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We present an instance of a task of minimum-error discrimination of two qubit-qubit quantum channels
for which a sequential strategy outperforms any parallel strategy. We then establish two new classes of
strategies for channel discrimination that involve indefinite causal order and show that there exists a strict
hierarchy among the performance of all four strategies. Our proof technique employs a general method of
computer-assisted proofs. We also provide a systematic method for finding pairs of channels that showcase
this phenomenon, demonstrating that the hierarchy between strategies is not exclusive to our main example.
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The discrimination of physical operations is a task
related to the elementary ability to experimentally distin-
guish among different dynamics, or time evolutions, to
which physical systems are subjected. From a fundamental
perspective, the capacity to test and discriminate between
hypotheses lies at the core of statistical analysis and
constitutes one of the pillars of the scientific method.
From a more practical standpoint, the discrimination of
physical operations comes into play in problems such as the
identification of cause-effect relations [1], computational
complexity analysis of oracle-based algorithms [2-5],
certification of circuit elements [6—8], and in tasks related
to metrology [9].

Within the context of quantum physics, pioneering work
connecting hypothesis testing with discrimination of quan-
tum objects dates back to Holevo and Helstrom [10,11].
Most of these initial results concern the discrimination of
quantum states, while developing concepts and methods
relevant to the fundamental problem of discriminating
between quantum operations—a task also referred to as
quantum channel discrimination. A plethora of interesting
results on this topic has since been demonstrated [12-20].
In channel discrimination tasks that allow multiple inter-
actions, different discrimination strategies become relevant,
the most common being parallel and sequential (i.e.,
adaptive). For pairs of unitary channels, optimal mini-
mume-error discrimination is achieved by parallel schemes
[21]. The advantage of sequential strategies first became
apparent for a task regarding two qubit-ququart entangle-
ment-breaking channels [22], which cannot transmit quan-
tum information [23]. Recent results also indicate this
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advantage [8,24-26], including its numerical observation in
a discrimination task of two qubit-qubit channels [27].

In the related task of discriminating two nonsignaling
bipartite channels, a more general strategy constructed from
the quantum switch [28], involving indefinite causal order,
provides an advantage over causal (sequential and parallel)
strategies, even allowing for perfect discrimination [29].
This phenomenon hints that indefinite causal order could
be useful for tasks of channel discrimination, similarly to
how it is advantageous for quantum computation [30],
communication complexity [31,32], and inversion of
unknown unitary operations [33].

In this Letter, we have two main contributions to the
study of channel discrimination. The first is the rigorous
demonstration of the advantage of sequential over parallel
strategies. Our example concerns the simplest scenario of
channel discrimination—between two qubit-qubit channels
using two copies—and channels with nonzero quantum
capacity—an amplitude-damping and a bit-flip channel.
The second is the demonstration that strategies involving
indefinite causal order can outperform parallel and sequen-
tial ones for the same task of channel discrimination. In
order to do so, we define two new classes of discrimination
strategies that make use of indefinite causal order—which
we call separable and general. Together, these results
constitute a strict hierarchy between four strategies of
channel discrimination. To prove our results, we develop
a method of computer-assisted proofs.

The task of minimum-error channel discrimination
works as follows: With probability p,, Alice is given an
unknown quantum channel C;: £(H!) - L£(H?), drawn
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from an ensemble £ = {p;,C 7}, that is known to her.

Being allowed to use a finite number of copies of C;, her
task is to determine which channel she received by
performing operations on it and guessing the value of
i€{l,...,N}. If Alice is allowed to use one copy of the
channel she received, the most general quantum operations
she could apply are to send part of a potentially entangled
state p € L(H! @ H™X) through the channel C;, and
jointly measure the output with a positive operator-valued
measure  (POVM) M ={M,},M, € L(H® @ H™*),
announcing the outcome of her measurement as her guess.
Then, her probability of correctly guessing the value i is
giVGI’l by Dsuce = §v=1 Di TI’[(C,- ® ]])(p)Mi]’ where 1 is
the identity map on L(H**). Alice can improve her
chances by optimizing her operations based on her knowl-
edge of the ensemble. Her maximal probability of success
is then given by pgucc = mMaxy, y} Psucc:

By means of the Choi-Jamiotkowski isomorphism (see
Ref. [34]) [35-37] one can represent a channel C (a
completely positive, trace-preserving map) as a positive
semidefinite operator C € L(H! ® H?), called “Choi
operator,” that satisfies C >0 and Tr,C = 1/, where
Try denotes the partial trace over H* and 1% the identity
operator on HX. Using Choi operators and the link product
(see Ref. [38]) [39] to represent a concatenation of
operations, we can rewrite the maximal probability of
SUCCESS A Plycc = MaX, yry > ny p;Cix p*x M.

In principle, Alice could apply a more general strategy
by constructing the most general map that takes a channel
to a set of probability distributions. This map is defined by
the most general set of operators T = {T;}Y,,T; €
L(H!' ® H?) that respect the relation p(i|C) = Tr(CT;)
for all Choi operators of channels C, where {p(i|C)} is a
probability distribution. This set of operators has been
characterized as a general tester, a set T = {T,} that
satisfies T; >0Vi and >.,T;, =0 ® 19, where o€
L(H') is a quantum state [17,39] (see also Supplemental
Material [40]). Remarkably, it has been shown that every
general tester has a quantum realization. Namely, from any
general tester a state and measurement can always be
constructed, in such a way that each tester element is
recovered as T; = p * MT. This mathematical equivalence
allows for a simpler characterization of Alice’s strategies,
who can now optimize over general testers 7 to achieve a
maximal probability of success that is equivalently given by
Piuce = maxgry >, p/Tr(T;C;) (see Ref. [50]).

Now let us analyze the more interesting case where Alice
has access to two copies of the channel C;. With two
copies, Alice has the freedom of choosing how to concat-
enate these channels in order to gain more information
about them.

One option is to apply the two copies of the unknown
channel in parallel, by sending a joint state p € L(H!' ®
H™ @ H™X) through both copies of C; and then measuring

(a)

(b)
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FIG. 1. Schematic representation of the realization of every
two-copy (a) parallel tester 7P%" with a state p and a POVM M;
(b) sequential tester 7°°¢ with a state p, a channel E, and a POVM
M; and (c) general tester 75" with a process matrix W and a
POVM M.

the output with a POVM M = {M;},M; € L(H"' ®
HO @ H™*), where H!1 (H"2) represents the input space
of the first (second) copy of C;, and equivalently for the
output spaces. Just like in the one-copy case, this strategy
can be expressed by a two-copy parallel tester, a set of
operators TP = {TP"} that satisfy linear constraints
defined below, and that always accepts a quantum reali-
zation according to TV = p x M7 [39] [see Fig. 1(a)]. In
the following we use the notation yA := TryA ® (1%/dy)
and dy = dim(H¥X).

Definition I (two-copy parallel tester).—A parallel tester
is a set of linear operators 7P¥ = {TP"}N T™" e
L(H!101202) such that T8 > 0, Vi and WP == > TP
satisfies Tr(WP) = d,, d,, and

WP = 0, WP (1)

WP is called a parallel process.

More generally, Alice could use her two copies of C; in a
sequential manner, first sending a state p € L(H!' ®
H™X1) through the first copy of C;, next applying
to the output a general channel E:L(H% @ H™) —
L(H" ® H™*2), then sending part of the output of channel
E through the second copy of C;, and finally measuring the
output with a POVM M = {M,},M; € L(H?> @ H™*).
Analogously to the parallel case, the tester associated to this
strategy—a sequential tester 7% = {71} expressed as
T =pxExM!, where E € L(H? @ H™ @ H> ®
H®%2) is the Choi operator of map E, meaning it can al-
ways be realized by quantum circuits [39] [see Fig. 1(b)]—
has been characterized as
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Definition 2 (two-copy sequential tester).—A sequential
tester is a set of linear operators 7% = {T}"}¥ | T €

L(HN1102) quch that T3 > 0, Vi and W4 := >, T
satisfies Tr(W*4) = d, d,,, and

wsed = 0, Wsed (2)

10, W = 0,1,0,W. ()
W*€ ig called a sequential process.

Parallel and sequential strategies have long been
regarded as the most general strategies for channel dis-
crimination. We now propose more general strategies than
sequential ones, that arise from the following reasoning: In
the same fashion of the definition of the general one-copy
tester, one may define a general two-copy tester as the
most general set of operators 7" = {T¥"} that map a pair
of channels, represented by their Choi operators C, €
LH' @ H?') and Cz € L(H? @ H?), to a valid
probability distribution according to p(i|C4,Cg) =
Tr[(Cy ® Cp)TE™]. 1t is shown in the Supplemental
Material [40] that this definition is equivalent to

Definition 3 (two-copy general tester).—A general tester
is a set of linear operators 7&" = {TF"}V  T¥" e
L(H1011202) guch that T$" > 0, Vi and W& := 5> 75"
satisties Tr(We*") = d, d,,, and

1,0, ween = 1,0,0, ween (4)
1202Wgen = 0,1,0, ween (5)
Wgen — 01 Wgen + 02 Wgen — 0102 Wgen. (6)

Ween is called a general process.

A general tester can be seen as the most general trans-
formation that acts globally on a pair of independent
channels, extracting probability distributions. In this sense,
a general tester is to a pair of channels as a POVM is to a
pair of states, and it can be analogously interpreted as a
“global measurement” of a pair of channels. Different from
parallel and sequential testers, the definition of general
testers does not take into account the order in which the
channels may be acted upon.

Both parallel and sequential processes are particular
cases of general processes [see Fig. 2(b)]. Nevertheless,
the formalism of process matrices shows that there are
general processes that do not respect a definite causal order
[51,52]—which is defined as a process being parallel,
sequential, or a classical mixture of sequential processes,
called “causally separable” processes, motivating the def-
inition of our final class of testers:

Definition 4 (two-copy separable tester).—A separable
tester is a set of linear operators 75 = {T; P}V  TiP e
L(HN011202) such that T3 > 0, Vi and WP := Y, TP
satisfies Tr(W*®) = d, d, and

(a)

Set of all testers 7% Set of all processes WS

FIG. 2. Graphical representation of the nesting relations be-
tween (a) the sets of all testers 7 := [T°; TS = {T¥}] and (b) the
sets of all processes WS = [WS; WS = 3, T¥], where S repre-
sents parallel, sequential, separable, or general strategies.

wsep — qwl<2 + (1 _ Q)W2<1, (7)

where 0 < ¢ < 1 and W'<*(<1) is a sequential process with
slot 1(2) coming before slot 2(1). W5 is called a separable
process.

In our terminology, the set of separable processes is the
convex hull of the set of sequential processes whose slots
follow orders 1 < 2 and 2 < 1, while parallel processes are
those at the intersection of these sets [see Fig. 2(b)].

The definition of separable processes came from the idea
that one could plug two different channels C, and Cp in the
two slots of process WP implementing a mixture of a
process that applies channel C, before Cp with one that
applies Cp before C4. One could then expect that this
classical mixture of orders should not be relevant for a
problem where the two channels being plugged into the
separable tester are identical: two copies of C;.
Nonetheless, we show that separable testers indeed provide
an advantage over sequential testers, which hints at a more
complicated structure of separable festers than of separable
processes themselves. This advantage implies that sepa-
rable testers cannot be simply realized by ordered circuits
and classical randomness, and that the set of separable
testers is strictly larger than the convex hull of the set of
sequential testers with different orders [see Fig. 2(a)].

With our unified framework for channel discrimination
at hand, we can now define the maximal probability of
success under each of our four strategies by allowing Alice
to optimize over different classes of testers. The maximal
probability of successful discrimination of a channel
ensemble £ = {p;, C;} using two copies under strategy
S then reads as

N
PS := max Z piTr (T$C%?), (8)
"} =
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where S represents parallel, sequential, separable, or
general strategies. It is clear that these four strategies—
parallel, sequential, separable, and general—form a hier-
archy since each set of testers is a superset of the previous
one, implying the relation PP¥ < P54 < PSP < P&t for
any fixed ensemble. We show that, in fact, all these three
inequalities can be simultaneously strictly satisfied.

To compute the values of PS, we phrase the optimization
problems that define it in terms of semidefinite program-
ming (SDP). Essentially,

given {p;. C;}
maximize Z pTr(T$C%?)

subject to {T¥} is a tester with strategy S. 9)

This optimization can be equivalently solved by its dual
problem:

Given {pi7 Cl}
minimize A

subject to p;,C®* < AWS Vi, (10)

where W lies in the dual affine of the set of processes WW°
(see Ref. [53]) (see the Supplemental Material [40]).

SDPs can be solved by efficient numerical packages
which, despite being in practice accurate, suffer from
imprecision that arises from the use of floating-point
variables [57,58]. In order to overcome this issue, we
provide in the Supplemental Material [40] an algorithm for
computer-assisted proofs (see Refs. [59,60] for other
examples). Using our method, we obtain rigorous upper
and lower bounds for P, arriving at a result that has the
same mathematical rigor of an analytical proof.

Theorem 1.—In the simplest instance of a channel
discrimination task using k = 2 copies, i.e., discrimination
between N = 2 qubit-qubit channels, there exist ensembles
for which the maximal probability of successful discrimi-
nation of parallel, sequential, separable, and general strat-
egies obey the strict hierarchy

PP < P < Pp < peen, (11)

Sketch of the proof.—The proof is constructive and con-
siders the channel ensemble composed by p; = p, = %2, an
amplitude-damping channel C,p (see Ref. [61]) with
parameter y = 67/100, and a bit-flip channel Cgp (see
Ref. [62]) with parameter 7 = 87/100. We start by apply-
ing standard numerical packages to solve the primal SDP
[Eq. (9)] and obtain an ansatz for the optimal tester of each
strategy. From the numerically imperfect ansatz, we con-
struct a valid tester, following Algorithm 2 in the Suppl.
Material. We then compute probabilities of success with

these valid testers, which provide rigorous lower bounds for
the maximal probabilities of success. To calculate rigorous
upper bounds, we repeat this procedure, now taking as
ansatz the numerical solutions of the dual problems
[Eq. (10)] for dual affine processes, and following
Algorithm 1 in the Supplemental Material [40].
Applying this method, we computed the following bounds:
(8346,/10000) < PP < (8347/10000), (8446,/10000) < P4 <
(8447/10000), (8486,/10000) < PP < (8487/10000), and
(8514/10000) < P& < (8515/10000). The clear gap
between strategies concludes the proof. [

Similar gaps can also be found for different ensembles of
amplitude-damping and bit-flip channels, and also for two
amplitude-damping channels, a problem which has been
previously studied [8,24-27]. Moreover, this phenomenon
is not particular to these channels. We have constructed a
simple method of sampling pairs of channels that present a
gap between all four strategies, for the case of qubit-qubit
channels, in approximately 94% of the rounds (see
Supplemental Material [40]).

Having demonstrated the theoretical advantage of these
strategies, we would now like to discuss their potential
implementation. As already mentioned, for parallel and
sequential strategies, it is known that from every tester one
can construct, in an algorithmic manner, a state, channel,
and measurement that constitute its quantum realization
[39]. Therefore, these testers can be physically imple-
mented with quantum circuits, as depicted in Figs. 1(a)
and 1(b).

For general testers, given a tester 78" = {7}, it can
be realized by a process W= Y T Q |i)(i|f €
L(H!I10110> @ HF) where HT represents the space of a
system in the common future of slots 1 and 2 of 75", and a
POVM M = {M;},,M; = |i){i| € HF. Each general tester
element is recovered by T%" = W« M!. However, a
quantum realization of 75" would then depend on the
ability of physically implementing any process W, as
depicted in Fig. I(c). Unfortunately, at this point, the
physical implementation of general processes remains an
open question.

For separable testers, however, a physical implementa-
tion is known. Similar to the general case, every separable
tester can be recovered by a process W:=> N T:? ®
li)(i|F and a POVM {M;}, M; := |i){i|". However, when
constructed from separable testers, the process W always
satisfies the condition that Try,W = YN | T} = WP, that
is, they are (potentially nonseparable) processes that
become separable when the future space is traced out.
Such processes always lead to separable strategies, and can
be used to realize every separable tester. Remarkably, these
processes have recently been shown to be realized by
circuits that employ a coherent quantum control of causal
orders [63], implying that all separable strategies, including
the ones that we have shown to be advantageous, can be
physically implemented. One example of such a process
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that only leads to separable testers is the well-studied
quantum switch [28]. Nevertheless, we have not been able
to construct a discrimination task for which the testers
generated by the quantum switch specifically were
advantageous.

Conclusions.—We have demonstrated a new example of
the advantage of sequential over parallel strategies for a task
of minimum-error discrimination between two qubit-qubit
channels. We also established two new classes of strategies
that involve indefinite causal order and showed that they can
outperform causal ones. Moreover, we proved a strict
hierarchy between these four classes of strategies. Our main
example concerns the discrimination of an amplitude-damp-
ing and a bit-flip channel; however, we showed that this
phenomenon is not unique, by presenting a simple method
of constructing pairs of channels that, with very high
probability, respect this strict hierarchy. The main technique
we developed is a method of computer-assisted proofs that
finds immediate application in a plethora of physics prob-
lems that currently rely on numerical optimization. We hope
this method can contribute to paving the way to more
rigorous numerical proofs in quantum information science.
It is furthermore our hope that our demonstration of the
theoretical advantage of indefinite causal order for channel
discrimination will further motivate the investigation of
potential implementations of general processes.

The supporting code for this article are openly available
from [64].
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