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Implementing positive maps with multiple copies of an input state
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Valid transformations between quantum states are necessarily described by completely positive maps, instead
of just positive maps. Positive but not completely positive maps such as the transposition map cannot be
implemented due to the existence of entanglement in composite quantum systems, but there are classes of states
for which the positivity is guaranteed, e.g., states not correlated to other systems. this paper, we report on
the concept of N-copy extension of maps to quantitatively analyze the difference between positive maps and
completely positive maps. We consider implementations of the action of positive but not completely positive
maps on uncorrelated states by allowing an extra resource of consuming multiple copies of the input state and
characterize the positive maps in terms of implementability with multiple copies. We show that by consuming
multiple copies, the set of implementable positive maps becomes larger, and almost all positive maps are
implementable with finite copies of an input state. The number of copies of the input state required to implement
a positive map quantifies the degree by which a positive map violates complete positivity. We then analyze the
optimal N-copy implementability of a noisy version of the transposition map.
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I. INTRODUCTION

Quantum information processing is performed by trans-
formations between quantum states, and thus which class
of transformations are allowed in quantum mechanics is a
fundamental issue in quantum information processing. In
quantum mechanics, valid deterministic transformations are
called quantum channels, which are mathematically described
as completely positive (CP) and trace preserving (TP) maps
[1,2]. The TP condition can be relaxed by allowing a prob-
ability of failure. Non-TP maps have been investigated for
understanding probabilistic properties of quantum mechanics
and play a key role in protocols such as quantum teleportation
[3]. In contrast, for the CP condition of the CPTP maps,
whether we can implement non-CP maps by relaxing certain
requirements has been given little consideration.

In the density operator formalism of quantum mechanics,
a general quantum state is described by a density operator,
namely, a positive operator with its trace one. Valid trans-
formations between states have to preserve the positivity of
quantum states, which leads to the positivity requirement of
maps. Moreover, when a composite system is considered, the
linearity of quantum mechanics extends the action of a map to
the composite system. Complete positivity of a map is equal to
the positivity of that map on a part of a composite system, and
it is required for a map to be a valid transformation in quantum
mechanics. The positivity of a map does not promise its
complete positivity, and there exist positive but not completely
positive (PNCP) maps. The transposition map is an example
of PNCP maps, which plays an important role in entanglement
criterion [4,5].

*dong @eve.phys.s.u-tokyo.ac.jp
fquintino @eve.phys.s.u-tokyo.ac.jp
*soeda@phys.s.u-tokyo.ac.jp
Smurao @phys.s.u-tokyo.ac.jp

2469-9926/2019/99(5)/052352(11)

052352-1

Even if we promise that the input state is not correlated to
other quantum systems, the linearity of quantum mechanics
defines the actions for correlated states. As the linearity of
quantum mechanics is one reason that PNCP maps are not im-
plementable, we consider one relaxation to this condition, that
is, adding multiple copies of an input state. As we will show
in this paper, the assumption of adding multiple copies reveals
fundamental properties of positive maps. It also contributes to
practical scenarios where multiple copies of an input state are
initially available. These copies serve as an extra resource, as
the no-cloning theorem [6] forbids producing perfect copies
from a single input state.

A trivial example that multiple copies of an input state help
in implementing PNCP maps is the case when infinite copies
of an input state are available. In this case, we can perform
state tomography [7,8] on the input state p and obtain a classi-
cal description of p. We then (classically) calculate the action
of A on p using its classical description, which results in a
classical description of A(p). Since p is a positive operator
and A is a positive map, A(p) is also a positive operator and
we can prepare the quantum state A(p) with normalization.
By employing this “measure, estimate, calculate, and prepare
strategy,” any positive map can be implemented for input
states not correlated to other systems if infinite copies of the
input state are provided.

However, if only finite copies of an input state are avail-
able, how does the implementability of PNCP maps change?
It is shown that if only finite copies are available, the trans-
position map is not implementable in an exact manner, even
probabilistically' [9,10]. That is, in order to implement the

! Although Ref. [9] does not state this result explicitly, it follows
from Sec. VI of the Appendix that the optimal approximation of this
probabilistic transformation cannot have average fidelity equal to 1;
hence it can never be exact.
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transposition map, infinite copies of an input state are nec-
essary. On the other hand, this result does not exclude the
possibility of implementing other PNCP maps with finite
copies, and it is not known which class of maps become
implementable when finite copies are available.

For the finite-copy case, many of preceding studies focus
on evaluating optimal approximate implementations of maps,
such as universal NOT [11] and quantum cloning [12,13]. In
contrast, we focus on exact implementations in this paper, as
the evaluation of approximation is not unique (e.g., average fi-
delity, diamond norm [14-16], or structural physical approxi-
mation [17,18]). The requirement of the exact implementation
indicates that the protocols in the type of measure, estimate,
calculate, and prepare strategy do not help, as the result is
always approximate.

We report here on the concept of N-copy extension of
a map. We analyze the implementability of the action of a
PNCP map A when N copies of an input state p, which is
not correlated to other systems, are given. Mathematically,
we consider the existence of CP N-copy extension of map,
a CP map Ay which maps N copies of p, that is, p®, to a
single state A(p), namely, Ay(p®V) = A(p) for every p. We
figure out how the set of implementable maps changes when
the number of copies N changes.

The problem of CP N-copy extension can then be regarded
as a kind of CP extension problem, which has been studied for
two-dimensional systems [19], pure states in general dimen-
sional systems with the Gram matrices [20]. For general states
with an arbitrary dimension, this problem can be tackled by
semidefinite programming (SDP) methods [21]. In this work
we do not make use of SDP methods. Instead, we show that
the CP N-copy extension problem can be solved by evaluating
the smallest eigenvalue of an operator, which is considerably
simpler than solving a general SDP problem or the SDP
formulation presented in Ref. [21].

We show that almost all PNCP maps become imple-
mentable if enough but still finite copies of an input state are
provided. The number of copies required for implementing a
positive map can be regarded as a measure of how difficult it
is to implement the map.

Positive maps have a one-to-one correspondence to entan-
glement witness [5], and characterizations of positive maps
based on entanglement witness have been studied in [22].
Our results on N-copy implementable maps give quantita-
tive bound to the hierarchies in [22]. Structural physical
approximation [17,18] provides a method for quantifying the
difficulty for implementing positive maps restricted to a single
copy of the input state. The idea of N-copy implementability
presented in this paper provides a different quantification for
the difficulty—the number of copies of the input state which
is required to implement a positive map.

This paper is organized as follows. In Sec. II, we discuss
the concept of N-copy extension. In Sec. IIl, we give a
universal construction of N-copy extension. This construc-
tion is shown to be an optimal construction, and N-copy
implementability of a map is verifiable by only considering
this construction. While this result fully characterizes N-copy
implementability, we give two sufficient and one necessary
conditions for N-copy implementability in Secs. IV and V,
which are simpler to verify. In Sec. IV, we consider two

noisy versions of a positive map, and we give sufficient
conditions for the noisy versions to be N-copy implementable.
The result also shows that all non-boundary-positive maps are
implementable with finite copies of an input state. In Sec. V,
a necessary condition for a positive map to be N-copy imple-
mentable is given. In Sec. VI, we consider the boundary and
extremal conditions of a positive map with a few examples.
In Sec. VII, we analyze the N-copy implementability of the
noisy version of the transposition map in general dimension.
In Sec. VIII, we discuss a characterization of positive maps
based on N-copy implementability.

II. IMPLEMENTING MAPS WITH MULTIPLE COPIES
OF AN INPUT STATE

Let D(H) be the set of density operators on the Hilbert
space H. A linear map A : L(H;) = L(Hp) is said to be
implementable in quantum mechanics if there exists a quan-
tum circuit such that it (probabilistically) transforms any input
state p € D(H,) into A(p) € D(Hyp), as shown in Fig. 1(a).
Such a quantum circuit exists if A is a CP map.

We consider a situation where N copies of an input state p
are provided to perform a task to prepare a single state given
by A(p). We say that A is implementable with N copies of an
input, or simply N-copy implementable, when there exists a
quantum circuit that transforms any input state p®" into A(p),
as shown in Fig. 1(b).

The quantum circuit represented by Fig. 1(b) satisfies
the following properties: The input quantum system of the
quantum circuit is not just H; but N copies of #;. In
order to distinguish all input quantum systems, we define
H; = C% for i=2,...,N, where d = dimH,. The sub-
scripts of vectors and operators also denote the Hilbert spaces
in or on which they are defined, e.g., |¢);|V); = [¥)il$);,
and the subscripts are omitted if trivial from the context.
The total input quantum system is H; ® --- @ Hy, and the
extended map is a linear map from L(H; @ Ho ® --- @ Hy)
to L(Hy), which is denoted by Ay. We denote the Hilbert
space H1 ® H, ® - -+ @ Hy as Hip..y for convenience. Our
aim is to find an implementation of a map that transforms
a state p to A(p) with N copies of p. Thus, a requirement
for Ay is that Ay maps p®V € L(Hz..x) to A(p). If this
condition is satisfied, we call the map Ay an N-copy extension
of A, and if Ay is CP, we call it a CP N-copy extension of
A. The N-copy implementability of A is equivalent to the
existence of a CP N-copy extension of A.

(a) (b)

p —{A— Alp) c—— Ay — Alp)

FIG. 1. A positive but not completely positive (PNCP) map A is
not implementable by the quantum circuit with a single input state p
represented by (a), but it may be implementable by another type of
the quantum circuit corresponding to Ay with N copies of an input
state represented by (b). If the quantum circuit of type (b) exists, we
say that A is N-copy implementable.
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Definition 1 (N-copy extension). Given a linear map A :
L(H1) = L(Hp), a linear map Ay : LH @ Ho ® -+ ®
Hy) — L(Ho) is an N-copy extension of A if Ay satisfies

An(p®Y) = A(p) (1

for any quantum state p € D(C%). When the N-copy exten-
sion is CP, it is a CP N-copy extension.

Due to the linearity, the action of A is not only determined
on p®" but on the linear span of p®", where the linear span is
defined as

1

span{p®") = { >

C; € (C, pi € D((Cdl)} (2)

An element in the linear span Oy € span{0®"} can be decom-
posed as Oy = Zi cip?N, and the action of Ay on Oy can be
evaluated with linearity and Eq. (1) as

An(ON) =Y cihn(oPV) = cih(pr)

Note that for an operator a € £(C%) which is not a density
operator, even if a®" € span{p®"}, the condition Ay (a®") =
A(a) is not guaranteed. For example, consider a = |0)(1], the
action of Ay on |[0)1|®V is not A(J0X1|) but 0, as the partial
trace over Ha, ..., Hy of |0X1|®V is 0, namely,

An(@®V)y = A(Try ya®) = A(0) = 0. )

The problem of CP N-copy extension is a particular case
of the CP extension problem, the objective of which is to
decide for a given map defined on a subspace whether there
exists a CP map defined on the full space preserving the
action on the subspace. In particular, for a given set of input
states {p;} and a set of output states {o;}, the CP extension
problem is to verify the existence of a CP map or sometimes
a quantum channel (a CPTP map) that maps p; into o; for
every i. For the CP N-copy extension problem, the set of input
states is {p®V} and the set of output states is {A(p)}. The
CP extension problem has been studied for two-dimensional
systems in [19] and for pure states in general dimensional
systems in [20] using the Gram matrices. A recent study for
general states in general dimensional systems [21] shows that
the CP extension problem can be formulated as an SDP. The
problem of CP N-copy extension is a subclass of this general
extension problem.

III. N-COPY IMPLEMENTABLE MAPS

We present a characterization of N-copy CP extensible
maps based on the positivity of an operator in this section.
That is, we show a universal construction of Ay, and the
N-copy implementability of A can be verified by analyzing
this construction. This is achieved by noticing that the sub-
space in our problem satisfies permutation invariance under
permutations of the input Hilbert spaces.

Theorem 1. There exists a CP N-copy extension of A if
and only if the N-copy extension Ay is CP, where

N
1
A @, @ @)= > A [ Te )
i=1 J#i
for all p; € L(H,). Moreover, if A is TP, Ay™ is also TP.

Note that Ay"™ is an N-copy extension of A, that is, if we
set pj=pfori=1,..., N, we obtain

, 1 &
A" = 2 ) A P) = Alp). 6)
i=1

In order to verify if a linear map is CP, we utilize the Choi-
Jamiotkowski isomorphism [23]. This isomorphism maps a
linear map A : L(H,) — L(Hp) to an operator L € L(H| ®
Ho) as L:=Y [i)j| ® A(|i}j]). L is called the Choi op-
erator of A. The definition of L is also equivalent to L =
id ® A(dy|®+X D), where |®F) := (1/v/d1) Y5 )i is
the maximally entangled state on H; ® H;. Since complete
positivity of a map is equivalent to the positivity of the cor-
responding Choi operator, we can verify complete positivity
of a map by calculating the smallest eigenvalue of its Choi
operator.

Theorem 1 states that for a given positive map A, its
N-copy implementability is equal to the complete positivity
of Ay™. Let L be the Choi operator of A, and the complete
positivity of AY™ is equivalent to the positivity of the corre-
sponding Choi operator Ly € L(Ho...y) given by

N
1
Ly" = N E (L)oi @ Ig, @)
i—1

where the subscripts 0, i on the right-hand side denote the
Hilbert space Hy, H; and R denotes the rest. Thus, Theorem
1 is equivalent to that a positive map A is N-copy imple-
mentable if and only if its corresponding Ly™ defined as
Eq. (7) is positive. Various properties of the operator, which
has a symmetrized structure as in Eq. (7), have been studied
[22,24,25]. In this paper, we focus on the non-negativity of
the minimum eigenvalue of the operator in Eq. (7), which
corresponds to the existence of a CP N-copy extension.

While a characterization of N-copy implementability can
be formulated as an SDP [21], we show that N-copy im-
plementability of a map A is decidable by calculating the
smallest eigenvalue of the operator given by Eq. (7), which
is considerably simpler than solving an SDP. If the N-copy
implementability problem is formulated as an SDP, our con-
struction of Ay always corresponds to the candidate of the
optimal solution of the SDP, and thus we only need to see if
this construction satisfies the SDP condition to determine if
there exists a solution to this SDP.

Theorem 1 can also be used to show the positivity of a class
of maps. Since any N-copy implementable map is necessarily
a positive map, we can verify the positivity of a map if it is
already N-copy implementable. A characterization of positive
maps in terms of N-copy implementability is discussed in
Sec. VIIIL.

Proof of Theorem 1. The “if part” is trivial, and we show the
“only if part.”” Let Ay be an N-copy extension of A, and the
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Choi operators of Ay and Ay be Ly and L™, respectively.
Since Ay(Ay™)is CPif and only if Ly(Ly™) is positive, it is
enough to show that L;)™ > 0 holds when Ly > 0.

Consider the permutations w of N input states, namely,
Ayom(p1 ® - ® py) = An(pz(1) @ -+ - ® prv)), and the
average of them Sym(Ay) = % > nesy An o 7. For any p;,
we have

1
]WZANOW(pl(@"'@pN)

' JTESN

1
= Ay (]W Z Prh® - ® ;On(zv)>. 3

: 7T€SN

Here, 3 Y o5, Pr(1) ® +++ ® paqv) € span{p®"}, which can
be derived by a similar argument to the proof of Theorem 3 in
[26] as follows. Let R(ci,ca2,...,cn) = vazl cip; with
cieR for i=1,...,N. Then R(ci,ca,...,cy)®" €
span{p®"} holds by definition. Notice that }_ ¢ pr(1) ®
C @ Prvy = %R(cl, c2,...,cy)®Y, proving that
¥ Lones, Pr) @ - ® pryy € span{p®}.  Thus,  the
action of Sym(Ay) on p; ®---® py can be calculated
invoking Eq. (3) and is uniquely determined by Eq. (1),
ie., Sym(Ay)=Sym(A)y) for any A} satistying
Eq. (1). Since AY™ satisfies Eq. (1), Sym(Ay) can
be calculated by taking AY" in place of Ay, and
we obtain Sym(Ay) = Y oresy Ao =AY
In other words, > s Avom =Ay" holds for
any Ay satisfying Eq. (1). The Choi operator of
Ayom is given by (id® Ayom)d)|®T)PT|) =
('@ AN)@V|PTNOT|) = (7! ®id)(Ly), and the
corresponding eigenvalues are the same as the eigenvalues
of Ay for any 7. Thus, the smallest eigenvalue of the Choi
operator of Ay™ is bounded as

1
)"min(L;\;m) = )"min|:ﬁ Z (7[71 ® ld)(LN):| (9)

" meSy

Z Amin (LN) (10)

Therefore, for Ly > 0, we obtain Ly™ > 0.

In the rest of this paper, except for Sec. V, we use Ay to
denote the specific N-copy extension of A given by Eq. (5)
and Ly the corresponding Choi operator given by Eq. (7).

IV. NOISY VERSION OF POSITIVE MAPS

While Theorem 1 gives a method to verify the N-copy
implementability of a map, it does not show how the set
of N-copy implementable maps changes depending on N.
One way to capture the change of the set of implementable
maps in N is to analyze a set of maps written in a certain
form. For example, the implementability of a noisy version of
two-dimensional state transposition defined as

T"(p) = (1 —n)p" +nl/2 (11)

can be obtained by using the results of [11]. When N copies
of an input state are available, this noisy version of the map is
implementable if and only if n > 2/(N + 2).

In this section, we consider the implementability of a wider
class of maps given by

TrL H()
A" (p) == (1 —na)A(p) + nad—ld—OTr(p), (12)

where A : L(H) = L(Hp) is an arbitrary positive map, and
L is the Choi operator of A. The parameter 1, may be seen
as the amount of white noise that is added to the original map
A. When N copies of an input state are available, we give a
general bound on 7, independent of A (Theorem 2). Note that
while A" can be regarded as an approximation of A, what we
show is the exact implementability of A”.

We can also consider another kind of a noisy version of the
map by introducing a decomposition given by

I
A" (p) == (1 = np)A(p) + mpA (d—llTr(p)). 13)

In Lemma 3, another bound is derived for this decomposition.
While Eq. (12) is the convex sum of A and the renormalized
totally depolarizing channel, Eq. (13) can be interpreted as a
map that first depolarizes the state and then applies A on the
depolarized state, that is, A" = A o [(1 — np)id + nbdl]Tr].
We also give a general bound on 7, independent of A in
Theorem 3. Note that Eq. (13) coincides with Eq. (12) when
A is unital, and in this case, Theorem 3 gives a better bound.

Theorem 2. For any positive map A : L(H) = L(Hp),
its noisy version A7 (p) defined as Eq. (12) is N-copy im-
plementable if n, > dgdf/(N + dodlz), where d; = dim H;.

Theorem 3. For any positive map A : L(H) = L(Hp),
its noisy version A7 (p) defined as Eq. (13) is N-copy im-
plementable if 1, > df/(N + dlz), where d; = dim H,;.

For any positive map A, Theorem 2 states that by adding
white noise of an amount of O(1/N), the noisy version of
A always becomes N-copy implementable. While this result
does not characterize the whole set of N-copy implementable
maps, it shows a subset of N-copy implementable maps
[Fig. 2(b)].

Theorem 2 also indicates that for any n, > 0, there exists
a number N such that A7 is N-copy implementable, that
is, finite-copy implementable. Since the set of positive maps
is convex, any nonboundary (interior) positive map can be
decomposed as a convex sum of another positive map and
the completely depolarizing channel. Thus, we obtain the
following corollary:

Corollary 1. Any non-boundary-positive map is finite-
copy implementable.

To show a range of n that AX, is CP for either case, we
show the corresponding Choi operator L}, is positive, that
is, the minimum eigenvalue of L}, is non-negative, namely,
Amin (LJ'Z,) > 0. We first use Lemmas 1 and 2 to prove Lemma
3, and then prove Theorems 2 and 3.

Lemma 1 (Refs. [24,27]).If py € L(Ho1..n) is permuta-
tion invariant on the permutation of H,, ..., Hy, i.e., (Ip ®
P)pnIo ® P,)' = py for all permutation operators P, of
Hi® - ®Hy, its purification |Yy) € Hor..v @ Hor..nrs
where Hp = Hy, is Bose symmetric on permutation of
Hivs .-y Hyw, 1., Loy ® Py)|Yy) = |¢w) for all permu-
tation operators P,s of Hi1 ® - - ® Hyw'-
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Positive maps

3-copy implementable
maps

2-copy implementable
maps

CP maps

2-copy implementable
maps

A subset of 2-copy
implementable maps

FIG. 2. (a) A pictorial representation of the set of positive maps.
Theorem 1 gives a complete characterization of N-copy imple-
mentable maps. While we have the inclusion relations between
the sets, it is not clear from Theorem 1 if the set of N-copy
implementable maps converges to the set of positive maps, or how
it converges. (b) In Theorem 2, we analyze the set of N-copy
implementable maps by restricting the positive map to be the convex
sum of another positive map with the depolarizing channel. With this
restriction, we obtain a subset of N-copy implementable maps. We
show that this subset of N-copy implementable maps converges to
the set of positive maps with N. This result also implies the set of
N-copy implementable maps converges to the set of positive maps.

Proof. First diagonalize py as py = Z/\ MT;, where IT,
is the projector onto the eigenspace corresponding to an
eigenvalue A. For each A,

= (lo ® P, (1o ® P,)' (14)
holds for all P,. Defining M := Zx \/Xl'[,\, M also satisfies
M= Iy ®@P )My ® P,)' (15)

for all P,. Define a purification of py as |[¢Yn) =M
I)|¢™), where |¢T) is the maximally entangled state between
Hor..v and Heyyo...y-. Then it satisfies

(Too @ Po)w) = (o ® Py) @ (To ® Py)|Y¥rw)
=[To®P) @ (I ® P)IM @ D)|¢p™)
=M D[y ® P,) ® (Io ® Py)llp™)
=MD ®P)Iy®P,) ®I1¢p")
=M D)|p™) = [yw). (16)

that is, |¥y) is Bose symmetric on Hy/, ..., Hyn'. |

Lemma 2 (Theorem 2 of Ref. [28]). If p € L(Ho1) has an
N Bose-symmetric extension py € L(Ho;..n) extending H,
that is,

(1) pv 20

(2) Tro.npy =p

(3) pw is Bose symmetric, i.e., (Ip ® P,)py = py for all
permutation operators P, of Hi1 ® - - ® Hyn,

then p7:= (1 —n)p + n(Tr1p) ® [/d, is separable for
n=d/(N+d).

Lemma 3. If p € L(Hor) has an N permutation-invariant
extension py € L(Ho;..y) extending H, that is,

) oy 20

(2) Tro.nponv=p

(3) pn is permutation invariant, i.e., (Io ® Py)poy(Iop ®
P = py for all permutation operators P, of Hip ® -+ ®
Hw

then

(1) p™ =1 —np)p + npTr1p @ I/d,
np = d/(N +d?}).

(2) p" = (1 —=nyp +n./do ®1/d
Na = dod? /(N + dod?).

Proof. 1. Lemma 1 shows that py’s purification
|[Yn) € Hor.w ® Hor..yv 1S Bose  symmetric.  Let
p = Try. v |¥nX¥nl|, then p’ has an N Bose-symmetric
extension and p =Try;p. Lemma 2 shows that
(1 —np)p" + npTrivp’ @ 1/d? is separable between Hoy
and Hyp for n, > dlz/(N +d12), where d12 = dim Hy.
By taking a partial trace on %Hyyp, we show that
(1 —np)p + npTr1p ® I/d, is also separable.

2. Let pp = Tr;p be decomposed as Zf”:_()l Prlve X Yel,
and (0°) = Y000 Pcry moa al Vi)Wl fori =1, do — 1,
then py + Zdo 1(,o ) =1I. Thus, p" can be written with
p'lb by

is separable for

is separable for

do—1
o = pp™ + —P Z( 0y ® — (17)
with 1 —n, = p(1 — nb), and p satlsﬁes py =0 —p)/

(do — 1). Since p™ is separable for n, > d? /(N + d?), p" is
also separable for n, > d0d12 J(N + dodf).

Proof of Theorems 2 and 3. We first prove Theorem 3.
It is enough to prove that the minimum eigenvalue of Ly
is non-negative for n, > d12 /(N + dlz). L]'\’,” is invariant under
permutations of Hy, ..., Hy, that is, for any permutation
operator Py,

(o ® PHOLY(Tg ® Py) =L (18)

holds. By considering this symmetry, L, can be written as

1
Ly = 17 2o ® PH)L™)0 ® Le(ly @ Py)'. (19)

where L is the Choi operator of A",
Consider a unit vector |¢) € Ho;..y. The smallest eigen-
value of L\ is given by

hnin(Ly) = min {9|L37[¢). (20)

where

(BILY |9)
= TrL’ 1)l

1
=Tr: > o ® P )(L")or ® Te)(To @ Po)' [§)

1
= Te(@L)or ©1r) Y (Lo ® Po) ¢l (o ® Py )’

: Tr((L™)o1 ® Ir)pow
: Tr(L’“’ )()1,0. (21)
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The permutation symmetry of L) is transformed to the per-
mutation symmetry of the state py, as py satisfies

on = o ® Py)on(To ® Py)' (22)

for all P,. Thus p has an N permutation-invariant extension.
Here

TrL"™p = (1 — np)TrLp + 0y Tr(Tr L @ 1y /dy)p
= (1 —np)TrLp + npTr(Tr L)(Tr10)/d,
= (I = np)TrLp + npTrL(Tr1p ® 1 /dy)
= TrLp™ (23)

holds, and the first bound of Lemma 3 shows that p™ is
separable for n, > dl2 /(N + dlz). Notice that for a positive
map A, the corresponding Choi operator L satisfies

TrL(p ® 0) > 0 (24)

for all positive operators p and o [23]. Therefore, Ay (L,'Z,") >
0 for these n;.

The proof of Theorem 2 is in a similar way, and the only
different part is that

TrL Tr(I I
TrL™p = (1 — no)TrLp + ﬁaLM
d; dy

= (1 = na)TrLp + n,(TrL)/dod;
= (1 = nu)TrLp + n TrL(ly/do ® 1, /dy)
= TrLp". (25)

The second bound of Lemma 3 shows Theorem 2.

Note that for d; = 2, the two bounds shown in Lemma 3
can be improved using the result of [29]. Under the condition
of Lemma 3, it is shown in [29] that p7 = (1 — np)p +
npTrip ® I/d, is separable for n, > d, /(N + d;), which cor-
responds to the first bound. Following the same calculation in
the proof of Lemma 3, we also obtain that p" = (1 — n,)p +
n.l/dy ® I/d, is separable for n, = dod; /(N + dod;). These
results also apply to Theorems 2 and 3, and the bounds can be
improved in the same way for d; = 2.

V. POSITIVE MAPS WITH NO N-COPY EXTENSION

Theorem 2 gives a sufficient condition for a map to be
N-copy implementable, but it cannot be used to show that a
map is not N-copy implementable. In this section, we give
a necessary condition for a map to be N-copy implementable.
We show a theorem to bound the set of N-copy implementable
maps complementary to Theorems 2 and 3. With this theorem,
we also provide a characterization of certain types of maps
that are not finite-copy implementable in the next section.

Theorem 4. A is not N-copy implementable if the follow-
ing operator is not positive:

di—1 di—1
D 1N ® AUNGD + (N — 1) > 1iXil @ A(0)0]). (26)
i,j=0 i=1

The first term of Eq. (26) is the Choi operator of A, and
the second term contains A(]0)}0]|). We take a state |0) in

the computational basis {|i)}g‘_] for convenience, but this
condition can be applied for any orthonormal basis {|k;)},

namely, if L + (N — I)Z#O A(JkoXko|) & |ki)k:| is not posi-
tive, A is not N-copy implementable.

If we require Ay (p®") = A(p) for any density operator p,
the optimal construction of N-copy extension is already given
by Eq. (5). In this case, Theorem 4 can be proved by showing
that the operator Eq. (26) is the result of a certain positive
map applied on the Choi operator of the N-copy extension
Eq. (5). However, we will give a proof of Theorem 4, which
uses constraints only for span{|y X1 |®V}, where

span{|y )y |*"} = {Zcill/fiXI/fiI@N

1

cieC,|y;) e (Cd‘}.

27)

Since for N > 2, span{|y}y|®V} C span{p®"} holds,> our
proof indicates that Theorem 4 can be applied for a more
general problem. That is, even if we require Ay (p®V) = A(p)
only for pure state p = [{)}¥|, it is not N-copy imple-
mentable if the operator given by Eq. (26) is not positive.

Sketch of the proof. Let Ly be the Choi operator of Ay, an
arbitrary N-copy extension of A. Since Ay is defined on only
a subspace of L(H;...y), not all elements of Ly are determined.
However, Ly cannot be positive if there exists a positive
map which maps Ly to a nonpositive operator. We explicitly
construct the positive map that maps Ly to the operator given
by Eq. (26) in Appendix A.

VI. BOUNDARY AND EXTREMAL CONDITIONS

All positive maps that are nonboundary are finite-copy
implementable as shown in Corollary 1. A natural question
is whether the boundary condition can fully characterize
finite-copy implementability. We show that this is not the
case. Among boundary-positive maps, there exist both finite-
copy implementable ones and nonimplementable ones. Mean-
while, boundary-positive maps can be further classified in to
extremal-positive maps and nonextremal ones. We conjec-
ture that all extremal PNCP maps are not finite-copy imple-
mentable, whereas there exist both finite-copy implementable
and nonimplementable nonextremal-positive maps.

We first see the examples for extremal-positive maps. For
the two-dimensional case, any extremal PNCP map is known
to be the concatenation of the transposition map and a CP
map with a single Kraus operator [23]. Notice that if the
Kraus operator is rank O or 1, the concatenation with the
transposition map is CP, so the Kraus operator is necessarily
full rank, and the CP map is invertible. Thus, since the
transposition map is not finite-copy implementable [9-11],
which also follows from Theorem 4, any two-dimensional
extremal PNCP map is not finite-copy implementable. For
higher-dimensional maps, there exist extremal-positive maps
that cannot be decomposed into the transposition map and a

2For example, for d =2, N =2, I®? is in span{p®2}, but not
in spanf{|y )}y |®?). That is, for any state O € span{|y )(y¥|®?},
it can be decomposed as O =), cilwiXwi|®?, and since

(Y1) ®HIY~) = 0 for any |4;), we obtain (¥~ |O[y~) =
0# (Y~ |(I®%)|y~) where |y ~) is the singlet state.
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CP map. One such example is the Choi map [23,30], which is
a map between three-dimensional matrices as

Xo0 Xo1 X02 Xoo +X22  —Xo1 —X02
C:|xio xu xi2| = —X10 Xoo +X11  —X12
X20 X21 X22 —X20 —X21 X111+

(28)

The Choi map is also shown to be not finite-copy imple-
mentable by applying Theorem 4. It is enough to show that
the corresponding operator L, is not positive. Consider the
principle minor of L}, given by

(00]L,[00)  (00|Ly|11)  (00|L}|22)
(11]L,[00)  (11|L,[11)  (11]L}[22) (29)
(22|, [00)  (22|L4|11)  (22]L}|22)
1 —1 —1
—|-1 1+&wv-1» -1} (30)
-1 -1 1

The determinant of this matrix is —4 independent of N. Thus,
for any N, this principle minor of L is not positive, and L}, is
not positive. Note that even if the determinant does not depend
on N, the eigenvalues depend on N. Specifically, the smallest
eigenvalue converges to O for N — oo, and the noisy version
is always finite-copy implementable.

Next, we consider two nonextremal examples—one is
finite-copy implementable and the other is not. The im-
plementable one is given by A(p):= (1 — p)p + %pC(p),
where p € (6/7,8/9). The smallest eigenvalue of the Choi
operator of A is —(7p — 6)/2, and thus for p > 6/7, A is
not CP. However, to construct the two-copy extension given
by Eq. (5), the minimum eigenvalue of the corresponding
Choi operator is non-negative for p < 8/9, and thus A is
two-copy implementable. The example of the finite-copy
nonimplementable map is given by A(p) := (1 — p)p + pp”
with p € (0, 1). We apply Theorem 4 for this map. It is enough
to show that the corresponding operator Ly, is not positive.
Consider the principle minor given by

(01]Ly|01)  (OL|Ly|10)) (O p 31
(10]Ly|01)  (10]Ly|10)) — \p N -—-1)°
This matrix is not positive for p # 0. Thus, A does not have

a CP N-copy extension for any N and is not finite-copy
implementable.

VII. OPTIMAL STATE TRANSPOSITION

As the transposition map is one of the most important
PNCP maps, we consider an optimal approximation to im-
plement the map with N copies of an input state. That is,
we consider the implementation of a noisy version of the
transposition map

T":p > (1—n)p" +nl/d)Tr(p) (32)

and show the amount of white noise 7 required to implement
the map when N copies of an input are provided. In this
section, we will show a lower bound for 1. An upper bound
for n, on the other hand, is given by Theorem 3. As the two

bounds coincide in the asymptotic limit, we can see that the
bound shown in Theorem 3 is also asymptotically optimal.

Theorem 5. For d-dimensional noisy transposition 77 :
o+ (1 —mp" 4+ n/d)Tr(p), it is N-copy implementable
for n > d*/(N + d?) and is not N-copy implementable for
n <min{d/(d +1),d(d — 1)/[N +d(d — 1)]}.

This result shows that for d-dimensional state transposi-
tion, if we assume the approximation is given as Eq. (32),
multiple copies of an input does not help unless the number
of copies is more than d — 1. Numerical calculations show
the bound min{d/(d + 1),d(d — 1)/[N + d(d — 1)]} seems
to be the critical amount of noise required to make the noisy
transposition N-copy implementable.

Sketch of the proof. Since the Choi operator of state transpo-
sition is the swap operator S, the Choi operator of the optimal
N-copy extension is given as

N
1
L:—ES,-]I. 33
N N,':|O®R (33)

We show that the minimum eigenvalue of Ly is bounded as

1 N<d-2

Amin(Ly) < {:(d —1)/N N>d—-1 (4

The N =1 case is easy to prove as L; = Sy;, which is just
the swap operator. If 77 is N-copy implementable, it is also
N’-copy implementable for N’ > N; thus the minimum eigen-
value of Ly is nondecreasing in N. Therefore, for N < d — 2
cases, it is enough to show that the minimum eigenvalue of
Ly is —1. We will show only for N > d — 1 cases. We give
an explicit construction of (un-normalized) eigenvector |Wy),
which has the eigenvalues shown in Eq. (34), in Appendix
B. |

VIII. CHARACTERIZATION OF POSITIVE MAPS BASED
ON N-COPY IMPLEMENTABILITY

Positive maps provide a useful mathematical tool to un-
derstand and detect entanglement. In particular, positive maps
have a one-to-one relation with entanglement witness, and
every PNCP map can be used to certify the entanglement of
some quantum state [5]. The problem of deciding whether a
linear map is positive is known to be computationally difficult
[31], and methods to characterize positive maps that do not
follow directly from the definition date back to pioneering
studies by Jamiotkowski [32].

Although it is not the main focus of this paper, our results
imply a characterization of strictly positive maps.®> Clearly,
if a map is not positive, it is not N-copy implementable,
since that would necessarily transform a positive operator into
a nonpositive one. Also, Corollary 1 states that all strictly

3A linear map A : L(H;) — L(H,) is strictly positive if it trans-
forms positive operators into strictly positive operators. More pre-
cisely, if p € L(H,) respects (Yi|p|¥1) = 0 for every |¥,) € H,,
strictly positive maps A are those which respect (Y| A(p)|o) > 0
for every |Yo) € Hop. It also follows straightforwardly that a linear
map is a strictly positive map if and only if it is in the interior of the
set of positive maps.

052352-7



DONG, QUINTINO, SOEDA, AND MURAO

PHYSICAL REVIEW A 99, 052352 (2019)

positive maps are N-copy implementable for finite N. Since
Theorem 1 can be used to decide whether a positive map has a
CP N-copy extension by checking if the minimum eigenvalue
of a linear operator is positive, we have a hierarchy that can
always decide if a map is strictly positive. This hierarchy also
quantifies the “incomplete positiveness” of positive maps by
the number of copies, N, that is required to implement it via a
CP map. Also, Theorems 2 and 3 provide universal bounds on
the number of copies N that depend only on the dimension of
the input and output space.

We note that the operators which have a symmetrized struc-
ture as in Eq. (7) have been investigated [11,13,22,24,25], and
a characterization of strict positive maps based on minimum
eigenvalues of such operators has also appeared previously in
Sec. X of [22]. In [22], the authors exploit the relation between
positive maps and entanglement witness to present an SDP
hierarchy based on the symmetric extension of quantum states
[33]. Theorem 1 establishes that the operator studied in Sec. X
of Ref. [22] happens to characterize N-copy implementability
of a given positive map. Thus, Theorems 2 and 3 can also be
used to quantitatively show the convergence of the hierarchy
in Ref. [22]. On the other hand, combining Theorem 2 of
Ref. [22] with our Theorem 1, we can obtain Corollary 1.

IX. CONCLUSION

We have introduced the concept of N-copy extension to an-
alyze the implementability of positive but not completely pos-
itive (PNCP) maps by consuming multiple copies of an input
state. We gave a universal construction of N-copy extension
on the whole space. This construction is shown to be optimal
in the sense that a map is N-copy implementable if and only if
it is implementable with this construction. This result implies
that the N-copy implementability is verifiable by calculating
the smallest eigenvalue of the Choi operator of this N-copy ex-
tension. For a simpler verification of N-copy implementabil-
ity, we also gave two sufficient conditions and one necessary
condition. Moreover, we showed all non-boundary-positive
maps are finite-copy implementable. We finally analyzed the
N-copy implementability of a noisy version of the transpo-
sition map and gave an asymptotically optimal value of the
noise required to add for the noisy version of the map to be N-
copy implementable. The concept of N-copy implementabil-
ity also gives a quantitative characterization for positive maps,
which provides an operational meaning to the characterization
of strictly positive maps presented in Sec. X of [22].

We have shown that non-boundary-positive maps are
always finite-copy implementable, but the behavior of
boundary-positive maps is still not fully understood. We
conjecture that any extremal PNCP maps require infinite
copies of an input to be implementable. The existence of
any simpler necessary or sufficient condition for finite-copy
implementability remains open.
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APPENDIX A: PROOF OF THEOREM 4

Let Ly be the Choi operator of Ay, an arbitrary N-copy
extension of A. Since Ay is defined only on a subspace of
L(H,..5), not all elements of Ly are determined. However, Ly
cannot be positive if there exists a positive map which maps
Ly to a nonpositive operator.

Let @ : L(Ho1..n) = L(Ho1) be a positive map defined as
D(p) =VpVT, where V e L(Hoi..w, Hor) is

=10)1({(0; ® {02 ®---®{0ly) ® I
di—1 N
+ D 1N ® (0L ® -+ ® (Oly)Su ® Lo, (Al)
i=1 k=1

where Sy; is the swap operator defined as Sy|v)i|¢); =
|¢)elwr); for all |y, |¢) € C¥, and the subscripts k and /
denote Hilbert space H; and H,, respectively.

This map ® maps Ly to the operator,
Ly = O(Ly) (A2)
di-1
= |0X0l ® An(ao) + Z 10)j1 ® An(ao;)

j=1
di—1 di—1
+ Y10l ® An(aio) + Y il ® An(aij), (A3)

i=1 i,j=1

with
= IO)(0|®N (A4)
ao; —Zslk 10) (11 ® 10)(0Iz "~ ")sT,, (AS5)
k=1
N
ajo = Zslk(m(oh ®10)(0[5"=1)sT,, (A6)
k=1
N N
=Y Su(in @ 10F"") Y~ (Gl ® 0IgY")s],,
k=1 =1
(A7)

and {a;;} are permutation invariant on the Hilbert space H; ®
.. ® Hn.

We prove that the operators {a;;} defined by Egs. (A4)-
(A7) satisfy a;; € span{|¥ ¥y |®V} by construction. As agg
is a density operator, agy € span{|y¥)}¥|®V} is trivial. Since
only the linear span is considered, normalization factors are
ignored for simplicity.

We first show that for any |¢;) and |¢,), |¢1)X¢|®N €
span{|¥ ¥y |®V}, which is also shown in [26]. Consider a
vector defined by |¥g) = |¢1) + €”|¢2), where [W)(¥o] is
a density operator and |1 ) |®Y € span{|y¥ X |®V}. Since
fozn do ¢*® = 0 unless k = 0, we obtain

1 2 )
|1)a®Y = E/o d6 ™ 1o ) | =N

x € span{|y )y |*"}). (A8)
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To prove a;y € span{|y X |®V} for i # 0, let |yy) = |0) +
e1i); then [ }{0|®" € span{|y)}(y|*V}, and thus

1 2

= e Y X0I®N € spanf|y )Xy |®V}.
T Jo

aio
(A9)

ap; € span{|y Xy |®¥} is also proved in the similar way.

To prove a;; € span{|[y )y |®V} for i, j#0, let
[¥1.0) = 10) +€“1i) and [¥24) = |0) +e7*|j), and we
have |1 )(2,4|®V € span{|y)(y|*"}. Since

[Y1.6X¥2.6] = [0XO] + €“1i)0] + e 10)j| + 9 i) I,
(A10)

we obtain

2 2
= [0 [ s O gl
el o

x € span{|y )y |®V}. (Al1)

Since {a;;} € span{|y ¢ |®NY, An(a;j) are calculable with
partial traces of {a;;} as Eq. (3), that is,

An(ag) = A(|0X0]), (A12)
An(ag;) = A(OX]]), (A13)
An(aio) = A(iX0]), (Al4)
An(aij) = A} + 8;;(N — 1A0XO0])  (A15)

for i, j # 0. Thus, we obtain

di—1
Ly =10)0] ® A(]0)X0]) + Z [0)Jj1 & A(I0)j])
j=1
di—1 di—1

+ )10l @ AQEXOD + D 1)l ® AN
i=1 ij=1
di—1
+ W=D Z 8ij11)J1 ® A(0XO0])
ij=1
di—1
=L+(N-1) Z )il @ A(JOXO]).
i=1
Therefore, if Lj, =L+ (N — 1) 27" |i)il ® A(JOXO0]) is
not positive, Ly cannot be positive, that is, no CP N-copy
extension of A exists.

(A16)

APPENDIX B: PROOF OF THEOREM 5

Since the Choi operator of state transposition is the swap
operator S, the Choi operator of the optimal N-copy extension
is given as

N
1
LN=N;SO,-®HR. (B1)

We show that the minimum eigenvalue of Ly is bounded as

-1 N<d-2

“d—-1)/N N>d—1 B2

)\min(LN) < {

The N =1 case is easy to prove as L; = Sy, which is just
the swap operator. If 7" is N-copy implementable, it is also
N’-copy implementable for N’ > N. Thus, the minimum 7
that allows 77 to be N-copy implementable, 7}, is nonin-
creasing in N. Since the N-copy implementability of 77 is
equivalent to the positivity of (1 — n)Ly + nll/d, Anin(Ly) =
—nxy/d(1 —n3) holds. Hence Anmin(Ly) is nondecreasing in
N. Therefore, for N < d — 2 cases, it is enough to show
that the minimum eigenvalue of L;_; is —1. We will show
only for N > d — 1 cases. We give an explicit construction of
(un-normalized) eigenvector |Wy ), which has the eigenvalues
shown in Eq. (B2). Let |A;) be the d-dimensional totally
antisymmetric state

sgn(o)
Adigirovias 7= Y Nzii 100)io101)i1 + * - 10d=1)ig_1s

and ki, ..., k;—; integers from 1 to N which are used to denote
the Hilbert spaces. The eigenvector |Wy) is defined as

Wy) = > kDI A okko k- (B4

k] <k2<~--<kd,|

(B3)

(IESd

where the coefficients c({k;}) are defined as

1 d is even
c({ki}) := {Zf_—ll(_l)iki disodd’

and the state [0)$V 4" is an arbitrary N — d + 1 qudit state
with the subscript R denoting that this state is in the rest of the
Hilbert spaces other than Ho, Hy,, ..., Hk, ,-

Now Ly |Wy) can be grouped into two groups as

(BS)

Ly|Wn)
1 _
=5 2 2 SclkDIORY Aok
ky<-<kg_y iefk;}
1 _
2 ‘Z Soic (kDI Ad) okt ks 1
ki <e--<kg—y ig{ki}
(B6)
depending on i € {k;} or not. Since
SoilOYEN A ok ks
=10 Ad) otk i € (K}
= ON—d+1 : ' (B7)
10} \Addikikoay 1 & {hi}
the first term of Eq. (B6) becomes
1 -
N 2 2 SuctkDIOFY Ad ok g
oy <-<ky_y ie k)
1 -
=-y > kDI A ok
ky<--<kg-y i€k}
S > etk DIOEY A
- N 1 R d 0k|k2...kd_1
ky<-<kg—y
=y, (BS)
- N N/»

where the second equation holds as there are d — 1 elements
in {k;}. The remaining is to show that the second term of
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Eq. (B6) vanishes. Here

1
N2 D SuckDIOR " Adbouk,

ky<-e-<kq—1 i¢{ki}

1
=~ 2 > kDI Adig. k. (BI)

ky<--<kg-y igiki}

and the summation is taken over the whole set of
{i, ki, ky, ..., kg_1} with conditions k; < --- < ky_; and i #
ki, ..., kq_1.Now consider another set {ly, [, ..., l;_1},if we
sum over the whole set with the condition [y <[} < --- <
ls—1, the summation does not match the original one, as in
the original summation, the only requirement for i is that i
is different from the others. Thus, we add an additional pa-
rameter 0 < j < d — 1, which is used to specify the number
that is not ordered as i in the original summation. For fixed
parameters {i, ki, k, . . ., ky—1}, the corresponding parameters
{lo, 11, ...,13_1, j} are constructed as follows. The numbers
lo, 1y, ...,1l;—1 are equal to the numbers i, ki, kz, ..., kq—1
rearranged in an increasing order, and j is defined such that i
is the (j + 1)th smallest number in {i, k1, k5, ..., ks_1}. Then
we can rewrite Eq. (B9) as

d—1

Yo D el VIR Ay (B10)

lo<h<-<ly—y j=0

where the coefficient (—l)f appears because of the property
lAd) 110151155100 = (D A& 1.5 11014144, » and the coeffi-
cient c({/;}, j) is equal to c({k;}), which can be written as

o 1 d is even
W D=8+ 5,1 disodd ©

We show that Z?;é c({li}, H(=1)) =0 as follows. If d is

even, Z?;é (—1)/ = 0is trivial, since the summation of (—1)/
over an even number of consecutive integers j is 0. If d is odd,

d—1 ‘
> el -1y (B11)
j=0
d—1

=Y Y0+ Y =0t B12)
j=0 i<j i>j
d—1

= > Do DML+ (=), (B13)
i=0 \ j>i j<i
d—1

=S 0 Y =S =, (B14)
i=0 j>i j<i

where the order of summation is changed in the second
equation and we take the summation on j first. For each i,
two summations (j > i and j < i) consist of an even number
of terms in total because d is odd and we take summation
only for j # i. If both summations contain an even number
of terms, both of them vanish, and the total is 0. If both
summations contain an odd number of terms, both of them are
equal to 1 or —1, and the total is still 0. Thus, in both cases,
the sum vanishes.

Summing up these results, we obtain Ly|Wy) =
—‘JN;'|\IJN). This is an upper bound for the minimum
eigenvalue of Ly.
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