x,y) = tr(|¢>j ><d)[ﬂAa|x ® By)y) are Bell local if and only if the
probabilities associated to P, := tr(p,By) are in PM,.

Proof. We start the proof by defining the Bell correlator,

Cy, =tr (|¢3 X o5 |Ar @ By) Vx e {l,...,Ns},¥y € {l,...,Ng}
(B12)

Cyy :=—1tr(|¢3 X5 |Avn, ® By) Vx € {Na+1,....2Na},Vy € {1,..., N},
(B13)

3 Assuming tr(By) = 0 is equivalent to saying that Bob’s POVMs are given by By|y = 1y [ @y )@y + (1 — m)% for
some state |¢y) and 1, € [0, 1].

1
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where A, =2pl —1 is the observable associated to the measurements Ag)x defined in
equation (B10).

Our next step is to show that Cy = P;,. This will show that, if the probabilit-
ies of P;y in the PM scenario can be obtained with qubits, we can construct a beha-
viour p(a,b|x,y) = tr(|¢; )&} | Aajx @ Byjy) with correlator C/,. Also, given the behaviour
pla,blx,y) = tr( | oF ><gi>;i|r |Aa|x ® By|), we can construct a qubit PM strategy respecting Cy, =
Py, for every x and y. For this, it is enough to notice that

Cy, =tr (|¢3 X o5 |Ar @ By) Vxe {1,...,Na},Vy € {1,...,Ng} (B14)
:%tr (AIBy) (B15)
:% (2tr (pBy) — tr (B,)) (B16)
=tr (p.By) (B17)
=P, (B18)
=P}, (B19)

where the last equality holds because x € {1,...,N4},Vy € {1,...,Np}. Analogous calculation
with x € {Na +1,...,2Ns } shows that C;, = P, for all admissible values of x and y.

We now prove that if P{, € PMa, then C;; is Bell local. The intuition of the proof is that
since P;y € PM,, the behaviour of P;y may be obtained in a quantum scenario (potentially
with shared randomness) where the measurements performed by Bob are jointly measurable.
Hence, the corresponding quantum behaviour C ;y = P;y is necessarily Bell local. Below, we
describe this proof in more details.

If P}, € PM,, then for any fixed A, by definition p(b|x,y,\) = Zi:opA (alx,N)pg(bly,a, ).
Every such strategy can be viewed as a quantum strategy where Alice sends a qubit
which is diagonal in the computational basis, that is, p§ \ = >_ pa(alx,\) |a)(a| and Bob
measures in the computational basis followed by classical post-processing, i.e. M2|y, \ =
>_oP5(bly,a,\)|a)al. Hence, P}, , € PM, can be written as

Pl =tr(p5 M5 y) (B20)

X

where the operators p¢ , and lev , are diagonal in the same basis. From the construction we
presented in equation (B10), we see that for each  the correlator Cy, , is obtained in a scenario
where Alice’s measurements are given by

Afper =050 (B21)
Agper=1—p,". (B22)

Since all POVM elements of Alice’s measurements are diagonal in the same basis, her set of
measurements is jointly measurable and cannot lead to Bell nonlocal correlations, regardless
of the shared state or the measurements performed by Bob [3, 12, 13, 17], hence for each fixed
A, the correlator C;) y is Bell local. Since the set of Bell local correlations is convex, convex
combination of local correlators are also Bell local, that is, ), m(A\)C], | where 7()\) is a
probability distribution is necessarily Bell local.

We now prove that if the behaviour with probabilities p(a,b|x,y) = tr(|¢>;lL ><¢:{|Aa‘ L ®
By)y) is Bell local, then P;y € PM,. For that, we will show that, if P;y ¢ PM,, then the cor-
relator C;y violates a correlator Bell inequality.

12
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If P;, ¢ PM,, there exists a hyperplane that separates it from the classical set, that is, there
exists real numbers M,, such that,

> MyPL =0, (B23)

but, for all Png €PM, ,

PM, |
p J{Izlél;{M [Z MyPY" | =L<Q. (B24)
Since, P = CXV, it follows
ZM Cl, = (B25)
Finally, we have to show that all local Bell correlations C};"" respect

=L, (B26)

max E M CLHV
CUV ELHV v

that is, we have to show that ) | M,,C,, < Lis a Bell inequality. This is ensured by lemma II.1

. . PM . . )
of [60], which shows that if MaX PNy py [ny M P} 2] =L, and the coefficients’ Mj, can

be written M, = M, forx € {1,...Na} and My, = =M, forx € {N+A+1,...2N,}, itholds

that maxcunveppy [ny MXyC)%yHV

x€{l,...Na} and P{, = —P,, for x € {N+A+1,...2N, }, we can always find coefficients
Mx’y meeting the hypothesis of lemma II.1 of [60].

} = L. And, since our correlator Py, respects Py, = Py, for

O

Using lemma 1, the proof of theorem 3 follows immediately. Let By, be a set of qubit
measurements which can be written as By, = 1y [¢y)(éy| + (1 — 1) 3, for some qubit pure
state |¢,) and 7, € [0, 1].

If there exists qubit states p, such that p(blx,y) = tr(p.By,) &€ PM>, then there exist meas-
urements A, such that p(a, b|x,y) = Tr(A,|; ® Byy¢7 ) is not Bell local.

Appendix C. Proof of theorem 4

Definition 6. Let Ag,A;,By,B; € L(C,) be self-adjoint operators with eigenvalues contained
n [—1,1]. The CHSH operator is defined as

CHSH := Ay ® By +A; @ By+Ag @ B; — A, @B, . (C1)

Lemma 2. The CHSH operator satisfies the norm inequality ||CHSH| < ||Bo + Byl +
1Bo — By |-
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Proof.
|ICHSH|| =||Ao ® (Bo+ B1) + A1 ® (Bo — By)|| (C2)
<||Ao @ (Bo+ B1)|| + ||A1 @ (Bo — By)|| (C3)
=[|Aol[[|Bo + Bi|| + [|A1]|[|Bo — Bi || (C4)
<||Bo+ Bi|| + ||Bo — Bi ] - (C5)
O

This shows that if Bob performs measurements which satisfy ||By + Bi || + ||Bo — B1|| < 2,
Alice and Bob cannot violate the CHSH inequality, regardless of the shared state, i.e. the
measurements are Bell-JM. The following theorem shows that the above upper bound can be
reached with |¢T).

Theorem 5. Let By, B € L(C,) be qubit self-adjoint operators with eigenvalues in [—1,1]
and tr(By) = 0. There exist self-adjoint operators Ay,A € L(Cy) with eigenvalues contained
in {—1,1} and a quantum state |1p) € C, ® C, such that

(Y|CHSH [¢)) = ||Bo + Bi|| + ||Bo — Bi || - (Co)

Moreover; the state |p) € Co, ® C; may be taken as the maximally entangled state |¢p1) :=
2 .

% > izt lid).

Proof. First, notice that, for any operators Ay,A,Bg,B; € L(C;), we have that

tr (AL @ (Bo+B1)) +tr (AT @ (B — By))
2

(¢T|CHSH|¢T) = : (C7)

By definition of operator norm, there exists normalised vectors [¢() ,[1){) € L(C,) such that

(40| Bo + B |10)| =[1Bo + B ||, (C8)
(1| Bo — B1 |11)| =[1Bo — Bi]|. (C9)

Since tr(By) = 0, there exists |t)y) ,|11) € L(C,) such that

(to| Bo + By |tho) =||Bo + Bi ||, (C10)
(¥1|Bo — By |t1) =||Bo — Bi|| - (C11)

Indeed, if (15| Bo + B1 |104) = 0, take [¢bo) := |104). If (36§| Bo + Bi |1§) < 0, take |1p) as a vec-
tor which satisfies [10)(1o] = 1 — [¢§)(1§|, that is, |)o) is the universal NOT of the state |1){).
It follows that

(10| Bo + B [1bo) = —tr (|1hg){(¢| (Bo + B1))
= — (¢g| Bo + B1 [¥) (C12)

is a positive number. An analogous argument works for |, ).
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We now define A, =: 2|1, )(¢,|” — 1. We have

tr (AT ® (Bo+By)) +tr (AT @ (Bo — By))

(¢7|CHSH[™) = J (C13)

= % (ol By B1 o) + (41| Bo — By [4n)
—(tr(Bo)+tr(Bl)+tr(B0)—tr(Bl)) (C14)
= % (ol Bo + B o) + (41| Bo — By i) — 21e(Bo). c15)

Since tr(By) = 0, we have

(6| CHSH6) = 2 (ol Bo+ B1 o) + (4] B0 — B1 i) (C16)
= [Bo+Bi[ + [|1Bo = Bl - (C17)
O
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